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PEEFACE TO THE SECOND EDITION. 

In this work will be found all the Propositions which 
usually appear in treatises on Theoretical Statics. To the 
different Chapters Examples are appended, which have 
been principally selected from the University and College 
Examination Papers; these will furnish ample exercise 
in the application of the principles of the subject. 

Some of the Examples in the earlier Chapters assume 
results which are obtained at a later part of the book; the 
student wKo has no previous acquaintance with the subject 
may therefore, on his first perusal of the book, omit the 
more difficult Examples of the first six Chapters. 

In the first three Chapters and in the ninth Chapter 
I have made considerable use of Mr Pratt's Treatise on 
Mechanical Philosophy, which was placed at my disposal 
by the Publishers. 

In the second edition the work has been thoroughly 
revised and has received large additions; these additions 
have been made with the view of rendering the subject 
more readily intelligible by explaining and illustrating those 
parts which were found by the experience of teachers to be 
difficult for beginners. 

I. TODHUNTEB. 

St Johk's Co&LEGSy. 
Aug. 2S, 1858. 

In the third edition many additions have been made, in 
order to illustrate the application of the principles of the 
subject to the solution of problems. 

April, 1866. 
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INTRODUCTION. 

1. A BODY is a portion of matter limited in every direction, 
and is consequently of a determinate form and volume. A 
material particle is a body indefinitely small in every direo- 
tioD ; we shall speak of it lor shortness as a particle. 

2. A body is in motion when the body or its parts occupy 
successively different positions in space. But we cannot 
judge of the state of rest or motion of a body without com- 
paring it with other bodies, and for this reason all motions 
which come imder our observation are necessarily relative 
motions. 

3. Force is that which produces or tends to produce motion 
in a body. 

4* When several forces act simultaneously on a body, it 
may happen that they neutralise each other; when a body 
remains at rest though acted on by forces, it is said to be in 
equilibrium ; or, in other words, the forces are said to main- 
tain equilibrium. 

5. Mechanics is the science which treats of the laws of 
rest and motion of bodies. Statics treats of the laws of the 

'\ equilibrium of bodies, and Dynamics of the laws of motion of 
bodies. 

6. There are three things to consider in a force acting 
on a particle : the position of the particle : the direction of 

T.S. 1 
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2 INTRODUCTION, 

the force, that is, the direction in which it tends to mak^ 
the particle start; and the intensity of the force. As the 
dimensions of a particle are indefinitely small its position 
may be determined in the same manner as that of a poini 
in geometry, and the direction of the force may be determined 
in the same manner as that of a straight line in geometry 
We proceed then to consider the magnitude or intensity oJ 
a force. 



7. Forces can be measured by taking some force as the 
unit, and expressing by numbers the ratios which other forces 
bear to this unit. Tw6 forces are equal when being applied 
in opposite directions to a particle they maintain equilibrium 
If we take two equal forces and apply them to a particle in the 
same direction we obtain a force double of either ; if we unit< 
three equal forces we obtain a triple force; and so on. 

When we say then that a force applied to a particle is t 
certain nlultiple of another force, we mean that the first forc< 
may be supposed to be composed of a certain number of forcei 
equal to the second and all acting in the same direction. Ii 
this way forces become measurable quantities, which can b* 
expressed by numbers, like all other quantities, by referring 
them to a unit of their own kind. Forces may also be repm 
sented by straight lines proportional in length to these num 
bers, drawn from the point at which the forces act and in th 
directions in which they act. 

8. Experience teaches us that if a body be let free fror 
the hand, it will fall downwards in a certain direction ; how 
ever frequently the experiment be made, the result is tli 
same, the body strikes the same spot on the ground in eac. 
triaj, provided the place from which it is dropped remain tli 
same. The cause of this undeviating effect is assumed to b 
an affinity which all bodies have for the earth, and is terme 
the force of attraction. If the body be prevented from fallin 
by the interposition of a table or of the hand, the body exert 
a pressure on the table or hand. Weight is the name given t 
the pressure which the attraction of the earth causes a body t 
exert on another with which it is in contact. 
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9. A solid body is conceived to be an aggregation of 
material particles which are held together by their mutual 
affinities. This appears to be a safe hypothesis, since experi- 
ments shew that any body is divisible into successively smaller 
and smaller portions without limit, if sufficient force be exerted 
to overcome the mutual action of the parts of the body. 

10. A rigid body is one in which the particles retain in- 
variable positions with respect to each other* No body in 
nature is perfectly rigid ; every body yields more or less to 
the forces which act on it. If, then, in any case this com-, 
pressibility is of a sensible magnitude, we shall suppose that 
the body has assumed its figure of equilibrium, and then 
consider the points of application of the forces as a system of 
invariable form. By body, hereafter, we mean rigid body. 

11. When a force acts on a body the eficct of the force 
will be unchanged at whatever point of its direction we sup- 
pose it applied, provided this point be either one of the points 
of the body or be invariably connected with the body. This 
principle is known by the name of the transmissibility of a 
force to any point in its line of action; it is assumed as 
an axiom or as an experimental fact. We may shew the 
amount of assumption involved in the axiom, by the follow- 
ing process. 

Suppose a body to be kept in equilibrium by a system 
of forces, one of which is the force P applied at 
the point A. Take any point B which lies on 
the direction of this force, and suppose B so con- 
nected with A that the distance AB is unchange- 
able. Then, if at B we introduce two forces, 
■PandP*, equal in magnitude and acting in oppo- 
site directions along the straight line AB, it seems 
evident that no change is made in the efiect of 
the force P at A. Let us now assume that P 
^ A and P' at B will neutralise each other, and 
'Way therefore be removed without disturbing the 
^uilibrium of the body; then there remains the 
force P at JS producing the same effect as when 
it acted at A. 

1—2 




4 INTBODUCTION, 

12. We shall have occasion hereafter to assume what may 
be called the converse of the principle of the transmissibility of 
force, namely, that if a force can be transferred from its point 
of application to a second point without altering its effect, 
then the second point must be in the direction of the force. 
See Art. 17. 

13. When we find it useful to change the point of applica- 
tion of a force, we shall for shortness not always state that the 
new point is invarlahly connected with the old point, but this 
must be always understood. 
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CHAPTER II. 



j„ THE COMPOSITION AND EQUILIBRIUM OF FORCES ACTING 
ON A PAETICLE. 



When a particle ia acted on by forces whicli do not 
un equilibrium it will begin to move in some deter- 
Jnate direction. It is clear tben tbat a single force may 
Ifound of such a magnitude, that if it acted in the direction 
I epponte to that in which the motion would take place this 
force would prevent the motion, and conaequently would be 
in equilibrium with the other forces which act on the par- 
If then we were to remove the original forces and 
3 them by a single force, equal in magnitude to that 
libed above, but acting in the opposite direction, the par- 
e would still remain at rest. Tiiia force, which is equiva- 
it in its effect to the combined effect of the original forces, ia 
led their resultant, and the original forcea are called the 
tponettla of the resultant. 

; will be necessary then to beo^n by deducing rules for 
the composition of forces; that is, tor finding their resultant 
force. After we have determined these, it will be easy to 
dednce the analytical relations which forces must satisfy when 
in equilibrium. 

15. Tofind the resultant of a given number of forces acting 
on a particle in the savne straight line ; and to find the condition 
which ih£y must satisfy that they may he in equilibrium. 

When two or more forcea act on a particle in the same 
direction it ia evident that the reaultant force ia equal to their 
sum and acta in the same direction. 

When two forces act in different directions, but in the same 
straight line, on a particle, it ia equally clear that their re- 
enltant is equal to their difference and acts in the direction of 
the greater component. 
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FORCES IN THE SAME STRAIGHT LINE. 



When several forces act in different directions, but i 
same straight line, on a particle, the resultant of the i 
acting in one direction is equal to the sum of these f 
and acts in the same direction; and so of the forces actii 
the opposite direction. The resultant, therefore, of al 
forces is equal to the difference of these sums, and acts i 
direction of the greater sum. 

If the forces acting in one direction are reckoned pos 
and those in the opposite direction negative, then the 
sultarit is equal to their algebraical sum; its sign deteri 
the direction in which it acts. 

In order that the forces may he in equilibrium, 
resultant, and therefore their algebraical sum, must vani 

16. There is another case in which we can easily ( 
mine the magnitude and direction of the resultant. 

Let ABy A (7, AD be the directions of three equal i 
acting on the particle A; suppose these forces all ii 
same plane ana the three angles BAG, GAD, DAB 
equal to 120**; the particle will remain at rest, for the 
no reason why it should move in one direction rather 
another. Each of the forces is therefore equal and opj 
to the resultant of the other two. 
But if we take on the directions 
of two of them, AB, A C, two equal 
straight lines A G, AH to repre- 
sent the forces, and complete the 
parallelogram GAHE, the diago- 
nal AJE will lie in the same straight 
line with AD. Also the triangle 
A G^^ will be equilateral, and there- 
fore AE= A G. Hence, the diago- 
nal AE of the parallelogram con- 
structed on AG, AH represents 
the resultant of the two forces which A G and AH re 
tively represent. 

This proposition is a particular case of one to whic 
now proceed. 
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r PAEALLELOGEAM OF FOHCES. 

I 17. If two forces aclitig at a point he represented m tlirec- 
I (wn and magnitude bi/ two straight lines drawn from the 
I point, UTtd a parallelogram be described on these straight lines 
Lw adjacent sides, then ike resultant will be represented in di- 
hafion and magnitude hg that diagonal of the parallclogrant 
^KBth passes through the point. 
^KTbis Proposition is called tlie Parallelogram of Forces. 

^K- To find the directum of the resultant, 
HEWliea the forces are equal it ia clear that the direction 
pithe resultant will bisect the angle between the directions 
P rf the forcea; or, if we represent the forces in magnitude 
I snd direction by two straight lines drawn from the point 
■ where tliey act, and describe a parallelogram on these straight 
iBUs, that diagonal of the parallelogram which passes through 
^B point will be the direction of the resultant. 
^Bjet ns assume that this is true for forces p and m inclined 
^■Mtn^ angle, and also for forces p and n inclined at the same 
^Bjje; wc can shew that it must then be true for two forces 
^B>diK + » aldo inclined at the same angle. 
^^Eiet A be the point at which the forces p and m act; 
^^K-^(7 their directions and pro- a c v. 

^HdoD&l to them in magnitude : 
^^nplete the paralklogi'am £C, and 
^Kt the diagonal AD; then, by 
^B^Dthesis, the resultant of ^ and m 
^p along AD, 

^■Again, take CE in the same ratio 
■■-IClhat n bears to to. By Art. 11 ^ 

^n may suppose the force » which acts in the direction AE 
^■Iw applied at A or C; and therefore the forces p, m, and n, 
^Hthe straiglit lines AB, A C, and CE, are the same as p and 
^R'H in the straight lines AB and AE. 
^■^Now replace p and vi by their rcsultant and transfer its 
' point of application from A to D; then resolve this force 
W fl into two parallel to AB and AG respectively; these 
iresolved parts must evidently be p and m, the former acting 
Mjhthe direction J)F, and the latter in the direction DO, 
^Ben transfer ptoO and mto&. 
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o PARALLELOGRAM OF FORCES. 

But, "by the hypotliesis, p and n acting at C Lave a re- 
Bultaot in the direction (fO; therefore p and n may be 
replaced by their resultant and its point of application trans- 
ferred to G, And m haa also been transferred to G. Hence 
by this procesa we have removed the forces which acted 
at A to the point G without altering their effect. We may 
infer then (see Art, 12) tliat G is a point in the direction of 
the resultant of p and m + n at A; that is, the resultant of p 
and m + n acts in the direction of the diagonal AG, provided 
the hypotheaia is correct Bui the hypothesis is correct for 
equal forces, as p, p, and therefore it is true for forces p, 2p; 
conseqaently for p, 3p, and ao on; hence it is true for p, r.p. 

Hence it is true for p, r.p, and p, r.p, and consequently 
for 2p, r.p, and so on; and it ia finally true for s.p and r.p, 
where r and a are positive integers. 

"We Lave still to shew that the Proposition ia true for 
incommenswrahle forces. 

This may be inferred from the fact that when two mag- 
nitudes are incommensurable, so that the ratio of one to the 
other cannot be expressed exacity by a fraction, we can still 
find a fraction which diifers from the true riitio by a fraction 
less than any assigned fraction. Or it may be established 
indirectly thus. 

Let AB, AO represent two such forces. Complete the 
parallelogram BG. Then if their 
resultant do not act along AD sup- 
pose it to act along AE; draw i.F 
parallel to BD. Divide A C into a 
number of equal portions, each less 
than DS; mark off from CD por- 
tions equal to these, and let K be ^'c 
the last division; this evidently ^ " 

falls between D and E; draw GK parallel to A C Then 
two forces represented by AO, AG have a resultant in the 
direction AK, because they are commensurable; therefore the 
forces AO and AB are equivalent to AK together with a 
force equal to GB applied at A along AB. And we may- 
assume aa obvious that the resultant of these forces must lie 
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ietween AJC and AB; Trat by 
wbicli is no( between AKani AB. 



:ion the resultant is AE \ 
This is absurd. 



In the same manner we may shew that every direction 
l«aidea AB leads to an absurdity, and therefore the resultant 
must act along AB, whether the forcea be commensoiable or 
incommensurable. 

. n. To find the magmlude of the resultant. 
I Let AB, AG h^ the directions of the given forces, AD 
wt of their resultant; take AE opposite to „ 

AD, and of such a length as to represent tlie 
taagmtnde of the resultant. Then the forces 
represented by AB, AC, AE, balance each 
On AE and AB as adjacent sides 
iKtruct the parallelogram ABFE; then the 
mal AF is the direction of the resultant 
E and AB. 
Jlence AG is in the same etralght line : 
'h AF; hence FB is a parallelogram; and 
■efore AE = FB=AD. Hence the rc- 
inltent is represented in magnilude as well ■" 

as iu direction by the diagonal of the parallelogram. 

Thus the proposition called the Parallelogram of Forces ia 
completely established. 

18, Hence if P and Q represent two component forcea 
nctirig at an angle a on a particle, the resultant B is given 
by the equation 

^ = P'+g= + 2P(3cosa. 

19. When three forcea acting on a particle are in equi- 
librium they are reapeetively in iJte same proportion as the 
n»ea of the angles included hy ike directiom of the other 



r if we refer to the third figure of Art. 17 we have 
P: Q:S::AB:AG(pi BD) : AD 

:: sin ADB : sin BAD : sin ABD 
:: sin CAE ; sin BAE \ sin BAG. 
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POLYGON OP FORCES. 



Conversely if three forces act on a particle, and each force 
is as the sine of the angle between the directions of the other 
two, it may be shewn that one of the forces is equal in mag^ 
nitude to the resultant of the other two, and acts either in the 
sarae direction or in the opposite direction: in the latter case 
the three forces are in equilibrium. 

It should be noticed that if the sides of a triangle be drawn 
parallel to the directions of the forces, the length of any side 
will be proportional to the sine of the angle between the forces 
which correspond to the other two sides. 

20. Any force acting on a particle may be replaced by 
two others, if the sides of a triangle drawn parallel to the 
directions of the forces have the same relative proportion 
that the forces have. For by the parallelogram of forces 
the resultant of the latter two forces is equal to the given 
force. 

This is called the resolution of a force. 

21. Since the resultant of two forces acting on a particle 
is represented in magnitude and direction by the diagonal 
of the parallelogram constructed upon the straight lines which 
represent these forces in magnitude and direction, it follows 
that, in order to obtain the resultant of the forces P„ P^, Pg,... 
which act on a particle A, and are represented by the straight 
lines -4Pj, AP^, -4i^,...wemay proceed as follows. 

Find the resultant of P^ and P^, compound this resultant 
with Pj, this new resultant with P4, and so on. It follows 
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F0EC'E3 ON A PARTICLE. U 

>in this, that if we constmct a polygon AP^BOD, of which 
the sides are reapectively equal and parallel to the straight 
lines jli*,, jIPj, .... and join j1 with the last vertex 7J, the 
Btr^ght line AD will represent in magnitude and direction 
the resultant of all the forces. 

• We may conclude that the Eccessary and sufficient con- 
dition for the equilibrium of a number of forces acting on 
a particle is, that the point D should coincide with A) 
that 13, that the figure AP^B ... D should be a complete 
polygon. The forces in the figure are not necessai-ily all in 
wa plane. 

The result here obtained may be enunciated thus: If the 
ifdenof any polygon taken in order are res}}ecttvaly proportional 
to the mofjnituaea of jvrcea acting at a point, and parallel to 
tk directions of the forces, then ike forces will he in equilibrium. 

This proposition is called the Polygon of Forces. 

The student must carefully notice the conditions under 
which this proposition is asserted to hold; the forces are sup- 
posed all to act at one point, and are to be represented by the 
sides of a polygon (oAen in order. As an example of the 
latter condition, suppose a quadrilateral ABCD; tJien if forces 
wiiich may be represented by AB, BG, CD, DA, act at a 

Eint the forces will be in equilibrium: but the forces will not 
in equilibrium if represented by AB, BC, DC, DA, or by 
( AB, BC, CD, AD. 

The direction and magnitude of the resultant may also be 
determined analytically, as in the following Articles. 

22. Any number of fyrcea act on a particle in one plane; 
rehired to find the magnitude and direction of their resultant. 

Let P^, Pp P,,... be the forces, and o,, a., a,,... the angles 
their directions make with a fixed straight line drawn through 
the proposed point. Take this fixed straight line tor the axis 
of a:, and one pei-pendicular to it foe that of j. Then, by 
Art. 20, P^ may be resolved into P^ cos a , and P, sin a, acting 
along the axes of z and y respectively. The other forces may 
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l2 FORCES ON A PABTICLE. 

be similarlj resolved. By algebraical addition of the forces 
which act in the same straight line we have 

Pj cos a^ + P, cos ttj + P3 cos ttg + . . . along the axis of a?, 
Pj sin ttj + Pj sin a^ +P3 sin aj + . . . along the axis of y. 

We shall express the former by 2P cos a and the latter by 
SPsin a, where the symbol 2 denotes that we take the sum 
of all the quantities of which the quantity before which it is 
placed is the type. 

If we put Pj cos a^ = X^ and P^ sin a^ = F,, and use a similar 
notation for the other components, wehave two forces replacing 
the whole system, namely SX along the axis of x and S Y 
along that of Y. If R denote the resultant of these forces and 
a the angle at which it is inclined to the axis of x, we have, 
by Art. 17, 

tY 
tan a = ^r-y.. 

Also cosa = --o-; sma = -o-. 

23. Tofini the conditwna of equilibrium when any number 
of forces act on a particle in one plane. 

When the forces are in equilibrium we must have jB = 0; 
therefore 

therefore SX=0; 2r=0; 

and these are the conditions among the forces that they may 
be in equilibrium. 

24. Three forces act on a particle in directions making 
right angles with each other; required to find the magnitude 
and direction of their resultant. 

Let AB^ AG^ AD represent the three forces X, F, Z in 
magnitude and direction. Complete the parallelogram BC^ 
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and draw the diagonal AE] then J. j& represents the resultant 
of -3r and Y in magnitude and direction, by Art. 17. Now 




the resultant of this force and \^, that is, of the forces repre- 
sented by AEy AD, is represented in magnitude and direction 
by AFy the diagonal of the parallelogram BE, Hence the 
resultant of X, F, Z is represented in magnitude and direction 
by AK Let It be the magnitude of the resultant, and a, J, c 
the angles the direction of jB makes with those of X, Y, Z, 
Then, since 



therefore 



AF^^AE^ + AD'=:Aff'{-AC' + AD', 



AB X . AG Y AD Z 

Alsocosa = ^=;g, cos& = ^^=-^, cosc = 3^=-^. 

Thus the magnitude and direction of the resultant are deter- 
mined. 

25. It follows from the last Article that any force B the 
direction of which makes the angles a, J, c with three rect- 
angular axes fixed in space, may be replaced by the three 
forces B cos a, B cos b, B cos c, acting simultaneously on the 
particle on which jB acts, and having their directions parallel. 
to the axes of coordinates respectively. 



14 FORCES ON A PARTICLE. 

26. Any number of forces act on a particle in any direct 
tions ; required to find the magnitiAde and directum of their 
resultant. 

Let Pj, Pj, P,,...be the forces; let a , )8j, 7^ be the angles 
which tlie direction of P^ makes with tliree rectangular axes 
drawn through the proposed point; let a,, fi^, 7, be the angles 
which the direction of P, makes with the same axes ; and 
so on. 

Then, by Art. 25, the components of P^ in the directions of 
the axes are 

PjCOsa^, PjC0S)8j, P1COS71, (or X^, Y^^ Z^^ suppose). 

Eesolve each of the other forces in the same way, and reduce 
the system to three forces, by adding those which act in the 
same straight line, Art. 15; we thus have 

PiCosct, + PjCOsaj + ... or SPcosa, or SX, 
P^cos/3, + P,cos/3^ + ... or SPcosjS, or SF, 
PjCOS7i+Pj,cos7j,+ ... or SPCOS7, or 2Z, 

acting in the directions of the axes of a?, y, and z respectively. 

If we call the resultant JB, and the angles which its direc- 
tion makes with the axes a, b, c, we have, by Art. 24, 

i? = (2X)»+(Sr)'+(2^r, 

tX . tY 2Z 

and cos a = —rr > cos = —fz- , cos c = -jt- . 

IC IC Ml 

27. To find the conditions of equilibrium when any number 
cf forces act on a particle. 

When the forces are in equilibrium, we must have i? = ; 
therefore 

(SZ)»+(2r)« + (S^» = 0, 
therefore SX=0; Sr=0; SZ=0; 

and these are the conditions among the forces that they may 
be in equiUbrium, 
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^" 28. The expression for tlie magnitude of the resultant i; 
Art. 26 may he rendered independent of the position of the 
axes. For, from Art. 20 

J^= (P,co3a, + P,eo3n, + ...)''+(-P, cos ;8, + P, cos /3, + ...)• 

+ {P^ C03 7, + P, COS 7j + ■ . 

"NVheTi the expressions on the right-hand side are developed, 
■we sliall find that the coefficient of P* is 

coa'aii + coa'^j + cos'7, , 

and that the cocffieient of P.P; is 

2 (coBn, cos aj + cos^|C03^j + cos7jC03 7j, 

3fl'ow we know from Analytical Geometry of three dimensions 

s' a, + cos' ^1 + co3'7, - 



ttat 

and that 



cos a, cos a, + cos^, cos/3| + coa7jCoa7j 

IB equal to the cosine of the angle between the directions of | 
the forces P, and P,, which we may denote by cos (P, , PJ. 
(Similar values will be found for the coefficients of the other | 
terms ; and the result may be expressed thus, 

P' = SP" + 2SPP'cos{P, P') 

where by P, P' we mean any two of the forces, 

29. The equation PcoBo = SPcosa, in Art. 26, shews 
that the resolved part of the resultant in any direction is equal 
to the sum of the resolved parts of the components in the same 
direction; for since the axes were taken arbitrarily, that of aJ 
might have been made to coincide witli any assigned direc- , 
tioti. Or we may establish the proposition thus. Su] 
a drawn through the point of application o 



straight li 



i, and inclined to tlie axes at angles a', ^ 
e equations of Art. 26, 

JJ cos a = Pi cos a!| + P, cos a, + ■ . 
B coa 6 =P, cos /3, + P, cos jS, + . , 

It C03 = Pi COS 7, + P, COS 7, + . . 



Take the"] 
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Multiply the first by cos a', the second by cos ^, and the thii 
]^ cos 7 , and add. Then, if ^,, 6^ ,.• -denote the angles whic 
?, Pj... make with the arbitrarily drawn straight line, ai 
6 the angle which the resultant R makes with it, we have, I 
the formula quoted in Art. 28 for the cosine of the angle b 
tween two straight lines 

R cos ^ = Pi cos 0^ + P, cos ^,+ 

30. From Art. 20 it is obvious that a given force ma 
be resolved into two others in an infinite number of way 
When we speak of the resolved part of a force in a give 
direction, as in the preceding Article, we shall always suppos 
unless the amtrary is expressed^ that the given force is r- 
solved into two forces, one in the given direction and tl 
other in a direction at right angles to the given direction, Tl 
former component we shall call the resolved force in the giv( 
direction. 

When forces act on a particle it will be in equilibriui 
provided the sums of the forces resolved along any thr 
directions not lying in one plane are zero. For if the fore 
do not balance, they must have a single resultant; and 
a straight line cannot be at right angles to three straig 
lines which meet at a point and are not in the same plane, t 
resolved part of the resultant, and therefore the sum of t 
resolved parts of the given forces, along these three straig 
lines, could not vanish, which is contrary to the hypothesis. 

31. In Art. 26 we resolved each force of a system ir 
three others along three rectangular axes. In the same w 
we may, if we please, resolve each force along three straig 
lines forming a system of oilique axes> For whether t 
figure in Art. 24 represent an oblique or rectangular paralle 
piped, the force AF may be resolved into AD and AE, a 
the latter again resolved into AB and A G. Hence the : 
sultant of a system of forces may be represented by the diaj 
nal of an oblique parallelepiped, and for equilibrium it tn 
be necessary that this diagonal should vanish, and theref< 
that the edges of the parallelepiped should vanish. 

The following three articles are particular cases of 1 
equilibrium of a particle. 
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32. To determine the condition of equilibrium of a particle 
oded on by any forces and constrained to remain on a given 
mooth curve. 

By a smooth curve we understand a curve that can only 
exert force on the particle in a direction normal to the curve 
at the point of contact. 

Let X, y, Z denote the forces acting on the particle in 
directions parallel to three rectangular axes, exclusive of the 
action of the curve. Let x, y, z denote the co-ordinates of 
the particle, and s the length of the arc measured from some 
fixea point up to the point (a;, y, z). Then by Analytical 
Geometry of three dimensions the cosines of the angles which 
the tangent to the curve at the point (a;, y, z) makes with the 

axes are -r- , ;^ , ^-^ respectively. The forces acting on 

the particle being resolved along the tangent to the curve, 
their sum is 

ul-j-+JL -J- -T ^ -J- • 

as as as 

Unless this vanishes, there will be nothing to prevent the 
particle from moving ; for equilibrium then we must have 

ds as as 

Conversely if this relation holds the particle will remain at 
rest, for there is no force to make it move along the curve, 
which is the only motion of which it is capable. 

We have supposed the particle to be placed inside a tube 
which has the form of the curve. If, however, the particle be 
merely placed in contact with a curve, it will be further neces- 
Mry for equilibrium that the resultant of the forces should 
press the particle against the curve and not move it frovi 
the curve. 

33. To determine the conditions of equilibrium of a particle 
acted on by any forces and constrained to remain on a given 
smooth surface. 

T. 8. \ 
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A smooth surface is one whicli can exert no force on the 
particle except in a direction normal to the surface. 

Let X, F, Z denote the forces acting on the particle in 
directions parallel to three rectangular axes, exclusive of the 
action of tne surface. The resultant of X, Y*, Z must act in 
a direction normal to the surface at the point where the 
particle is situated; for if it did not, we might decompose 
it into two forces, one in the normal and one at right angles 
to the normal, of which the latter would set the particle in 
motion. The cosines of the angles which the resultant of 
X, Yj Z makes with the axes are proportional to X, Y^ Z 
respectively; and if F{x^ y, z)=0 be the equation to the 
surface, the cosines of the angles which the normal to the 
surface at the point (u:, y, z) makes with the axes, are by 
Analytical Geometry of three dimensions proportional to 

-^ , ^ , and ■-r- respectively. Hence for equilibrium we 

must have 

dF 7^ dF" 
dx dy dz 

If these relations are satisfied, the resultant force is directed 
along the normal; hence, if we suppose the particle incapable 
of leaving the surface, the above conditions will be sufficient 
to ensure its equilibrium; but if the particle be merely placed 
on a surface, it will be further necessary that X, Yy Z should 
act so that their resultant may press the particle against the 
surface. For example, if the particle be placed on the outside 
of a sphere, the resultant of X, Y, and Z must act towards the 
centre of the sphere. 

34. Suppose it required to determine the action which the* 
curve or the surface exerts on the particle in the preceding 
cases. Denote it by JR, and let a, A 7 l>e the angles dts- direc- 
tion makes with the axes. Since B and the forces X, Y", Z 
maintain the particle in equilibrium, we have by Art. 27, 

^cosa + X=0, 5cos/3+F=0, Bcosy-i-Z^O (l). 
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^Iso when the particle rests on a curve surface whose equation 
is F{Xy y, z) = 0, cos a, cos^, and cos 7 are known in terms 
of the po-ordinates of the particle, since they are proportional 

to ^ , ^ , --J- respectively. Hence the equations (1) and 

that to the surface will determine a?, y, z^ and JB, if X, F, Z 
be given. 

If the particle rest on a curve line, then, since the direction 
of jB is perpendicular to that of the tangent to the curve, we 
have the following equation from Analytical Geometry of 
three dimensions, 

C08«^+COS^^ + COS7^ = (2). 

Since ^r* > ^ > and -7- can be expressed, theoretically at 

least, in terms of x, y, and z, the equation (2) gives a relation 
l)etween cos a, cos ^, and' cos 7, and ir, y, and z. Thus (1) and 
(2) together with the two equations to the curve and the 
eqiiation 

cos'a + cos*^ + cos' 7 =«= 1 , 

we sufficient to determine the seven quantities i?, x, y, 2?, 
cos a, cosyS, and cos.7. 

We may observe that from (1) 

35. Duchayla's pro6f of the Parallelogram of Forces which 
^e have given in Art. 17, rests on the principle of the trans-^ 
^imhilttjf of force; see Art* 11. We shall give another proof 
^hich does not involve this principle; this proof is Poisson's 
^th a slight modification. We assume that if two equal 
forces act on a particle, the direction of the resultant bisects 
the angle between the directions of the components. Also, if 
i^ denote the magnitude of each of two equal forces, 2a? the 
angle between their directions, and It the magnitude of thQ 
resultant, then jB must be some function of P and x; suppose 

iJ=/(P,a>). 

In. this equation, if we change our unit of force, the numerical 

^ 2—2 

/ 
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valnes of P and B vnll change; 'but as the above eqiuti<m 
most be troe, whatever unit of force we adopt, it followa tJiat the 
ftinction / (P, x) must he of the form i^ (x) . Hence we have 
Ji = I\f>ix). 
Let M represent the position of the particle ; MA, MB 
the directions of the equal forces 
acting on it; MD the direction of the 
resultant Draw the four straight lines 
MC, MQ, MH, ME, making the an- 
gles CMA, GMA, HMB, EMB all 
equal, and let z denote the magnitude 
of each angle. Suppose the force P 
acting along MA to be resolved into 
two equal forces acting along MC 
and MQ respectively; denote each 
of these components by Q ; then 

Resolve P acting along MB in like manner into two 
forces each eqnal to Q, acting along ME and MH reBpec> 
lively. Thus the two forcsa P are replaced by the four 
forces Q ; and consequently the resultant of these foor forces 
must coincide in magnitude and direction with the resaltant£ . 
of the two forces P. 

Let Q' denote the resultant of the two forces Q, acting alot^ 
MQ and MH; since . QMD = HMD = a - «, we have 

and MD is the direction of Q'. 

Similarly, the resultant Q' of the other forces Q will act 
along MD ; and since GMD = EMD = ic + «, we have 

Q"=Q<i>{x-¥z). 
Since Q and Q" both act along the straight line MD, their 
resultant, which is also the resultant of the four forces Q, must 
be equal to tlieir sum ; hence 

But we have R = P^{x) = Q<f>{z) ^(a;). 

Hence <f>{x)<f>{z)=<l>{x + z)+4>{x-s) (1). 
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This equation admits of more than one solution ; for exam- 
ple, if ^ (a?) = 2 cos ca?, or if ^(a?) =€**+e"^, where c is any 
constant, the equation is satisfied; we shall however shew 
that the only solution admissible in the present question is 
t!ie following, 

^(ic) =2 cosaj (2). 

We may observe that we need not consider any value of x 

greater than — , for the directions of two forces acting at a 

point "will always include an angle less than tt ; we may then 
assume it as obvious that ^(a;) must be a positive quantity. 

"We shall first shew that if ^(a;) = 2 cos x when x has any 

value a, then ^ (x) must = 2 cos a; when x has the value - • In 

40 

(1) put a? and z each equal to ~ , so that ^ (a; + 2?) becomes 
equal to 2 cos a ; thus 

^(|)^(|) = <^(0) + 2cosa (3). 

But the resultant of two equal forces acting in the same 
straight line is equal to twice either of the component forces ; 
thus ^ (0) = 2 ; therefore by (3) 

^fS*fll = 2(l + cosa)=4cos»? 



Hence ^(|j = ±2cos-; but by supposition — is less than 



TT 1 , /a 



-, and #(o) must be s^ positive quantity; thus 



*©= 



2 cos - . 



Mm 

Similarly if ^ (aj) = 2 cos x when a: = - , then ^ (a?) = 2 cos x 
when a? = J ; and so on. Thus we conclude that if <^ (a;) = 2 cos a? 

4k • ... 



'!■' 
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•when a? = a, then ^{x) = 2 cos a? when aj = ^, where n is any 

positive integer. 

We shall next shew that if ^ (a?) = 2 cos x when a = )?, and 
when a; = 7, and when a? = ^ — 7, then ^(a;)='^cosaj when 
a;rffc^+fy. From (1) 

^(^ + 7) = *(^)<^(7)-<^(^-7) 

= 4 cos /S cos 7 — 2 cos 08 — 7) 

= 2 cos 08 + 7). 

Thus if (2) holds when a? = ^, it will hold when a? = 2j9 ; this 
we obtain by supposing 7 = ^. Then if (2) holds when x = fi 
and when x ^ 2/8, it also holds when a? = 3^ ; and so on ; that 
is, if (2) holds when a; = ^ it will hold when x = m/S. Thus 
we conclude that if (2) holds when a? = a it will hold when 

X = -;r^ , where m and 1% are any integers. 

But since the numbers m and n may be as grieiat as we 

please, we can take them such that the expression -— may 

differ as little as we please from any assigned value of x. 
We may th^refoi:e consider (2) as completely demonstrated 
if it holds for any value of x different from zero. But by 
Art. 16, it does hold when a?= Jtt, for then <f>{x)^l = 2cos Jw; 
hence it holds always. Hence 

5 = 2Pcosaj. 

If then the* forces P be represented by straight lines drawn 
from their point of application, the resultant B will be repre- 
sented by that diagonal of the parallelogram described on 
these straight lines which passes through the point of appli- 
cation. 

Next, let two unequal forces P and Q act on the particle M 

along the straight lines MA ajii MB; n m .9 

represent their intensities by the / ^xw\ 

straight lines MG and MH taken I ^/^ / \ / 

on their directions, and complete ^^^.. ./.._ .\^ 

the parallelogram MOKH. x^'n. /^ ^/^'^N. 

First suppose AMB a right an- NiX*^^^ 

gle. Draw the two diagonals MK /k. 



and ^^1 
lere- ^H 
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and Gff, wliicli meet at L; tlirongli G and ifdraw (7jVand 
MO parallel to ML, meeting at N and the parallel to OH 
drawn tlirowgh M. Then 

0L = L1I=LM. 

Hence NL and OL are equilateral parallelograms, and there- 
fore, ty what has been already proved, the force MO may be 
regarded as the resultant of MN and ML, and the force Mff 
as the resultant of MO and ML. Hence we may substitute 
for MG and MH the forces MN, MO, and the two forces ML ; 
Jl£^and MO, since they are equal and opposite, deatroy each 
other, and we have remaining the two forces ML, which 
together give a force represented in magnitude and direction 
by MK. 

Secondly, suppose the angle AMB _ 
not a ripht angle. Through Q and H 
draw GE and HF perpendicular to the 
diagonal MK, and (?iVand HO parallel to 
this straight line. Through J/draw NMO 
at right anglea to MK, Then ive have 
OE= BF. As we have already shewn, 
the force MG may be replaced by MN g 
and ME. and the force MHhj MO and ' 
JilF. Since ItlNtm^ MO are equal and 
opposite, they will destroy each other, and * 
MF and ME remain ; since MF=^KE, 
we Iiave MK as the resultant in mag- 
nitude and direction of MO and Mil. 

Hence the Parallelogram of Forces ia completely proved. 

36, A proof of the Parallelogram of Forces has been 
given by Laplace {M4camtjue Celeste, Liv. I. Chap. 1). In this 
proof the component forces are at first supposed to be at right 
angles; the magnitude of tbeii resultant is then determined 
and afterwards its direction. The first part of the proof is so 
aimplc, that it may be conveniently introduced here; it ie 
Bubslantially as follows. Let x and y denote two forces which 
are inclined at a right angle, and let s denote their resultant; 
we propose to find the value of z. It is obvious tliat if the 
components instead of being x and y were 2a; and ■i^| itft'^wi- 
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lively, the resultant would be 2z and would have the same 
direction as before; so if the components were Sx and dy 
respectively, the resultant would be Sz and would have the 
same direction as before; and so on. We may therefore 
assume conversely, that if the inclination of the resultant to 
each component remains unchanged, the ratio of each com- 
ponent to the resultant will also remain unchanged. Now 
consider the force x as the resultant of two forces x and x'\ of 
which x' is in the direction of z^ and a?" is at right angles to 
that direction. Then by the principle just assumed, we have 

XX , x" y 
— = - , and — = " ; 

X z X z 

so that a?' = — , and a:" = — . 

z z 

Similarly y may be resolved into ^ along the direction of z 

z 

and — at right angles to that direction. Thus the forces 

X and y are equivalent to four forces, two in the direction of z 
and the other two at right angles to that direction ; the latter 
two are equal in magnitude and opposite in direction, so that 
they counteract each other ; hence the resultant of the former 
two must be equal to z. Thus 

x^ v" 

— \.^- = z: therefore z*'=a? + y . 



We shall now give some simple propositions which will 
serve to exemplify and illustrate the principles of the present 
Chapter. 

I. ABG is a triangle; 
2?, JP, F are the middle points 
of the sides BC, CA, AB 
respectively: shew that forces 
represented by the straight 
lines u4Z>, BE, OF will be in 
equilibrium. 
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It 13 known that the straight lines AD, BE, OTi^mect at 
point: see Appendix to Euclid. Let G denote this poiatj 
I'he three forces tnaj- be supposed to act at G. 

Since D Is the middle point of BC, the parallelogram de- 
scribed on AB and AG om adjacent sides will have a diagonal 
in the direction AD; hence twice AD will represent the 
resultant of two forces represented hy AB and AO. And 
conversely the force represented by ^^ may he resolved into 
two forces represented by half AB and half A C. Similarly 
the force BE may be resolved into half BG and half BA ; and 
the force CF may be resolved into half CA and half GB. 

But the force half AB ia eqnal and opposite to the force 
half BA ; and so on. Thus, finally, the forces AD, BE, GF 
are in equilibrium. 

TT . In the figure of the preceding proposition forces ren 
presented by the straight lines GA, GB, GG will be in 
equilibrium. 

The resultant of tlie forces GB and GG acts along Gi?, 
If then there is not equilibrium the three forces GA, GB, 
GG have a resultant acting either from A towards D or from 
J) towards A, that is in the straight line AD. But in the 
same "way it may be shewn that if the forces GA, GB, GO 
are not in equilibrium their resultant must act in tlie straight 
line BE, and also in the straight line CF. But it is impossi- 
ble that the resultant can act in three different straight Hues. 
Therefore the forcea GA, GB, GG must be in equilibrium. 

As the student ia probably aware, it may be aliewn by 
Geometry that jif? is equal to twice GD; and thus the pre- 
sent theorem may be established directly; but we have used 
the method here given for the purpose of illustrating me- 
chanical principles. We may observe that we have thus by 
the aid of mechanical principles, in fact, demonstrated that 
ji ff = 2 GD ; for tlie resultant of GB and GG in represented 
"by twice GD. 

Since AD^dGD, BE=SGE, and CF^SGF, the forcea 
AD, BE, GFhAve the same relative proportion as the forces 
GB, GF, GF; BO tliat the first proposition may be deduced 
immediately from the second. 



1 



I 



I 
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III. Forces act at tlie middle points of a triangle, in the 
plane of the triangle, at right angles to the sides and respec- 
tively proportional to the sides: shew that if they all act 
inwards or all act outwards they will be in equilibrium. 

The directions of the forces meet at a point, namely, the 
centre of the circle which circumscribes the triangle. And 
the angle between the directions of two forces is the supple- 
ment of the angle between the corresponding sides. Thus 
each force is as the sine of the angle between the other two. 
Hence by Art. 19 the forces ajre in equilibrium. 

IV. Forces act at the angular points of a triangle along 
the perpendiculars drawn from the angular points on the 
respectively opposite sides; and the forces are respectively 
proportional to the sides; shew that the forces will be in 
equilibrium, 

It is known that the perpendiculars meet at a point: see 
Appendix, to Eucli^. Hence by the preceding proposition 
the forces are in equilibrium. 

V. ABO \% 9^ triangle; H, 7, K are points in the sides 
BG, CA., -45 respectively such that 

BH_CI_AK 
'EU^IA^KB' 

Shew that if forces represented by AB, BI, CK act at a point 

they will be in equilibrii^m. 




Let Dy E, jPbe the middle points of the sides; and suppose 
AD^ BE, and CFto be drawn. 
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The force AH may be resolved into the forces ADy DH\ 
the force BI into the forces BBy JEI; and the force CK into 
the forces CF, FK. See Art. 20. 

The forces AB^ BE^ CF are in equilibrium by the first 
proposition. 

And we have from the hypothesis as to -5", J, K^ 

DHEJ FK 
BC CA^AB' 

80 that the forces BS, EI, FK are proportional to the sides of 
flie triangle ABC; and they are therefore in equilibrium by 
Alt. 21 if they act at a point. 

Hence if the forces AS, BI, CK act at a point they are in 
equilibrium. 

The straight linea AH, BI, C^ by their interseQtions foi'ra 
a triangle; and therefore by Art. 19 the sides of this triangle 
are proportional to the forces. Hence we arrive by mechanical 
principles at the following geometrical result ; the sides of the 
triangle formed by the intersections of AH, BIy CK are 
proportional to AH, BI, CK respectively^ 

VI. A, B, C are three points on the circumference of a 
circle; forces act along AB and BC^ inversely proportional to 
these straight lines in magnitude: shew that the resultant 
acts along the tangent at B. 

Denote the forces by -^ and -^ respectively. Kesolve 

them at right angles to the tangent at B; thus we obtain by 
Euclid, III. 32, 

^sin ACB-- ^sin CAB; 

and this is zero, since 

CB __ sin CAB 
AB miACB' 

Hence the resultant must act along the tangeiA at B. 
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VII. If one of two forces be given in magnitude and 
position, and also the direction of their resultant, the locus 
of the extremity of the straight line representing the other 
force will be a straight line. 

Let a and r denote the magnitudes of two forces; suppose 
the former to make an angle a with the direction of the 
resultant, and the latter an angle 0. 

Then, resolving along the straight line which is at rigbt 
angles to the direction of the resultant, we have 

a sin a — r sin ^ = 0. 

Now a and a being given, while r and 6 are variable, this 
equation represents a straight line which is parallel to the 
direction of the resultant, and at a distance a sin a from it. 
See Conic Sections^ Chap. ii. 

VIIL From any point within a regular polygon perpen- 
diculars are drawn on all the sides of the polygon: shew that 
the direction of the resultant of all the forces represented 
by these perpendiculars passes through the centre of the 
circle circumscribing the polygon, and find the magnitude of 
the resultant. 

Let » denote the perpendicular from the centre on a side, 
c the distance of the point at which the forces act from the 
centre, a the angle which this distance makes with a fixed 
straight line which coincides with the perpendicular from the 
centre on a side, n the number of sides in the polygon; and let 

n 

Then the magnitude of the m!^ force may be denoted by 
j9 — ccos (miS — a), and the direction of this force will make 
an angle mfi with the fixed straight line. 

Hence the resolved parts of the forces parallel to the fixed 
straight line, and at right angles to it, will be respectively, 

S {p — c cos (m/S — a)} cos m^ and S {p — c cos {m^ — a)} sin wiyS, 

where S denotes a summation to be taken with respect to m 
from m = 1 to m = 7U 



^^ft COS (m 
^^ cos (m 
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- a) COS m/9 = - [cos (2my3 - a) + cos a} , 



cos (m^ — a) sin m/3 = - [sin {2mff — a) + ain o]. 

Then effecting the aummatioii, (ace Tritjonomelri/,C]iap. xsil,) 
s obtain for the resolved parts, 

nc , Jic . 

- — COS a ana — — am a. 

pee, with the notation of Art. 22, 

1 a = tan «, R= - . 

the former equation shews that the direction of the result- 
K coincides with the straight line which joins tlie centre to 
\ point at wliich the forces act; and the latter equation 
ftrmines the magnitude of the resultant. 

Suppose three forces P, Q, R to act at a point 0, and 
Jbe in equilibrium; let a circle be described with as 
re, and any radius, cutting the directions of the forces 
phe points A, B, C respectively: then shall P, Q, H he , 
fcectively proportional to the areas of the triangles ' 
|C, OCA, OAB. 

i follows at once from Art. 19, since the area of a 
ingle is expressed by half the product of two sides into the 
B of the included angle. 

X Suppose four forces P, Q, R, S to act at a point 0, 
and to be in equilibrium; let a sphere be described with as 
centre, and any radius, cutting the directions of the forces at 
the points A, B, G, D respectively: then shall P, Q, R, 8 
be respectively proportional to the volumes of the pyramids 
OBCIJ, OCDA, ODAB, OABC. 

Take as the origin of a set of rectangular axes, let x , y,, e, 
Is the co-ordinates of A ; x^, y^, a, the co-ordinates of B; and 
so on. Then, by Art. 27, 

Pa:, + Qx^ + Rx^ + Sx, = 0, 

P^, + Q^, + l 



r. = 0. 
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Hence, eliminating Q and B^ we shall obtain 

Hence, by the aid of the expression for the volume of a 
pyramid given in works on Analytical Geometry of three 
dunensions, we have 

P_^ volume of pyramid OBGD 
i8^"" volume of pyramid OABG" 

Similarly we obtaiji the value of -^ and of -^ . 



EXAMPLES- 

1. Two forces P and Q have a resultant B which makes 
an angle a with P; if Pbe increased by B while Q remains 
unchanged, shew that the new resultant makes an angle 

? with P. 
2 

2. Two forces in the ratio of 2 to V3 - 1, are inclined to 
each other at an angle of 60'; what must be the direction and 
magnitude of a third force which produces equilibrium? 

Besult. The required force must be to the first of the given 
forces as a/QIo^; and its direction produced makes an angle 
of 15° with that force. 

3. The resultant of two forces P and Q is equal to Q a/S 
and makes an angle of 30° with P; find P in terms of Q. 

Besult. Either P= Q or P=2Q; in the former case the 
angle between P and Q is 60^ in the latter 120°. 

4. If D, E, F be the middle points of the sides of the 
triangle ABC and any other point, shew that the system 
of forces represented by 01) ^ OE^ OF is equivalent to that 
represented by OA^ OB, OC. 



^Kal to 
^^^B resul 
HRk> force 



EXAMPLES. 3l| 

The resultant of two forces ia 10 lbs., one of them ia 
il to 8 lbs,, and the direction of tlie other ia inclined to 
resultant at an angle of 36°. Find the angle between the 
forces. - 

HesuU, Sin- ^g (10 - 2 V5)i. " 'I 

6. The resultant of two forces P, Q, acting at an angle 9, 
ia equal to (2m + 1) ^/{P'+ Q") ; when they act at an angle 
^TT — d, it ia equal to {2m - 1) V(-P' + ^) ; shew that 

7. Two forces i^ and F' acting in the diagonals of a 1 
parallelogi'am keep it at rest in such a position that one of ita ' 
edges is horiaontal, shew tliat 

,Fsec a' = F' sec a = TTcosec (a + a'), 

where Tl^ia the weight of the parallelogram, a and a' thay 
angles "between its diagonals and the horizontal aide. 

8. If a particle be placed on a sphere, and be acted on , 
l^ three forces represented in magnitude and direction by 1 
three chords mutnally at right angles di'awn through tlie J 
particle, it will remain at rest. 

9. Three forces P, Q, R acting on a point and keeping I 
it at rest are represented by straight lines drawn from that I 
point. If P be given in magnitude and direction, and ^ in J 
magnitude only, find the locus of the extremity of the lin^ i 
which represents the third force R^ 

Beeult. A sphere. 

10. A circle whose plane ia vertical has a cenh'e of con- ' 
stant repulsive force at one extremity of the horizontal dia- 
meter; find tite position of ecLuilibrium of a particle within 
the circle, the repulsiTe force being equal to the weight of 
the particle. 

SesuU. The straight line joining the particle with tha ■ 
_centre of the circle makes an angle of 60° with tiie ^lonioii. ^1 
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11. A particle is placed on a smooth square table whose 
side is a at distances c^, c^, C3, c^ from the comers, and to it are 
attached strings passing over smooth pullies at the oomers 
and supporting weights Pj, P„ F^yP^\ shew that if there is 
equilibrium, 

\^X C, C3 cj <JC \Cg cj VCg cj 

Shew also that 

12. Two small rings slide on the arc of a smooth vertical 
circle; a string passes through both rings, and has three equal 
weights attached to it, one at each end and one between the 
rings; find the position of the rings when they are in equi- 
librium. The rmgs are supposed without weight. 

Result. Each of the rings must be 30* distant &om the . 
highest point of the circle. 

13. The extremities of a string without weight are fastened 
to two equal heavy rings which slide on smooth fixed rods in 
the same vertical plane and equally inclined to the vertical; 
and to the middle point of the string a weight is fastened 
equal to twice the weight of each ring; find the position of 
equilibrium and the tension of the string. 

If the point to which the weight is fastened be not the 
middle point of the string, shew that in the position of equi- 
librium the tensions of its two portions will be equal 

14. A light cord with one end attached to a fixed point 
passes over a puUy in the same horizontal line with the fixed 
point and supports a weight hanging freely at its other end. 
A heavy ring being fastened to the cord in difierent places 
between the fixed point and the pully, it is required to find 
the locus of its positions of equilibrium. If the weight of the 
ring be small compared with the other weight, the locus will 
be approximately a parabola. 
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15. If two forces acting along chords of a circle are in- 
versely proportional to the lengths of the chords, their resul- 
tant •will pass through one or other of the points of intersection 
of straight lines drawn through the extremities of the chords. 

16. A particle rests on an ellipse acted on by forces Xa;**, 
fjLj/*y parallel to the axes of x and y respectively; find its 
position of equilibrium. Explain the case in which w = 1. 

17. A particle is placed on the outer surface of a smooth 
fixed sphere and is acted on by a fixed centre of force lying 
Vertically above the centre of the sphere, at a distance c from it 
and attracting directly as the distance. Shew that the particle 
will rest on any part of the sphere if the weight of the 
particle equals the attraction on it by the fixed centre of force 
when at a distance c from it. 

18. A particle is placed on the surface of an ellipsoid in 
the centre of which is resident an attractive force : determine 
the direction in which the particle will begin to move. 

x^ y^ z^ 

19. Find the point on the surface — + ^ + -8 = 1) where 

a particle attracted by a force to the origin will rest in equi- 
librium. 

20. ABCD is a quadrilateral inscribed in a circle, and 
forces inversely proportional to AB, BG, AD, -DCact along 
the sides in the directions indicated by the letters : shew that 
their resultant acts along the straight line joining the inter- 
section of the diagonals with the intersection of the tan- 
gents to the circle at B, D. 
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CHAPTER III. 

BESULTANT OP TWO PARALLEL FOBCES, COUPLES. 

37. To find the magnitude and direction of the resultant 
of two parallel forces acting on a rigid body. 

Let P and Q be the forces; A and B their points of ajH 




plication: let P and Q act in the same direction, making 
angles a with AB. The effect of the forces will not be 
altered if we apply two forces equal in magnitude and acting 
in opposite directions along the straight line AB. Let 8 de- 
note each of these forces, and suppose one to act at A and the 
other at B. 

Then P and 8 acting at A are equivalent to some force P 
acting in some direction AP' inclined to AP (Art. 17); and 
Q and 8 acting at B are equivalent to some force Q acting in 
some direction BQ inclined to BQ. 

Produce P'A, QB to cut each other at (7, and draw CD 
parallel to AP, meeting AB at Z>; suppose G rigidly con- 
nected with AB. 

Transfer P and Q to C (Art. 11), and resolve them along 
CD and a straight line parallel to AB) the latter parts will 
each be equal to 8 but act in opposite directions, and the sum 
of the former isP+ Q- Hence i?, the resultant of P and Q^ 
=P+ Q and acts parallel to P and Q in the straight line CD. 
We shall now determine the point where this straight line 
cuts AB. 



TWO PARALLEL FORCES. 
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The sides of the triangle A CD are parallel to the directions 
of the forces P, S^P' \ therefore by Art. 19 

P CD ^ . ., . 8 DB 
^= -^, and similarly ^=-^; 

therefore -77= rnr = > ^ AB^a and AD^x] 

Q JJA. X 



therefore 



X 



Q 



a P+Q' 



this determines the point D through which the direction of 
i the resultant passes. It will be observed that AB is divided 
' at D into segments which are inversely as the forces at A and 
; B respectively, 

■ 

If the force P act in a direction opposite to that of Q 




a similar process will lead ns to 



X 



Q 



which may be derived from the formulas of the preceding 
case hy changing P into —P. 

It will be observed that AB produced is divided at D into 
t^poients which are inversely as the forces at A and B re- 
BpectiTely« 
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38. The point 2> possesses this remarkable property : 
however P and Q are turned about their points of applici 
A and B, their directions remaining parallel, D determine 
above remains fixed. This point is in consequence a 
the centre of the parallel forces P and Q. 

39. If P= ^ in the second case of Art. 37, then i 
and a? = Qo , a result perfectly nugatory. It shews us thai 
method fails by which we have attempted to compound 
equal and opposite parallel forces. In fact the addition oi 
two forces 8 still gives, in this case, two equal forces par 
and opposite in their directions. 

Such a system of forces is called a Couple. 

We shall investigate the laws of the composition 
resolution of couples, since to these we shall reduce the c 
position and resolution of forces of every description ac 
on a rigid body. 

40. From Art. 39 we might conjecture that two ei 
forces acting in parallel and opposite directions do not adm 
a single resultant, which may be shewn as follows. 



T 



1) 
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Suppose, If possible, that the single force E will main 
equilibrium with two forces, each denoted by P, acting 
parallel and opposite directions. 

Draw a straight line meeting at A and B the directior 
the forces P, and that of R at K Make AD = BE, and a] 
at Z> two forces T and 8 each = i? and parallel to jB 
in opposite directions; this will not disturb the equilibri 
Hence. the five forces i?, P, P, 8, Tare in equilibrium, 
since P, P and E form a system in equilibrium, so by s 
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EA COUPLE, 
do P, P and T. Hence if we remove the last three 
U not disturb the equilibrium, aud we accordingly have 
£ and S left maiutaining equilibrium. But this is obviously 
impossible, since they act in the same direction. Hence the 
two parallel forces P cannot be balanced by a single force, 
and therefore do not admit of a single resultant. 



41. A couple consists of two equal forcea acting in parallel 
«nd opposite directions. 

The arm of a couple ia the perpendicular distance between 
tlie directions of its forces. 

The moment of a couple is the product of either of its forces 
into the perpendicular distance between them. 

The axis of a couple is a straight line perpendicular to the 
plane of the couple and proportional in length to the moment. 

Two couples in the same plane may differ with respect to 
airection. For suppose the middle point of the arm of a 
ronjile to be fixed, and the arm to move in the direction in 
"""ch the two forces of the couple tend to urge it ; there are 
different directions in which ihe arm may rotate. Bup- 
'. a perpendicular drawn to the plane of the couple through 
middle point of its arm, so that when an observer is 
placed along this straight line with his teet against the plane, 
the rotation which the forces give to tbe arm appears to take 
place from Uft to right; the perpendicular ao drawn we shall 
like for the awts of the couple. 

We shall DOW give three propositions shewing that the 
effect of a couple is not altered when certain changes are taade 
"~'h. respect to the couple. It is to be supposed in all these 
' propositions that a rigid body is in equilibrium under the 
■CtiOD of certain forces, including an assigned couple; and It is 
flhewn that then the equilibrium will not be disturbed by the 
specified changes with respect to the couple. 

i% The effect of a couple is not altered if ita arm be turned 
through any angle about one extremity in the plane of Uie 
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A COUPLE MAT BE TRANSFERRED. 



Let the plane of the paper be the plane of the couple, AB 
the arm, and AB' its new position; the forces P^ , P. are equal 




and act on the arm AB. At B and A let the equal And 
opposite forces Pj^P^, PjPei each equal toP, or P^ be applied, 
acting at right angles to AB; this will not affect the action 
ofP, andP,. 

Let PP,, P'Pj meet at C; join AC; ^ (7 manifestly bisects 
the angle BAB. 

Now Pj and Paare equivalent to some force in the direction 
CAy and P^ and P^ are equivalent to an eqtial force in the direc* 
tion AC. Therefore P,, P,, P3, P4 are in equilibrium with 
each other; therefore the remaining forces P5, P« acting at 
Bf A respectively produce the same effect as Pj , P^ acting at 
Bj A respectively. Hence the proposition is true. 

We may now turn the arm of the couple through any angle 
about B'; and by proceeding in this way we may transfer me 
couple to any position in its own plane. 

43. The effect of a couple is not altered tf we transfer the 
couple to any plane parallel to its own^ the arm remaining 
parallel to itself. 

Let AB be the arm, A'B its new position parallel to AB. 
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A COUPLE MAY BE TI'.ASSFERRED. 

Join A^B!, A'B bisecting each other at G. At A', B' apply " 
twro equal and opposite forces each =i', or P and jiarallel to 
them; and let these forces heP,, P^, P^, F,; this will not alter J 
the effect of the couple. 

But /", and P^ are equivalent to 2/", acting at (? in * 
the direction Ga parallel to the direction of P^, and P^ and ] 
P^ are equivalent to 2P, acting at G in the opposite dlrec- | 
tion Gb. 

Hence P,, P,, P,, P^ are in equilibrium with each other; J 
therefore the remaining forces P^ and P, acting at A' and S^ ^ 
respectively produce the same eflect as }\ and P, acting at A 
aud B respectively. Hence the proposition is true. 

44. The effect of a couple ia not altered if icc replace it by 
another cotqile of which the moment is the fame; the plane 
remaining the same and the arms being in the same straight 
Una and having a common extremity. 

Ijet AB be the arm ; let P, 
P be the forces, and suppose 
P=Q + R;\&tAB = a, and let 
tlie new arm AC=b; at C 
apply two opposite forces each " I 

= Q and parallel to P; this 1 

will not alter tlie effect of the p.a+ 

couple. 

Now B&tA and Q sA G will balance Q + EatB, 

HAB : BC :: Q : S, (Art. 31), 

orif.^P : AC:: Q : Q + B, 

that is, if Q.b = P.a; 

we have then remaining the couple Q, Q acting on the ana | 
A C Hence the couple P, P acting on AB may be replaced 
W the couple Q, Q aatm^ on AC, if Q .b = P.a, that is, if I 
to^ momenta are the same. 

45. From the last three Articles it appears that, without 
altering the effect of a couple, we may change it iuto aaoXlasa. i 



m msmmas or a oovkb. ■ 

•f ctjnal momieDt, aod transfer ii to any position. eitbcF hi 
iU OWB phne or in a plane parallel to its own. The coapla 
■Oft RmaiB unchanged so far as concerns the direction of 
dw rotaUoD which its forces would tend to give the arm, siip- 
ponHg lis middle point fixed as iu Art. 41. In other wordi, 
tfct atraight line which we hare called the axis, measured sa 
hidicKted in that Article, must always remain on the same 
tidt of the plaue of the couple. 

46. We may infer from Art. 44 that couples may he mei- 
snred by their momenta. Let there be two couples, one in 
tthioii each force = P, and one in which each force = Q, the 
amis of tlie couples being equal/ these couples will be in tlio 
ratio of P to Q. For suppose, for example, that P is to Q»s 
3 to 5 ; then each of the forces P may be divided into 3 equal 
forces and each of the tbrcea Q into 5 such equal forces. Tien 
the couple of which each force is P may be considered as Clie 
Bum of 3 equal couples of the same kind, and the couple o£ 
which each force is Q as the sum of 5 such equal couples. 
The effects of the couples will therefore be as 3 to 5. Nest* 
suppose the arms of the couples unequal, and denote them b^ 
p and q respectively. The couple which has each of it> 
forces = Q and its arm = 2 is equivalent to a couple having 

each of its forces = -^ and its aim=n, by Art. 44, The 

couples are therefore by the first case in the ratio of i* to — , 
that is of Pp to Qq. 

47. With respect to the effect of a oonple, we may observi; 
that it is slicwn m works on rigid dynamics that if a couple 
act on a free rigid body it will set the body in rotation about 
an axis passing through a certain point in the body called 
its centre of gravity, but not necessarily perpendicular to th 
plane fflhe couple. 

48. To fnd the resultant of any number of couples acting ' 
on a body, ilie planes of the couples beinq parallel to each 
other. 

First, suppose al! the couples transferred to the same plane 
(Art. 43) ; next, let them be all transferred so as to have 
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. RESULTANT OP COUPLES. 41 

their arms in the same straight line, and one extremity com- 
mon (Art. 42) ; and lastly, let them be replaced by other 
couples having the same arm (Art. 44). 

Thus if P, Q, J?, be the forces, and 

a, b, 0, be their arms, 



<r 



we shall have them replaced by the following forces (supposin 
a the common arm), 

P.-, Q.- , B.- , actinff on the arm a. 

Hence their resultant will be a couple of which each force 
equals 

P.-+(2.^ + P.^+ , 

a a a 



and the arm = a, 

or of which the moment equals 

P.a+Q.h+Ii.c + 

Hence the moment of the resultant couple is equal to the sum 
of the moments of the original couples. 

If one of the couples, as Q, Q, act in a direction opposite to 
the couple P, P, then the force at each extremity of the arm 
of the resultant couple will be 

P.«_(2.^+ij.£ + , 

a a a 



the moment of the resultant couple will be 
P.a'-Q.b + Ii.c+ , 

or the algebraical sum of the moments of the original couples ; 
th« moments of those couples which tend in the direction 
opposite to the couple P, P being reckoned negative. 



[2 rAUALLELOQHAM OP COUPLES. 

49.' To find the reeultaiU of imo couples not aclmg in ih$ 

mne plane. 

Let the planes of the coupltes intersect in tlie straight line 



AS, which is perpendicular to the plane of the paper, and !et 
the couples be referred to the commoa arm AB, and let thaT 
forces thus altered be P and Q. 

In the plane of the paper draw Aa, Ah at right angles to 
the planes of the couples P, Pand Q, Q; and equal in length 
to their axes. 

Let R be the resultant of the forces P and Q at A, acdng 
in the direction AR ; and of P and Q at B, acting in tlie 
direction BR. 

Since AP, AQ are parallel to BP, BQ lespectiyely, theie- 
fore AR is parallel to BR. 

Hence the two couples are equivalent to the single couffe 
R, R acting on the arm AB, 

Draw Ac perpendicular to the plane of R, R, and in the 
same proportion to Aa, Ah that the moment of the couple 
R, R is to those of P, P and Q, Q respectively. Then Ac 
ia the axis of R, R. Now tlie tiii-ee straiglit lines Aa, Aa, Ah 
make the same angles with each other that AP, AR, AQ 
make with each other; also tliey are in the same propor- 
tion in which AB.P, AB.R, AB. Q are; that is iu wliicli 
P, R, Q are. 

But R is the resultant of P and Q ; therefore Ac is tlie 
diagonal of the parallelogram on Aa, Ah (see Art. 17). 

Hence if two straight lines, having a common extremity, 
represent the axes of two couples, that diagonal of the paral- 
lelogram described on these straight lines aa adjacent sides 
which passes tlirough their common extremity represents the 
axis of the resultant couple. 
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e mat/nitude and position of tlie couple which 
M (^e resultant of three couples which act in planes at right 
angks to each other. 

t AB, A C, AD \>& the axes of the given couplea (i 
Art. 24). Complete the pavallelogram CB, and draw 
Bthe diagonal. Then AE'is the axis of the couple which 
the resultant of the two coaples of which the axes are 
-IB, A G. Complete the parallelogram D£, and draw AF 
the diagonal. Ihen AF is the axis of the couple which is 
tie resultant of the couples of which the axes aie AE, AD, 
nofthoae of which the axes are AB, AC, AD. 

*lSow AF^ = AE' + AD' = AB^ + AC' + AD\ 

Let ff be the moment of the resultant couple ; L, M, N 
those of the given couplea ; 

therefore (? = U + J^P + N* ; 

and if X, /i, v "be the angles the axis of the resultant makes 
with those of the components, 
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Hence conversely any couple may be replaced by 
e couplea acting in planes at right angles to each other; 
r moments being G cosX, G cos^, G cose; where G is 

\ moment of the given couple, and X, Mj " the angles its 

Tb makes with the axes of the three couples. 

luB couples follow, aa to their composition and resolution, 
s similar to those whicli apply to forces, the. axis of the 
pie corresponding to the direction of the force and the 
Moment of the couple to the intensity of the force. Hence 
fcr example, by Art. 29, the resolved part of a resultant 
any direction is equal to the sum of the resolved 
be component couples ia the same direction. 
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CHAPTER IV. 

BESULTANT OF FORCES IN ONE PLANE. CONDITIONS OF 

EQUILIBUIUM. MOMENTS. 



62. To find the resultant of any number of parallel forces 
acting on a rigid body in one plane* 

Let P^, Pj,, P3 denote the forces. Take any point in 



y 
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the plane of the forces as origin and draw rectangular axes 
Oj?, Oy, the latter parallel to the forces. Let A^ be the point 
where Ox meets the direction of P^, and let OA^ = x^. 

Apply at two forces each equal and parallel to Pj, in 
opposite directions. Thus the force Pj is replaced by P^ 
at along Oy, and a couple of which the moment is P^ . OA^^ 
that is P^.a;^. Transform the other forces in a similar manner, 
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nsiTi^ a similar notation, and tlie wlinle system will he reducedj 

to a force i*, + Pj + Pj + nr SP along Oy, and a conpl^ 

2*,ar,-l-P^, + P,3T3 + or SPx in tiieplflne of the forc^ 

and tending to turn the body from the axis of x to the a 
of y. 

53. To find the ronditions of equHihrium of a sj/sten 
parallel forces acting on a rigid hody in one jitane. 

A system of parallel forces can he reduced to a sinsltta 
force and a couple. If neither of thesR vanish equilibriun(« 
ia impossible, because a single force cannot neutralize acowpte 
^Art. 40). If the single force alone vanish equilibrium i"- 
impossible, because there remains an unbalanced couple. I 
the couple alone vanish equilibrium is impossible, becau(_ 
there remains an unbalanced force. Hence, for equilibriufflB 
it 13 necessary that botli the force and the couple shouI<i-B 

I "y aniah ; that ia 

^L SP=0 and tPx = Q. 

^V h4. The product of a force into the pei-pendicular drawn ^ 

^^tpon its direction from any point, ia called the moment of 

the force with respect to that point. Hence the conditions of 

e^^uilibrinm which have just been obtained may be tima 

ciated; 



A. sf/u'em of -parnVel forcex acting on a rigid hodg i 
plane will he in ez/uilihrium if the sum of the forces vamaheSfM 
and the sum of the moments of the forces round an origin t ' 
the plane also vanishes. 

Conversely, if the forces are in equilibrium their sum must 
vanish, and also the sum of their moments round any o 
in the plane. 

Tlie word sum must be understood algebraicathi. Forces! 
wliicli act in one direction being considered positive, those 
which act in the opposite direclion must be considered nega- 
tive. Also moments being considered positive when the cor- 
responding couples tend to turn the body in one direction, 
they must be considered negative iviien the corresponding J 
couples tend to turn the body in the opposite, direction. * 
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55. When the sum of the forces yanishes in Art. 52, 
the forces reduce to a couple. 

When 2P is not zero, the ^| 
forces can be reduced to 
a single resultant. For if 
2jF5r = 0, then 2P acting 
at is the single resultant. 
If tPx be not = 0, let the 
couple be transformed to one 
in which each of the forces 
is equal to 2P, and conse- 
quently, by Art. 44, the arm 

is -y-p . Let SP acting at A 

and 2P acting along Oy* form this couple. The latter force 
is destroyed by the force 2P along Oy. Hence the single 
resultant is 2P acting at Ay that is, at a point the distance 

of which from is ^. 

56. To find the resultant of any number of forces which act 
on a rigid body in one plane. 

Let the system be referred to any rectangular axes Oa?, Oy 
in the plane of the forces. 

y 




Let P^yP^y Pj, denote the forces; a^, Cj, Og, ...... 

the angles which their directions make with the axis of a; ; 



IN ONE PLANE, 

let ar, , ^ , be the co-ordinates of the point of application of P, ; | 
let a;,, y^ be those of the point of application of/*,, and bo on, 

Let A^ he the point of application of P,. At suppose 
two forces applied in opposite directions each equal and 1 
parallel to P,. Draw Op, peqiendicular to Pj^,. 

Ilence P. acting at A^ is equivalent to P, acting at O j 
and a couple of which On is the arm and each force ia P,, J 
■ivhich tends to turn the hody from the axis of ai to that ^ I 
y. Now 

Op, = 3;,ainaj — jjCosaj. 

Hence the moment of the couple Is 

P, {x^ sin a, — )/| cos a,). 

The other forces maj he similarly replaced. Hence the i 
system is equivalent to the forces 

P^,P^, P,, acting at 0, 

in directions parallel to those of the original forces; and the 
couples of which the moments are 

P, (a;, sin a^ — y, cos a,), 
P, (a^jBina, — jjCoao,), 
P, (Xj sin Oj — y^ cos Bj) , 



ftcttng in the plane of the forces. It will be found that any 
one of the above expressions for the moments of tlie couplea 
ia positive or negative, according as that couple tends to turn 
the body from the axis of x towards that of y, or in the 
contrary direction. 

Let H- ^ ^^ resultant of the forces acting at 0, let a be ' 
the angle which R makes witli the axis of x, and Q the ' 
moment of the resultant couple; then (by Art. 22) 
Ji COS a = SPcos a; Ji sin a = SPsin a; 
and (by Art. 48) 

G = 2P(a: flin a — ^ cos a). 



48 RESULTANT OF FORCES 

: If Pi COS Oj = Xj and P^ sin a, = F , and a similar notatioii 
be used for the other forces, the above equations maj be 

written 

i?=(2X)'+(Sr)»; tana = U; 

and G^t{Yx-Xy). 

57. To find the conditions fyr the equilibriMm of a system 
of forces acting on a rigid body in one plane. 

Any system of forces acting in one plane may be reduced 
to a single force It, and a couple whose moment is O. If 
neither It nor G vanish equilibrium is impossible, since a 
single force cannot balance a couple. If jB alone vanish equi- 
librium is impossible, because there remains an unbalanced 
couple G; i{ G alone vanish equilibrium is impossible, be-? 
cause there remains an unbalanced force. Hence, for equi- 
librium we must have jB = and (? = 0. Also jB = requires 
that SX=0 and Sr=0. 

Since G is equal to the sum of the moments of the forces 
with respect to 0, we may enunciate the result thus: A sys- 
tem of forces acting in one plane on a rigid body will be in 
equilibrium if the sums of the resolved parts of the forces pa- 
rallel to two rectangular axes in the plane vanish, and the sum 
of the moments round an origin in the plane also vanishes. 

Conversely, if the forces are in equilibrium the sum of 
the resolved parts of the forces parallel to any direction will 
vanish, and also the sum of the moments of the forces round 
any origin. 

58. If three forces acting in one plane maintain a rigid 
body in equilibrium their directions either all meet at a point or 
are all parallel. 

For suppose two of the directions to meet at a point, and 
take this point for the origin; then the moment of each of 
these two forces vanishes, and the equation {? = requires 
that the moment of the third force should vanish, that is, the 
third force must also pass through the origin. Hence, if any 
two of the forces meet, the third must pass through their point 
of intersection, which proves the proposition. This pro- 
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position may also be established without referring to Art. 57. 
For if two of the forces meet at a point, they may be supposed 
both, to act at that point and may be replaced by their re- 
sultant acting at the same point ; this resultant and the third 
force must keep the body on which they act in equilibrium, 
and must therefore be equal and opposite ; that is, the third 
force must pass through the point of intersection of the 
first two. 

59. If jB = in Art. 56, the forces reduce to a couple ; if 
JB be not = 0, the forces can be reduced to a single resultant. 

For if the couple 6^ = 0, the resultant force is B acting 
at the origin. If the couple G be not =0, let it be trans- 
formed into one having each of its forces = B and its arm con- 




sequently =-^ (Art. 44). Let this couple be turned in its own 

plane, until one of its forces acts at the origin exactly opposite 
to the force S, which by hypothesis acts at the origin. Hence 
these forces destroy each other and we have left B acting 
at the extremity of the arm OA, in a direction inclined to 

the axis of x at an angle a, found by the equation tan a = ^ry. 

(Art. 56). If this direction meet the axis of x at B, we have 

OB - ^ ^ ^ 



OA cosec a = ^ . 



B'%Y X^' 



T.8. 
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and the equation to the line of action of the single resultant is 

or, x'tY-y'tX=^t{Yx^Xy), 

Xy y' being the variable co-ordinates. 

60. The result of the last Article may also be obtained 
thus. Suppose that the given forces have a single resultant 
acting at the point {x\ y), and equivalent to the components 
X' and Y' parallel to the co-ordinate axes. It follows that the 
given forces will, with —X', — Y' acting at the point {x\ y*), 
form a system in equilibrium. Hence, by Art. 57, 

2x-x'=o, 2r-r = o, G^-FV+xy=o. 

Of these three equations the first determines X', the second' 
Y", and the third assigns a relation between x and y\ which 
is in fact the equation to the line in which the single re- 
sultant acts and at any point of which it may be supposed 
to act. If 2X and S Y both vanish, it is impossible to find 
values of x and y\ that satisfy the last equation of the three, 
so long as G does not vanish ; this shews that if the forces 
reduce to a couple, it is impossible to find a single force equi- 
valent to them. 

61. In Art. 56, we have for the moment of the force Pj 
about the origin the expression 

Pj(ajjSina,-y, cosaj, 
and this we may express by 

Since Xi and Fj are the rectangular components of P^, we 
see by comparing the two expressions that the moment of 
a force about any origin is equal to the algebraical sum of 
the moments of its rectanffular components about the same 
origin. (See Art. 54.) There are many such theorems con- 
nected with moments, and the demonstration of some of them 
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iacilitated by observing that according to the defini- 
of a moment, it may be geometrically represented by 

« the area of the triangle having for its base the straight 
I which represents the force and for its vertex the point J 
piit which moments are taken. For example, we may.l 
(ve the theorem which we have already deduced. 

P2. The aJgebratcal sum of the momenta of two component I 
\aith resect to any point in the plane containing the two 
%B equal to the moment of the resultant of the two fori 

list AB, A C represent two component forces ; complete the 
parallelogram and draw the I 

diagonal AD representing the 
resultant force. 

(1) Let 0, the point about 
which the momenta are to be .. 
taken, fall without the angle * 
BAC and that which is ver- 
tically opposite to it. Join 
OA, OB, 00, OD. 

The triangle OAO having for its base AG and for its 
height the perpendicular from on ^0 is equivalent to a 
triangle havmg A C for its base and for its height the perpen- 
dioular from B on AG, together with a triangle having BD 
" its base and for its height the perpendicular from on BD, 

'- ia obvious since BD is equal and parallel to A 0, and the 
ndicular from on Au ia equal to the perpendicular 

ini on BD together with the perpendicular from Boa AG. 
Hence wo Lave 

^AOG = ABOD + AACD. 

Hence, adding the triangle AOB, we have 

AA0C+AA0B = AB0D + AABD + AA0B=AA0D; 

that is, the moment of AC+ih^ moment of ^^ = tlie mo- 
<a.to£A2). 
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(2) Let fall mthtn the angle BAG or its vertlcallj' 
opposite angle. 

AAOG=AABD-ABOD 
= AAOB + AAOI). 

Therefore 

AAOD^AAOC-AAOB; 

that IS, the moment of -42>=the moment of AC — the 
moment oi AB, As the moments oi AG and AB about 
are now of opposite characters, the moment of the resultant 
is still equal to the algebraical sum of the moments of the 
components. 

The proposition may also be readily shewn in the case 
where the two component forces are parallel; see Art. 37. 

In this example, however, nothing is gained in brevity or 
simplicity by the aid of Geometry ; for the re(juired result is 
an immediate consequence of the mechanical principle that the 
resolved part of the resultant along a straight line through A 
at right angles to ^ is equal to the algebraical sum of the 
resolved parts of the components in the same direction. 

63. Forces are represented m magnitude and position hy 
the sides of a plane polygon taken in order; required the re- 
sultant. 

Let the sides of the figure ABCDEF represent the forces 
in magnitude and position; the first force being supposed to 
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act in the straight line AB from A towarda _B, tte second in 
the straight line BO from B towards C, and bo on. 

Aa in Art. 50, the forces may he replaced 'by a resultant 
force at an arbitrary origin and a couple. The former is 

composed of all the forces AB, BC, mored each parallel 

to itself up to ; the resultant consequently vanislica by 
Art. 21. 

Tlte moment of the resultant couple is the sum of the 
moments of the component coiiplea, and is therefore repre- 
sented by twice the triangle -4 05+ twice the triangle BOO 
+ ...; that is, by twice the area of the polygon. Hence the 
forces reduce to a resultant couple measured by twice the area 
of the polygon. 

We may observe that the algebraical sum of the moments 
of the two forces which form a couple is the same about 
~ 'latever point it be taken; it is in fact equal to the moment < 
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64. If the sum of the moments of the forces P , P,,7\,... 
be required about a point whose co-ordinates are A, k instead 
of about the origin, we must in the expression for O, m 
Art. 56, put Xi—h, a;, — 7i, ... for a;,, ajj, ... respectively, and 
Sf~^t 3/3 ~^') ■■■ for 1/1, t/j, ... respectively. Hence, denoting 
the result by (?,, we have 

= iS.X-k%Y+G. 

Hence the value of G^ depends in general on the situation 1 
of the point about which we take moments. If, however, 

htX-htY: 

that is, if the point {h, h) move along any straight line 
I parallel to the direction of the resultant force R, then <?, 
I temaJuB unchanged. 
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If three different points exist with respect to which the snm 
of the moments vanishes, we have three equations 

Hence we deduce 

Unless the point (A,, AjJ, the point (A^,, i,), and the point 
(A3, fe) lie in a straight line, it is impossible that 

K^ — Ajg A?2 — A ?3 ^ 

A, — Ag Aj — A3 ' 

we must therefore have 

Sx=o, sr=o, 6^=0. 

Hence if the sum of the moments of a system of forces in one 
plane vanish with respect to three points in the plane not in a 
straight line, that system is in equilibrium. 

When a system of forces in one plane can be reduced to a 
single resultant, we have found in Art. 59 that the equation 
to the direction of the resultant is 

a;'Sr-y2X=2(raj-X3^). 

This may be written 

t{Y{x'-x)-X{t,'-y)]==0. 

The equation to the direction of the resultant thus in fact 
determines the locus of the points for which the algebraical 
sum of the moments of the forces is zero. 

65. Hitherto we have supposed our axes rectangular. If 
they are oblique and inclined at an angle g), we may shew, 
as m Art. 56, that a system of forces in one plane may be 
reduced to S-ST along the axis of cc, S F along the axis of y, 
and a couple the moment of which is sin coS (Yx — ^y)» The 
latter part will be easily obtained, since the moment of the 



REMAUKa ON THE EXAMPLES. 55 

force P, is equivalent to the algebraical sum of the momenta 
of its components A'j and Y^ ; and the perpendicular on the 
former from the origin is y, sin q>, and on the latter x, sin 

The conditions for equilibrimn are, as before, 

%x=o, 2r=o, t{Yx-X7/)=o. 
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The following Examples may be solved by means of the 
principles given in the preceding Articles. When different 
rigid bodies occur in a question, the equations of Art. 57 , 
must bold with respect to each, in order that there may be 
eqnilibrium. In cases where only three forces act on a body, ! 
it 13 often convenient to uae the proposition of Art. 58. Since 
by Art. 57 the moments of the forces with respect to any 
origin must vanish, we may, if we please, take different origina 
and form the corresponding equation for each. See Art. 64. 

In some of the Examples we anticipate the results of the 
subsequent Chapters so litr as to assume that the weight of 
any body acts through a definite and known point, which is 
the centre of gravity of the body. When two bodies are in 
contact it is assumed that whatever force one exerts on the 
other the latter exerts an equal and opposite force on the 
former; if the bodies are smooth this force acts in the direction 
of the common normal to the surfaces at the point of contact. 
We restrict ourselvea to the supposition ot smooth bodies 
until Chapter X. 

In attempting to solve the problems the student will find 
it advisable when the system involves more than one body 
to confine his attention to one at a time of those bodies which 
are capable of motion, and to be careful to take into con- 
aderatlon all the forces which act on that body. When 
bodies are in contact some letter should be used to denote 
the mutual force between them, and the magnitude of this 
force must be found from the equations of equilibrium of the 
body or bodies which arc capable of motion. And when 
two of the bodies are connected by a string a letter should 
be used to denote the tension of the string, and the magnitude 
of the tension must be found from the conditions o£ e,o^v- 
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librium of the body or bodies whicb are ca^kable of motion; 
Beginners often fail into error bj assuming incorrect valnea 
for the tensions of strings and the mutual forces between 
bodies in contact^ instead of determining the correct values 
from the equations of equilibrium. 

We will give here two propositions, respecting forces acting 
in a plane, which involve important results. 

I. Forces act at the middle points of the sides of a rigid 
polygon in the plane of the polygon; the forces act at right 
angles to the sides, and are respectively proportional to the 
sides in magnitude: shew that the forces wul be in equili- 
brium if they all act inwards or all act outwards. 

The result here enunciated has been already shewn io he 
true in the case of a triangle; see the Proposition iv. at theL 
end of Chapter ii.; the general proposition is obtained b^ 
an inductive method. 

Suppose for example that the proposition were known to b^ 

true for a four-sided figure also ^ 
then we can shew that it must l>^ 
true for a five-sided figure. L&'t 
ABODE be a five-sided figure; aacl 
let forces act at the middle points of 
the sides in the plane of the figure ^ 
at right angles to the sides and r©-" 
spectively proportional to the sid^^ 

in magnitude: suppose for the sake of distinctness that th.^ 

forces all act outwards. 

Join AD, By hypothesis a certain system of forces actm^^ 
outwards on the four-sided figure ABCD would be in equili^ 
brium; and from this it follows that the assigned forces actin 
on AB, BO, OD must be equivalent to a single force actin 
at the middle point of AD, towards the inside of the four— ^ 
sided figure ABOD, proportional to AD in magnitude. 

Also the assigned forces acting on DE, EA must in lik^^ 
manner be equivalent to a single force acting at the middl^^ 
point of AD, towards the inside of the triangle AED, yto — ^ 
portional to AD in magnitude. 
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Hence the two single forces "balance eacli other; and the 
Bystem is in equilibrium. 

In this manner, knowing that the reanlt ia tme for a tri- 
angle, we can shew in succession, that it is true for a figure 
of four, five, slx,... sides. 

II. Rigid rods without weight are joined together by 
smooth hinges at their extremities, bo as to form a plane 
polygon. Forces act at the middle points of the sides of the 
j polygon in the plane of the polygon ; the forces act at right 
I angles to the sides, and are respectively proportional to the 
I aides in magnitude; shew that, if the forces all act inwards 
I 01 all act outwards, where there is equilibrium, a circle can 
I te described round the polygon. 

Let .dBCO^^ represent the polygon. Consider one of the 
rods as A£. This rod is acted 
on by a force at the middle 
point H at right angles to AB, 
and by actions from the hinges 
at A and B. The former force 
is proportional to AB, and may 
be denoted by /J..AB. The 
'• three forces must meet at a 
point, suppose K; tlien by re- 
solving pai-allel to AB, we find 
that tlie actions at A and B 
must be equal; we will denote 
Y B. iteaolve the forces at right angles to AB: thus 
/iAB=2BBmABK. 
e action at B on the rod BC is equal and opposite to 
n the rod BA; hence we obtain in the 



:iie same manner 



fiB0^2li sin CBL. 
sin ABK AB ain A C 



refore -. — y^f^f = = 



CBL BG sin CAB' 
B shews that KBL touches at B the circle described 
AABG. 

_ Similarly AK touches at A the circle described round 
BAF, 
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But AK and BK are equally inclined to AB. Hence the 
two circles must coincide; that is, the points F^ Aj By G lie 
on the circumference of a circle. 

In this way we shew that any four consecutive angular 
points of the polygon lie on the circumference of a circle; 
and hence it follows that all the angular points must lie on 
the circumference of the same circle. 

It will be seen from the preceding results that the action 
at every hinge is the same, and is denoted by the product of 
fi into the radius of the circle described round the polygon. 



EXAMPLES. 

1. ABCD is a quadrilateral and is acted on by forces 
which are represented in magnitude and direction by AB, 
AD, GB, GD] shew that the resultant coincides in direction 
with the straight line which joins the middle points of the 
diagonals A G, BD, and is represented in magnitude by four 
times this straight line. 

2. Forces whose intensities are proportional to the sides 
of an isosceles triangle act along tne sides of the triangle, 
those acting along the equal sides tending from the vertex; 
find the magnitude and position of their resultant. 

Result, The required resultant is represented by a straight 
line which passes through the middle point of the base of the 
triangle, is parallel to one of the sides, and double that side 
in length. 

3. The upper end of a uniform heavy rod rests against 
a smooth vertical wall; one end of a string is fastened to the 
lower end of the rod and the other end of the string is fastened 
to the wall ; the position of the rod being given, find the point 
of the wall to which the string must be fastened, in order that 
the rod may be in equilibrium. 

4. A uniform heavy rod is placed across a smooth hori- 
zontal rail, and rests with one end against a smooth vertical 
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wall, the distance of ■wliicli from the rail is — th of the length 
of tlie rod; find the position of equilibrium. 

Jtesult. The rod makes an angle of CO" with the horizon. 

5, ABC 13 a triangular lamina; AD, BE, CF are the 
perpendiculars on the sides, and forces represented by the 
straight lines BD, CD, GE, AE, AF, BF are applied to the 
lamina; shew that their resultant will pass tlirough the 
centre of the circle described about the triangle. 

G. AB, AC are two equal beams connected by a hinge 
at A, and by a string joining the extremities B and G: AB 
ts fixed vertically, and a sphere of given weight and radius 
is supported between the two beams: find the pressure of the 
sphere on each beam, and the tension of the string. 

7. An elliptic lamina is acted on at the extremities of pairs 
of conjugate diameters by forces in its own plane tending 
outwards, and normal to its edge; shew that there will be 
equilibrium if the force at the end of every diameter be 
proportional to the conjugate diameter. 

8. A heavy sphere hangs from a peg by a string whose 
length is equal to the radius, and it rests against another 
peg vertically below the former, the distance between the 
two being equal to the diameter. Find the tension of the 
string and the pressure on the lower peg. 

Rtsults. The tension is equal to the weight of the sphere 
and the pressure to half the weight of the sphere. 

9. Two equal rods without weight are connected at their 
middle points by a pin which allows free motion in a vertical 
plane; they stand upon a horizontal plane, and their upper 
extremities are connected by a thread which carries a weight. 
Shew that the weight will rest lialf way between the pin and 
lie horizontal line joining the upper ends of the rods. 

10. Two equal circular discs with smooth edges, placed on 
iheir flat sides in the corner between two smooth vertical 
planes inclined at a given angle, touch each other in the 
straight line bisecting the angle. Find the radius of the least 
disc which may be pressed between them without causing 
them to separate. 
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11. A flat semicircular board with its plane vertic 
curved edge upwards rests on a smooth honzontal plan 
is pressed at two given points of its circumference I 
beams which slide in smooth vertical tubes; find th( 
of the weights of the beams that the board may be in 
Ubrium. 

12. Two smooth cylinders of equal radii just fit in b( 
two parallel vertical walls, and rest on a smooth hor 
plane without pressing against the walls; if a third cj 
be placed on the top of them, find the resulting pi 
against either wall. 

13. A smooth circular ring rests on two pegs not 
same horizontal plane; find the pressure on each peg. 

14. Two spheres are supported by strings attache 
given point, and rest against one another; find the te 
of the strings. 

15. Two equal smooth spheres, connected by a strii 
laid upon the surface of a cylinder, the string being sc 
as not to touch the cylinder; determine the position 
and the tension of the string. 

16. A heavy regular polygon is attached to a s 
vertical wall by a string which is fastened to the i 
point of one of its sides; the plane of the polygon is v 
and perpendicular to the wall^ and one of the extremi 
the side to which the string is attached rests against the 
shew that whatever be the length of the string wh( 
polygon is in equilibrium, the tension of the string a 
pressure on the wall are constant. 

17. A straight rod without weight is placed betwe< 

Segs, and forces P and Q act at its extremities in j 
irections inclined to the rod; required the conditions 
which the rod will be at rest and the pressures on the p 

18. Forces P, Q, B, 8 act along the sides of a reel 
find the direction of the resultant force. 

19. Two weights P, P are attached to the ends 
strings which pass over the same smooth peg and hav< 
other extremities attached to the ends of a beam A 
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TOght of wluch is W; shew that the inclination of the beam 
to the horizon = tan"M 7 tan a); a, b being the distances 

of the centre of gravity of the beam from its ends, and 

W 

Biiia = — s^. 

2P 

20. A sqnare is placed with its plane vertical between 

two small pegs which are in the same horizontal line; shew 

that it will be in equilibrium when the inclination of one 

a* — c^ 
of its edges to the horizon = J sin"^ —^ — , 2a being the 

length of a side of the square, and c the distance between 
the pegs. Shew that the equilibrium will not be affected by 
the application of any force which bisects the straight line 
joining the pegs and passes through the lowest point of the 
square. 

21. One end of a string is fixed to the extremity of a 
smooth uniform rod, and the other to a ring without weight 
which passes over the rod, and the string is hung over a 
smooth peff. Determine the least length of the string for 
which equilibrium is possible, and shew that the inclination of 
the rod to the vertical cannot be less than 45°. 



A string 9 feet long has one end attached to the 
^tremity of a smooth unifofhi heavy rod two feet in length, 
^i at the other end carries a ring without weight which slides 
^^ the rod. The rod is suspended by means of the string 
from a smooth peg; shew that if d be the angle which the 
^^ makes with the horizon, then 

tand = 3"i-3"*. 

23. A square rests with its plane perpendicular to a 

®°^Qoth wall, one comer being attached to a point in the wall 

7 u string whose length is equal to a side of the square; 

®^^\V that the distances of three of its angular points from the 

*^^ll are as 1, 3, and 4. 

<4, One end of a beam, whose weight is W, is placed 
^^ ^ smooth horizontal plane ; the other end, to which a string 
^ -^^stened, rests against another smooth plane inclined at an 
^^%le a to the horizon; the string passing over a pully at 
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the top of the inclined plane hangs vertically, supporting 
a weight P. Shew that the beam will rest in all positions if 
a certain relation hold between P, TF, and a. 

25. If a weight be suspended from one extremity of a rod 
moveable about the other extremity Ay which remains fixed, 
and a string of given length be attached to any point B in 
the rod, and also to a fixed point G above A, and in the same 
vertical line with it, then the tension of the string varies 
inversely as the distance AB. 

26. One end of a uniform beam is placed on the ground 
against a fixed obstacle, and to the other end is attached a 
string which runs in a horizontal direction to a fixed point in 
the same vertical line as the obstacle, and passing freely over 
it, is kept in tension by a weight TF" suspended at its extremity, 
the beam being thus held at rest at an inclination of 45® to 
the horizon. Shew that if the string were attached to the 
centre instead of to the end of the beam, and passed over the 
same fixed point, a weight = a/2W would keep the beam in 
the same position. 

27. Two equal beams AB, AC connected by a hinge at 
A are placed in a vertical plane with their extremities S, C 
resting on a horizontal plane ; they are kept from falling by 
strings connecting B and C with the middle points of the 
opposite sides ; shew that the ratio of the tension of each 
string to the weight of each beam 

6 being the inclination of each beam to the horizon. 

28. One end of a string is attached to a beam at the point 
jB, and the other end is fastened to the highest point -4 of a 
fixed sphere of radius r. If the points of contact of the beam 
and string trisect the quadrant AG, shew that the distance 
between B and the centre of gravity of the beam must be 
2r(2-V3). 

29. A heavy rod can turn freely about a fixed hinge at 
one extremity, and it carries a heavy ring which is attached 
to a fixed point in the same horizontal plane with the hinge 
by means of a string of length equal to the distance between 
the point and the hinge. Find the position in which the 
rod will rest 
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30. Two equal heavy teams of Bufficient Icngtli, and 
connected by a binge, are Btipported by two smooth pegs in 
the same horizontal line; a sphere is placed between them, 
determine the position of equilibrium. 

31. Forces P, Q, R act along the aides BG, CA, AB of 
a triangle, and their resultant passes through the centres of the 
inscribed and circumscribed circles ; shew that 

P % Q : M :: cos B — cos C : cos C — coa A ; cos A — cos B. 

32. Find the position of equilibrium of a uniform beam 
resting in a vertical plane with one end pressing against a , 
vertical wall, and the other end supported by the convex arc 
of a vertical parabola whose vertex is at the foot of the wall i 
and axis horizontal. 

33. A uniform heam PQ of given weight and length rests i 
in contact with a fixed vertical circle whose vertical diameter , 
is AB, in 'sach a manner that strings AP, BQ attached to the 
rod and circle are tangents to the circle at the points A and B, 
Find the tensions of the strings, and show that the conditions 
of the problem require that the inclination of the beam to the 

vertical must be less than sin""' — - — . 

34. Shew that no uniform rod can rest partly within and 
partly without a fixed smooth hemispherical bowl at an incli- 
nation to the horizon greater than sin"'-^. 

3.5. The aides of a rigid plane polygon are acted on by 
hacxs at right angles to the sides and proportional to them in 
magoititde, all the forces acting in the plane of the polygon, 
and being inwards ; also the sides taken in the same order 
are severely divided by the points of application in the con- 
stant ratio of p to 5; shew that the system of forces is equi- 
valent to a couple whose moment is 

■liiere fta represents the force applied to any side a of the 
fclTgon. 
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CHAPTEE V. 



FORCES IN DIFFERENT PLANES. 



66. To find the magnitvde and direction of the resultant of 
any number of 'parallel forces acting on a rigid hody^ and to 
determine the centre of parallel forces. 

Let the points of application of the forces be referred to a 
system of rectangular co-ordinate axes. Let m^, m,,. •• be the 




points of application; let a?^, y^, 2?^, be the co-ordinates of 
the first point, oc^, y29 ^a those of the second, and so on; let 
Pj, P2,...be the forces acting at these points, those l4ing 
reckoned positive which act in the direction of P^, and those 
negative which act in the opposite direction. 

Join Tn^m^ ; and take the point m on Tw^m^ such that 
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then the resultant of P^ and i^ is F^^ + P^y and it acts through 
m parallel to P^. (Art, 37.) 

Draw w^a, mb, m^c perpendicular to the plane of (a?, y), 
meeting that plane at djbyC; draw m^de parallel to abc meet- 
ing mb at d and m^c at e. Then, by similar triangles, 

m^m fnd mb — z. 



y'" '"^ .1. 



rrijm^ 



m^e 



z^ z^ 



therefore 



therefore 



Pz -hPz 



971& 



P,+P, 



This gives the ordinate parallel to the axis of z of the point 
of application of the resultant of P^ and P,, 

Then supposing P, and P, to be replaced by P^ + P, acting 
•t w, the resultant of P^ + P^ and P3 is Pj^ + P^H- P3, and the 
ordinate of its point of application 

^ {P, + P,)mi + P,z, ^ P^z, + P^^ + P^z, ^ 
P^ + P^ + P^ P^ + P^ + P, > 

and this process may be extended to any number of parallel 
forces. Let B denote the resultant force and z the ordinate of 
its point of application ; then 

jK = SP, z = ^p . 

Similarly, if 5, y be the other co-ordinates of the point of 
application of the resultant, 

-_2P5, ^ SPy 



XP 



2P 



The values of x, y, z are independent of the angles which 
the directions of the forces make with the axes. Hence if 
these directions be turned about the points of application of 
the forces, their parallelism being preserved, the 'govoi oi 
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application of tlie resultant will not move. For this reason 
this point is called the centre of ike parallel forces. 

67. The moment of a force with respect to a plane is the 
product of the force into the perpendicular distance of its point 
of application from the plane. 

In consequence of this definition, the equations for deter- 
mining the position of the centre of parallel forces shew that 
the sum of the moments of any number of parallel forces wiA 
respect to any plane is equal to the moment of their resultant. 

68. If the parallel forces all act in the same direction the 
expression 2P cannot vanish ; hence the values of the co- 
ordinates of the centre of parallel forces found in Art. 66 cannot 
become infinite or indeterminate, and we are certain that the 
centre exists. But if some of the forces are positive and some 
negative, SP may vanish, and the results of Art. 66 become 
nugatory. In this case, since the sum of the positive forces is 
equal to the sum of the negative forces, the resultant of llie 
former will be equal to the resultant of the latter. Hence the 
resultant of the whole system of forces is a c&wpUy unless the 
resultant of the positive forces should happen to lie in the 
same straight line as the resultant of the negative forces. 

We shall give another method of reducing a system of 
parallel forces. 

69. To find the resultant of a system of parallel fbrem 
acting upon a rigid hody. 

Let Pi, Pa,... denote the forces. Take the axis of » 
parallel to the forces. Let the plane of (a?, y) meet th^ 
direction of P^ at M^, and suppose x^, y^ the co-ordinates oiP 
this point. 

Draw M^N^ perpendicular to the axis of x meeting it at ^ - 
At the origin 0, and also at N^, apply two forces each eqn^l- 
and parallel to P^ and in opposite directions. Hence the for&« 
P at M^ is equivalent to the following system, 

(1) P.atO; 

(2) a couple formed of P^ at M^ and Pj at N^\ 

(3) a couple formed of Pj at N^ and P^ at 0. 
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The moment of the first couple is P^yj, and this couple, 

ivithoat altering its effect, may be transferred to the plane of 

(jf, «), which is parallel to its original plane. The moment 

S the second couple is P^x^y and the couple is in the plane 

of («, «), 

K we effect a similar transformation of all the forces, we 
kave, as the resultant of the system the following system, 

(1) a force 2P acting at ; 

(2) a couple %Py in the plane of (y, z) ; 

(3) a couple 2Pa? in the plane of (a?, z). 

The first couple tends to turn the body from the axis of y to 
that of z^ and the second from the axis of x to that of z. We 
may therefore take Ox as the axis of the first couple according 
to the definition in Art. 41. For the second couple, however, 
Mfe must either take Oy' as the axis, or consider it as a couple 
turning from z to a?, of which the moment is — %Px and the 
axis Oy* Adopting liie latter method, we may replace the 
two couples by a single couple of which the moment is (?, 
'«^here 

(7«=(SPa?r+(SPy)^ 



the axis is inclined to the axis of a; at an angle a given 
V the equations 

^tPx 



XPy 
cos a s -^ ; sm a = ^ 



r— 2 



68 EQUIUBBIUH OF PARALLEL FOBCES. 

70. To find the conditions of equtlihrium of a system of 
parallel forces acting on a rigid body 

A system of parallel forces can always be reduced to a 
single force and a couple. Since these cannot balance, and 
neither of them singly can maintain equilibrium, they must 
both vanish. That is, 

SP=0, and (? = 0; 
the latter requires that 

2Pa? = 0, and 2Py = 0. 

Hence a system of parallel forces acting on a rigid body vAU 
he in equilibrium if the sum <f the forces vanishes, and also the 
sum of the moments vanishes with respect to two planes at right 
angles to each other and parallel to the forces. 

Conversely*, if the forces are in equilibrium the sum of 
the forces will vanish, and also the sum of the moments wifli 
respect to any two planes at right angles to each other and 
parallel to the forces. 

71. When SP=0, the forces reduce to a couple of which 
the moment is O. When 2P is not = 0, the forces can always 
be reduced to a single force; this has already appeared m 
Art. 66, and may also be shewn thus. The forces will reduce 
to a resultant It acting at the point (a?', y ), parallel to the ' 
original forces, provided a force — R acting at this point will 
with the given forces maintain equilibrium. The necessaxy 
and sufficient conditions for this are, by Art. 70, 

SP-5 = 0, tPx-Rx = 0, 2i^-%'= 0. 

Hence jB = SP, ^'="vp' ^'""^P* 

These results agree with those of Art. 66. 

72. To find the resultants of any number of forces acting j 
on a rigid body in any directions, j 

Let the forces be referred to three rectangular axes Oxy Q 
Oz ; and suppose P^, P^, Pg,... the forces ; let x^, y^, z^ he 



Uz ; ana suppose jr^, r^, -^sj--- ^^® lorces ; let aj^, y,, z^ De the 
co-ordinates of the point of application of P^; let x^, y^, z 
be the co-ordinates of the . point of application of J% ; and 



so on. 
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et ^^ "be the point of apDlieation of P^ ; resolTe P^ into 
ponents X^, Y^y Z^^ pukllel to the co-ordinate axe& Let 




^e direction' of Z^ meet the plane of [x, y) at Jf,, and draw 
MjJ^ perpendicnlar to Ox. Apply at N^ and also at two 
forces each eqnal and parallel to Z^^ and in opposite directions. 
Hence Z^ at A^ or if is equivalent to Z^ at 0, and two 
couples, the former havmg its moment =Z^.N^M^y and which 
Diay be supposed to act in the plane of (y, «), and the latter 
laying its moment = Z^, ON^ ana acting in the plane of («, x). 

We shall q^nsider those couples as positive which tend to 
fcm the body round the axis of x from y to «, also those 
^hich tend to turn the body round the axis of y from z to x^ 
^d those which tend to turn the body round the axis of z 
from a? to y. 

Hence Z^ is replaced by Z^ at 0, a couple Zjt/^ in the plane 
of (y, z), and a couple — Z^x^^ in the plane of («, x). Sinularly 
-Tj may be replaced by X, at 0, a couple X^z^ in the plane 
of (2, a;), and a couple —JL,y, in the plane of (x, y). And Y", 
may be replaced by Y^ at 0, a couple Y^x^ in the plane 
3f (dj, y), and a couple — F^^Jj in the plane of (y, ^j). Therefore 
ihe force P^ may be replaced by X^, Fj, Z^ acting at 0, and 
;he couples of which the moments are, by Art 48, 

Z^y^ — Y^z^ in the plane of (y, z), 

X^z, - Z,x^ («, a:), 

^i»i~-3r^, (aj,y). 
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By a similar resolution of all the forces we shall have them 
replaced by the forces 

SX, SF, 2Z, 
acting at along the axes, and the couples 

2 {Zy — Yz) = L suppose, in the plane of (y, z)^ 

t{Xz^Zx)=M , {z,x), 

X{Yx^Xy)^N , {x,y). 

Let jB be the resultant of the forces which act at 0; a, b, e 
the angles its direction makes with the axes ; then, by Art, 24, 

tX X 2F tZ 

cos a = -p- , cos = -p- , cos c = —n • 

Let G be the moment of the couple which is the resultant 
of the three couples L, M^ N\ X, /i, v the angles its axis 
makes with the co-ordinate axes ; then, by Art. 50, 

^ L M N 

cos A. = -^ , COS fi= jyy COS i; = -^ , 

The convention adopted in the present Article for distin- 
guishing the signs of couples agrees with that in Art. 41 when 
the axes of a?, y, and z are drawn as in the present figure, but 
the conventions will not necessarily coincicle if the figure be 
modified; for example, if the axes of y and z be retained as in 
the figure, but the positive part of the axis of x directed to the 
left instead of the right, they will not coincide. The conven- 
tion of the present Article is that which we shall hereafter 
always retain. 

73. To find the conditions of equilibrium of any numher of 
forces acting on a rigid hody in any directions, 

A system of forces acting on a rigid body can always 
be reduced to a single force and a couple. Since these can- 



DEFINITION OP MOMENT. 71 

lot balance each other and cannot separately maintain eqoi- 
ibrium thej most both vanish. Hence B^O, and 0=0; 

herefore (2X)« + (2 F)« + {XZy = 0, 

tnd L* + ]IP + N^ = 0. 

These lead to the six conditions 

2X = 0, SF=0, 2^=0, 

74. A verbal enunciation may be given of the last three 
etpiations by means of a new definition* For the sake of 
convenience, we repeat two definitions akeady given in 
Arts. 54 and 67. 

Moment of a force with respect to a paint. The moment 
of a force with respect to a pomt is the product of the force 
into the perpendicular from the point on the direction of the 

force. 

Moment of a force with respect to a plane. The moment 
of a force with respect to a plane is the product of the force 
into the distance of its point of application from the plane. 

Moment of a force with respect to a straight line. Besolve 
fte force into two components respectively parallel and per- 
pendicular to the straight line; the product of the component 
perpendicular to the Tine into the shortest distance between 
^^e straight line and the direction of this component is called 
^e moment of the force with respect to the straight line. 

. Hence the moment of a force with respect to a straight line 
J^^ eaual to the moment of the component of the force perpen- 
^cmar to the straight line with respect to the point at wnieh 
^ plane drawn through this component perpendicular to the 
straight line meets the straigfat line. Hence, by Art. 62^ the 
foment of the force may be found bv taking the num of tbe 
foments of any two forces into whien the perpeodieuJar coni' 
;>onent may be resolved. 

If the force h&paraUd to ibe j^ven fKtnsi^hi line, ito moment 
ibout the straight line if zero* If tbe force i» perpendi^uiar 
jo the given straight liiie^ its v^nneot about the Mfsif^ 
s the product of the foroe vato the fborte^ dinUuk^lstetm 
ind the given steaight ~ 



„^.M 
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75. Suppose we require tlie moment of the force P, I 
the axis of a ; we resolve /*, into the forces Z parallel to Hu 
axis of 3 and Q, perpendicular to tlie axis of z, where Q, if 
itself the resultant of ^^ and J' . The moment of Q, witt 
respect to the axis of z is equal to the algebraical aura of thj 
moments of its components X, and Y,; that is, to F,a;, —X^„ 
Hence N in Art. 72 denotes the sum of the moments of tie 
forces round the aans of z, and similar meanings arise for L 
and M, 

Hence, the forces acting on a rigid body will be in eqmli- 
lirium if the sums of the resolved parts of the forces parallel to 
three straight lines at right angles to each other vanish, ard 
the sums of the moments of the forces with respect to theil 
straight lines also vanish. 

Conversely, if the forces are in equilibrium, the sum of 
the resolved parts of the forces in any direction will vanisli, 
and also the sum of tlie moments of the forces with respect to 
any straight line. 

76. In order to interpret the meaning of Cf we ohseiTB 
that If we keep to the same origin, the moment of this couple 
and the direction of its axis must be independent of th( 
directions of the co-ordinate axes. For B, being the resultanl 
of all the given forces, supposing them applied at a point, k o' 
coarse independent of tlie directions of the axes. If by a ne* 
choice of axes we obtain G' as the resultant couple, then i 
and G must be equivalent to R and G', and therefor 
-H, G, —It, — G' must form a system in equilibrium. Bo 
this is impossible unless G=G' and the axes of G and 0' a* 
coincident or paralleL 

Since the direction of the co-ordinate axes is arbitrary, sup 
pose the axis of x to coincide with the axis of G ; then M=i 
N= 0, and L and are identical. 

Hence G is equal to ike sum of the moments of the give 
forces with respect to the straight line which is the axis of Q, 

77. Suppose a force P acting at the point {x, y, s), and \t 
X, Y, Z be its components pai'allel to the axes. Then, b 
Art. 72, P at the -point {x, y, z) is equivalent to P at th 
origin, together with the couples Zg — Yz, Xz — Zx, Yx — X 
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3und the axes of oj, y, z respectively. Let JET lie the resultant 
ouple, r the distance of the point \x, y, z) from the origin, 
ind a the angle between r and P; then 

E^={Zj,^Yzy + {Xz'-Zxy+{Yx^Xyy 

= {x' + ty + z'){X'+Y' + Z^-'{xX+i,Y+zZ)' 



^r'F'^r'r 






= r'P*(l-cos*a), 

therefore 5"= rP sin a. 

Thus, as we might have anticipated, H is the moment of the 
couple formed by P at the point (a?, y, z), and a force at the 
origin equal to P and acting in a parallel and opposite direc- 
tion. Hence G is the couple formed by compounding the 
couples similar to H arising from all the forces of the system. 

78. As an example of Art. 73 we may take the case in 
which all the forces are parallel. Let a, ^, 7 be the angles 

which the direction of the forces Pj, P^, makes with the 

axes. Then the equations of equilibrium reduce to 

SP=o, 

2P(y cos 7 — « COS ^) = 0, 

2P(« cos a — jc cos 7) = 0, 
SP(a?cosj8— y cosa) = 0. 

The last three equations may be written thus : 

SPa? ^ SPy __ SPg 

cos a cos/8 cos 7' 

Hence we can deduce the conditions that a system of parallel 
forces may maintain a body in equilibrium, however they may 
Je iurned about their points of application. For the preceding 
equations must then hold whatever a, ^, 7 may be. Thus we 
must have 

tP--Qy SPic = 0, SP^=0, 2Pa = 0, 
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79. In Art. 72 we have reduced the forces acting on a body 
to a force B and a couple G, If G vanish there remains a 
single force ; and if R vanish, a single couple. If neither JS 
nor G vanish the forces mat/ reduce to a single force ; we pro- 
ceed to shew when this is possible. 

To find the condition among the forces that they may have a 
single resultant. 

Any system of forces can be reduced to a single force R and 
a couple G\ if then the forces can be reduced to a single 
resultant S, it follows that G, R, and — 8 are in equilibrium. 
If R and — 8 do not form a couple, thoy can be reduced to a 
couple G' and a force jB'; therefore R' must balance the couple 
compounded of G and G\ This is impossible by Art. 40. 
Hence R and — 8 must form a couple, and this couple must 
have its plane coincident with that of (7, or parallel to that 
of Gf in order that it may balance G. Therefore that the 
forces may have a single resultant, the direction of R must be 
parallel to the plane of (?, or coincident with it ; that is, must 
be at right angles to the axis of G. Hence, using the notation 
of Art. "72, 

cos a cos \ + cos J cos /jl + cos c cos z/ =s 0, 
therefore LtX +MtY-\' NtZ= 0. 

80. Conversely, if LtX +MtY+ NXZ=^ 0, and 2X, X F, 
%Z do not all vanish, the forces can be reduced to a single force. 
For the plane of the couple G may be made to contain the 
force jB, and the couple may be supposed to have each of its 

forces = R and its arm consequently = -^ ; the couple may 

then be turned round in its own plane until the force at one 
end of its arm balances the resultant force jB, and there re- 
mains R at the other end of the arm. 

81. When the forces are reducible to a single resultant, to 
find the equations to the straight line in which it a^ts. 

Let L, Mj N denote the moments of the forces round the 
co-ordinate axes ; Z', J/', N' the moments of the forces round 
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axes parallel to the co-ordinate axes drawn through the point 
(a;', y , z'). Then L' is found by writing y, — y' for y,, y,~y' 



for V, z^-z for s,, 2,-«' for a,,. 

S (iTy - la). Therefore 


.... in the expression 


U = t[Z{y-y')-Y{z 
= L-y%Z^.s'tY. 


-'■)] 



Similarly 



■)! 



= M-!s%X+xtZ, 

= N-xtY+y'SX. 

If x', y\ z can be so taken aa to make i', W, and J^ 
vanish, the forces reduce to a single resultant passing tlirough 
the point (a;', y', z). The three equations 



i-y'SZ + z'Sr=0., 



(1), 

(2), 

(3). 

for if we elimi- 



are equivalent to two independeut equations : 
nate s' from (1) and (2), we have 

LtX-^M% Y-V SZ{x't Y~y'tX) = 0. 

But L-S.X + MtY^'NtZ=Q, by Art. 79, 

therefore N- xt F+y2X= 0. 

Thns (3) is a necessary consequence of (1) and (2). Hence 
(l) and (2) will determine a straight line at every point of 
which the resultant couple vanislies ; that is, the straight Hue 
in which the single resultant force acts. 

82. By the following method we may determine at once 
the condition for the existence of a single resultant and the 
eqnationa to its direction. 

Suppose that the forces can he reduced to a single force 
actiDg at the point (a;', y', s'). Let the single force be lesolved. 



y (2). 
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into components X\ Y*, Z" parallel to the co-ordinate axes ; 
then if we add to the given system — X\ — T'y and — Z'^ 
acting at the point {x\ y\ 5?')parallel to the axes respectively, 
there will be equilibrium. Hence, by Art 73, 

2x-z'=o, 2r-r = o, 2^-z'=o (i), 

Equations (1) determine X!^ Y\ Z*. It might at first appear 
that equations (2) would determine a;', y , z ; but if we pro- 
ceed to solve them, we find that they cannot he simultaneoualy 
true unless 

iSX+J/2r+JV2Z=0; 

and if this condition be satisfied, and SX, S F, ^Z do not all ■ 
vanish, then any one of the equations may be derived from' 
the other two, so that there are only two independent equations. 
Hence that the forces may have a single resultant the above 
condition must be satisfied, and then any two of equations (2) 
will determine the locus of points at which this single result- 
ant may be supposed to act. From the form of equations (2) 
it is obvious that this locus is a straight line, and that its 
direction cosines are proportional to X\ Y'y Z\ as might 
have been anticipated. 

In order that the force which replaces the system may pass - 
through the origin, we must have 

i = 0, J[f=0, i^=0. 

83. Although a system of forces cannot always be reduced 
to a single resultant, it can always be reduced to two forces. 
For we have shewn that the system ibay be replaced by a 
force B at the origin, and a couple Q lying in a plane through 
the origin ; one of the forces of G may be supposed to act at 
the origin, and may be compounded with R so that this 
resultant and the other force of G are equivalent to the whole 
system. Since the origin is arbitrary, we see that when a 
system of forces is not reducible to a single force it can be re- 
duced to two forces, one of which can be made to pass through 
any assigned point. 



84. When three forces mamlain a body in e^uiUhrtum, 
ti^ tmtst lie in tlie same ^lane. 

Draw any straight line intersecting the directions of two 
of the forces and not parallel to the third force, and take this 
straight line for the axis of x. Then the first two forces have 
no moment round the axis of x; therefore the equation L 
requii-es that the third force should have no moment round 
the axis of x) that is, the direction of the third force must 
pass through the axis of x. Since then any straight line, 
which meets the directions of two of the forces, and is not 
parallel to the direction of the third, meets that direction, the 
three forces must lie in ona plane. 

Combining this proposition with that in Art. 58, we see 
that if three forces Iteep a body in equilibrium, they must all 
lie in the same plane and must meet at a point or be parallel. 

85. If the axes of co-ordinates be oblique, suppose I, m, n 
to denote the sines of the angles between tlie ases of y and a, 
3 and X, X and y, respectively; then we may shew, as in 
Art. 72, that any system of forces can be reduced to SX, SZ, 
%Z, acting at the origin along the axes of x, y, z respectively, 
and three couples in the three co-ordinate planes, having their 
momenta equal to IL, mM, n A" respectively, where, as before, 

L^t{Zy~rz), M=t{Xz-Zx), N=-S.{Yx~Xy). 

Also for equilibrium, wc must have, as before, 

Si'=0, Sr=0, tZ=Q; 

L = 0, M=0, X=0. ' 

That the forces may admit of a single resultant we must have, 
as before, 

L%X+MXY+N^Z=Q, 

and SA', t Y, tZnot all vanishing. 



1 



The following propositions are ( 
of tiie present Chapter. 



>nneeted with the subject 



78 PBOPOeiTIONS BESPECTINa 

I. Forces act at the angular points of a tetrahedron in 
directions respectively perpendicular to the opposite faces and 
proportional to the areas of the faces in magnitude : shew that 
the forces will be in equilibrium. 

Let ABCD represent the tetrahe- 
dron. 

(1) Eesolve the forces parallel 
to AB, Let p denote the perpen- 
dicular from A. on the face BCD; 
then the resolved part of the force 

at A is -^ X area of BCD^ that is, 
AB 

3 volume of tetrahedron 




AB 

We obtain the same expression for the resolved part of the 
force at B. The forces at C and J? have no resolved part 
parallel to AB. Thus the forces resolved parallel to Aff 
vanish. 

(2) Take moments round AB. Let q denote the perpen-- 
dicular from C on the straight line AB ; the angle between^ 
the planes BAD and BA C. Then the moment of the forces^ 
at C is 5 cos 0. area of ABD, that is, 

oAB cos . area oiABD 2 cos ^ . area of ABC . area of ABD 

-m ^' AB • 

We obtain the same expression for the moment of the 
force at D. Thus the moments round AB vanish. 

Since these results hold for any edge of the tetrahedron 
the forces must be in equilibrium. 

II. Four forces act on a tetrahedron at right angles ta 
the faces and proportional to their areas, the points o£ 
application of the forces being the centres of the circles cir- 
cumscribing the faces: shew that if the forces all act in-' 
wards or all act outwards they will be in equilibrium. 

In this case the forces all pass through a point, namely 
the centre of the sphere described round the tetrahedron.. 
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a we only require the first part of the investigation in 
oreceding propoaition to establish that the forcea are in 
uibrimn. 

r we may resolve the forcea at right angles to a face 
Bad of parallel to an edge, and thus obtain the result. 
' resolve the forcea at right angles to the face BCD; 
lliave one force repreaentea by the area BCD, and the 
^ved parts of the other forces are represented by the pro- 
Tons of the respective areas BAG, GAD, DAB on BCD. 
^pi the sum of these projections is equal to BCD. Thus 
oe forces resolved at rigat angles to BGD vanish. 

Similarly the forcea resolved at right angles to any other 
face vanish. 



ni. By a proceaa similar to that nsed in establishing the 
Proposition I. at the end of Chapter IV. we can extend the 

E ceding Proposition to the case of any polyhedron bounded 
triangular faces. Thus we obtain the following result : 
rces act on a polyhedron bounded by triangular faces at 
right angles to the faces and proportional to their areas, the 
points of application of the forces being the centres of the 
eirclea circumscribing the faces ; shew that if the forces all act 
bffards or all act outwards they will be in equilibrium. ' 

IV. If four forces acting on a rigid body are in equi- 
librium, and a tetrahedron be constiiicted by drawing planes 
»t right angles to the directions of the forces, the forcea 
will he respectively proportional to the areas of the faces. 

This is the converse of ii. and may be readily demon- 
strated: for by resolving the forces in any direction, and 
projecting the areas on a plane at right angles to that direc- 
tion, we find that the four forcea are connected by the same 
linear relation as the four areas. 

We infer from this result that the areas in the present 
theorem must be respectively proportional to the volumes 
considered in the Propoaition X. at the end of Chapter ll : 
tlma we indirectly arrive at a geometrical truth. 
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EXAMPLES. 

1. Four parallel forces act at the angles of a plane quad- 
rilateral and are inversely proportional to the segments of its 
diagonals nearest to them ; shew that the point of application 
of their resultant lies at the intersection of the diagonals. 

2. Parallel forces act at the angles -4, B, (7 of a triangle 
and are respectively proportional to a, J, c ; shew that their 
resultant acts at the centre of the inscribed circle. 

* 

3. A cone whose vertical angle is 30'*, and whose weight 
is TF, is placed with its vertex on a smooth horizontal plane ; 
shew that it may be kept with its slant side in a vertical 
position by a couple whose arm is equal to the length of the 

slant side of the cone, and each force -— - . 

16 

4. Six equal forces act along the edges of a cube which 
do not meet a given diagonal, taken in order ; find their re- 
sultant. 

Besult A couple, the moment of which is 2Pa^/B, where 
P denotes each force and a the edge of the cube. 

5. A cube is acted on by four forces; one force is in a 
diagonal, and the others in edges no two of which are in the 
same plane and which do not meet the diagonal; find the 
condition that the forces may have a single resultant. 

Eeault. {XY+ YZ+ ZX)^/^ + P {X+ Y+Z) = 0; where 
X, Y, Z denote the forces along the edges, and P the force 
along the diagonal. 

6. If a triangle is suspended from a fixed point by strings 
attached to the angles, the tension of each string is propor- 
tional to its length. 

7. A uniform heavy triangle is supported in a horizontal 
position by three parallel strings attached to the three sides 
respectively ; shew that there is an infinite number of ways 



. In whicli tlie strings may be relatively dispoaed so that their 
k tensions may be eijual, but that the situation of one beiog 
I giTcn, that of each of the otber two ia determinate. 

8- A sphere of given weight rests on three planes whose 
equations are 

a!cosa+^cos^+2COB7 = 0, 
X COS a, + y cos 0, + z cos 7, = 0, 
X cos a, + 7 C03 0, + z cos 7, = 0, 
the axis of ^ being vertical; find the pressure on each plane. 

9. A heavy triangle ABO is auapended from a point by 
three strings, mutually at right angles, attached to the angular 
points of the triangle ; if 5 be the inclination of the trfangle 
to the horizon in its position of equilibrium, then 
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10. An equilateral triangle without weight hag three un- 
equal particles placed at its angular pointa; the Bjstem ia 
suspended from a fixed point by tliree equal strings at right 
angles to each other fastened to the comers of tbe triangle; 
find the inclination of the plane of the tilangle to the horizon, 

Meault. ine cosine 01 the angle is ' jl^^ — a^ , , 

where W^, W^, Tf^ represent the weights of the particles. 

11. Four smooth equal spheres are placed in a hemisphe- 
rical howl. The centres of three of them arc in the same 
horizontal plane, and that of the other is above it. If the 
radina of each sphere be one-third that of the bowl, shew 
that the mutual pressures of tlic spheres are all equal; and 
lind the pressure of each of the lower spheres on the bowl. 

Remits. Let W be the weight of each of the spheres; 
then each of the mutual pressures between the spheres ii 

jx', and —J— is the pressure of each of the lower spherci 

tlie bowl. 
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12. Three equal spheres hang in contact from 
point bj three equal strings; find the heaviest sphere c 
radius that may be placed upon them without causin 
to separate. 

Sesult. Let Whe the weight of each of the equal £ 
the angle which each string makes with the vertical 
angle which the line joining the centre of one of th 
equal spheres with the centre of the upper sphere mak 
the vertical ; then the weight of the upper sphere m 

. aTTtan^ 

exceed - — ^ — i — h • 
tan 9 — tan 

. 13. ABCD is a tetrahedron in which the edges A. 
AD are at right angles to each other ; forces are repr 
in magnitude and direction by AB^ AC, AD, BC, CI 
determine their resultant. 

14. Three equal hollow spheres rest symmetrically 
a smooth paraboloid of revolution, whose axis is vert 
solid sphere of equal radius is placed upon them : she 
the equilibrium will be destroyed if the radius of the { 

is less than r-—rT , where I is the latus rectum ; the we 
2 v^ 

the hollow spheres being neglected in comparison wi1 

of the solid one« 




CHAPTER VI. 

EQUILIBRIUM OP A CONSTRAINED BODY. 

To find the conditions of equilihrvum of forces acting 
\ a rigid hody when one point is fixed. 
Let the fixed point be taken as the origin of co-ordinates. 
?lie action of the forces on the body will produce a pressure 
m the fixed point ; let -Y', 1", Z' be the resolved parts of 
his pressure parallel to the axes. Then the fixed point will 
iXert forces — X',— Y', — Z', against the body; and if we 
take these forces in connexion with the given forces, we may 
ioppose the body to be free, and the equations of equilibrium 
ire 

2x-x'=o, sr-y' = o, tz-z'=o, 

L = 0, M=0, A'=0. 

The first three equations give tlie resolved parts of the 
iWBSure on the fixed point; and the last three are the only ■ 
otditiona to be satisfied by the given forces. Thus the forces 
rill be in equilibrium if the sums of the moments of the forces 
iVA respect to three straight lines at right angles to each other, 
fid passing through the fixed point, vanigh. 

Conversely, if the forces are in equilibrium the sum of the 
loments of the forces with respect to any straight line 
itough the fixed point will vanish. 

From the equations X ' = SX, F' = S Y, Z' = tZ, it follows 
tat the pressure on the fixed point is equal to the reaullant 

all the given forces of the system moved parallel to tbem- 
Ives up to the fixed point. 

If all the forces are parallel, we may take the axis of z 
Using through the fixed point parallel to the forces. Tl 
I the forces included in ^X vanish, and so do all the f< 
eluded in S Y; thus N vanishes, M reduces to — ^Zc, 

reduces to "S-Zg. Hence X' and Y' vanish and the » 
Dna of equilibrium reduce to 

XZ- Z' = 0, S% = 0, S2i = : 
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the first determines the pressure on the fixed point, and the 
other two are conditions which must be satisfied hj the given 
forces. 

If all the forces act m one plane passing through the fixed 
point, and we take this plane for that of {Xy y)y^l the forces 
included in S-Z'-vanish ; also the ordinate parallel to the axis 
oi z of the point of application of each force is zero. Thus 
% and Jfcf vanish; also ^ vanishes, and the equations of equi- 
librium reduce to 

2x-z'=o, sr-r=o, 2(raj-Xy)=o; 

the first two determine the pressure on the fixed point, and the 
third is the only condition which the forces must satisfy. 
Thus the forces will be in equilibrium if the sum of the ma^ 
ments of the forces with respect to the straight linejperpendiculaar 
to their plane, and passing through the fixed point vanishes;. 
and conversely, if the forces are in equilibrium the sum of the- 
moments of the forces with respect to this straight line will 
vanish. 

, 87. To find the condition of equilibrium of a hody which 
has two points in itfioced* 

Let the axis of z pass through the two fixed points; and 
let the distances of the points from the origin be z' and z\ 
Also let X\ Y\ Z' be the resolved parts of the pressures 
on one joint, and X*\ Y", Z" those on the other point. 

Then, as in Art. 86, the equations of equilibrium will be 

2x-x'-x"=o, 2r-r-r'=o, 2^-z'-z"=o, 

L+ Y'z' + Y"z" = 0, if- XV - X"z'' = 0, N=^ 0. 

The first, second, fourth, and fifth of these equations wilX 
determine X, X", F, Y"; the third equation^ gives Z' + Z'% 
shewing that the pressures on the fixed points in the direction 
of' the line joining them are indeterminate, being connected 
by one equation only. The last is the only condition of 
equilibrium, namely N= 0. Thus the forces will be in eqai- 
librium if the sum of the moments of the forces with respect to 
the straight line parsing through the fixed points vanishes; an.d 
conversely, if the forces are in equilibrium the sum of tb^ 
moments of the forces with respect to this straight line will 
vanish. 
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lie indeterminatenesB which occurs as to the values 

' and Z" might have been expected; for if two forces, 

' and — ^", act on a rigid bodjr in the same straight 

J their effect will be the eame at whatever point in their 

I of action we suppose them applied, and conaequently 

f maj be auppoaed both to act at the same point, or one 

mem to be increased provided the other be equally di- 

'shed, If it be objected tliat in any experimental case 

i really would he some definite pressure at each fixed 

t, we must reply, tliat no body on which we can ex- 

ment fulfils the condition of perfect rigtdxti/, on which 

r our conclusions depend. See Potsson, Art. 270; and Poinaot, 

I Arts. 128—132. 

The case which we have been considering is that of a tody 
which is capable of turning round a fixed axis; for an axis 
ffill be fixed if two of its points are fixed. 

89. If the body, instead of having two fixed points, can 
Urn round an axis and also slide along it, then in addition to 
the condition ^=0, we must havti %Z=0, supposing the axis 
ot z directed along the straight line on which the body can 
turn and slide. For the axis will not be able, as in the last 
case, to furnish any forces — Z" and — Z" to counteract "S-Z, and 
tWefore XZ most = . 

To find the conditions of equUibrium of a rigid body 
m a smooth plane. 
et this plane be the plane of (x, y); and let x\ y' he the 
co-ordinates of one of the points of contact, R' the pressure 
which the body exerts against the plane at that point. Then 
tie force— iJ', and similar forces for the other points of 
wnlact, taken in connexion with the given forces, ought to 
Bitia^ the equations of equilibrium ; hence 

2X=0, 2r=0, %Z-R'-R"~...=Q, 
l-Ry-R'y"-... = 0, jlf+£'a:' + i?V+...=0, JV=0. 
If only one point be in contact with the plane, then the 
fei equation gives the pressure, and we have five equations 
leondition, 

;r=0, L-y"iZ=ii, M-\'xtZ=0, N=C 
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If two points be in contact, then the equations 
^y + R"y" = L, Ex + R"x" ^-M, 

Lx + My" _,, Lx'-yMy 



It' = 



yx ■ 



K'-- 



and the equations of condition arc 

yx -xy 

If three points are in contact, then the pressoi 
diitermined from the equations 

Ey^-Wy-^Wy"=L, 
Ex 4- E'x + E"x" = - U, 
and the conditions of equilibrium are 

SA'=o, 2r=o, ^'=o. 

If more than three points are in contact, then the prea 
are indeterminate, since they are connected by only i 
equations; but the conditions of equilibrium are atill 

SA'=o, sr=o, if=o. 

9] . The equations at the commencement of the pre 
Article shew that if a body rests in equilibrium againSf , 
plane, the forces which press it against the plane must reduce' 
to a single force acting in a dii^ection perpendicular to the 
plane, for the condition 

L%X+MtY+NtZ=(i 
13 satisfied, since 2X, %Y, and Evanish, Hence the forces 
reduce to a single force; and since SA and SFvanish, thiff 
force must be perpendicular to the fixed plane. 

Also, this single force must counterbalance the force? 
— R', —R"..., which are al! parallel and all act In the same 
direction. Hence, from considering the construction givev 
in Art. G6 for determining the centre of a system o£ 
parallel forces, it follows that the point where this resultanC 
cuts tlie plane must be within a polygon, formed by so joining 
the points of contact as to include them all and to bare 
110 ra-entering angle. 
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inSCELLANEOUS EXAMPLES. 

1. The lid ABCD of a, cubical box, moveable about 
hinges at A and B, ia held at a given angle to the horizon 
liy a horizontal string connecting C with a point vertically 
over A : hnd the pressure on each hinge. 

2, Two equal forces act on a cube whose centre ia fixed, 
along diagonals which do not meet of two adjacent faces: 
find the couple which will lieep the cube at rcat. 

Iteiult. Let P denote each force, a the edge of the cube; 

the n 



coding to the directions of the two given forces. 

3. Three equal heavy rods in the position of the three 
edges of an inverted triangular pyramid are in equilibvium 
iniaer the following civcunostances: their upper extremities 
are connected by strings of equal lengths, and their lower 
estremities are attached to a hinge about which the rods 
raaj' move freely in atl directions. Find the tension of the 
stnngs. 

i. A given number of uniform heavy rods, all of the 
Bame weight, iiave their extremitiea jointed together at a 
common hinge, about which tliey can turn freely; and being 
mtroduced through a circular hole in a horizontal plane 
ivitii their liinge end downwards, are spread out syminetri- 
^ly along the circumference of the hole like the ribs of 
« conical basket. If a heavy sphere be now placed in the 
interior of the system of rods, so as to be supported by them, 
iJelermine the position of rest. 

5. A cylinder with its base resting against a smooth 
Vertical plane is held up by a airing fastened to it at a point 
|)i its curved surface whose distance from the vertical plane 
'8 h. Shew that h must be greater than h — 2at&a8 and less 
"lan b, where 2i is the altitude of the cylinder, a the radi 
"' tile base, and the angle which the string makes with t 
*«nical. 



6. A cylinder resta with its base on a smooth inc 
plane; a etring attached to its liighest point, passing 
a pully at the top of the inclined plane, hangs vertic 

ana supports a weight; the portion of the string between 1 

cylinder and the pully is Lorizoutal. Determine the con- 
ditioaa of equilibriuio. 

Sesults. Let W be the weight of the cylinder, W the 
weight attached to the string, a the inclination of the plane 
to the horizon; then W^Wtana, and tana must not ex- 
ceed the ratio of the diameter of the base of the cylinder to 
the height of the cylinder. 

7. A cone of ^ven weight W is placed with its base 
on an inclined plane, and supported by a weight }V which 
hanga by a string fastened to the vertex of the cone and 
passing over a pally in the inclined plane at the same 
lieight as the vertex. Determine the conditions of eqnilibriau). 

Jiegtills. Let a be the inclination of the plane to the 

horizon, d the 'semi- vertical angle of the cone; then 

W = Wtna a, and tan must not be less than - sin 2a, 

8. A smooth hemispherical shell whose base is closed 

includes two eqnal spheres whose radii are one third of that 
of the shell. The shell is fixed with its base vertical; find 
the mutual pressures at all the points of contact, 

Results. Let R^ be the pressure between the upper sphere 
and the shell, R^ that between the two spheres, R, that be- 
tween the lower sphere and the base of the shell, R, that 
between the lower sphere and the curved part of the shell; 

then 

-^'-73' -^''TT' -^==7^' -^'^W 

9. A rectangular table is supported in a horizontal posi- 
tion by four legs at its four angles: a given weight fF being 
placed npon a given point of it, shew that the pressure on 
each leg is indeterminate, and find the greatest and least ralne 
il can have for a given position of the weight. 
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CHAPTER VII. 



GENERAL THEOREMS ON A SYSTEM OF FORCES. 



92. In Art. 72 it is proved tliat the forces acting on a 
rigid body may be reduced to a force R and a couple G, and 
that G' = L' + M^-VN', where L, M, ^are tlie moments of 
the forces round three rectangular axes arbitrarily chosen. 
It is obvious that neither L, M, nor N can be greater than O ; 
lienoe, for a given origin, the resultant moment G is greater 
^tan the moment of the forces about any other axis. For this 
reason G is called the principal moment of the forces. 

From the equations in Art. 72, which determine the direc- 
tion of the axis of Q, it follows that G cos ^ is the moment 
of the forces about an axis which passes through the given 
orig^, and makes an angle with the axis of principal 
moment. 

93. The value of B in Art. 72 is independent of the 
position of the origin of co-ordinates; R is in fact the re- 
sultant of the given forces, supposing each of them moved 
parallel to itself until they are all brought to act at the same 
point. The value of G, however, depends on the origin we 
BKome. If we take a point whose co-ordinates are x' , y , z , 
and denote by L', M, N' the moments of the forces round 
itrwght lines through this point parallel to the co-ordinate 
axes, and by Q' the principal moment of the forces with respect 
to this point, we have, by Art, 81, 

L' =L-y'XZ + z'tY, 
N- = N~x'tY+y"SX, 
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We proceed to apply these equations to find the least 
value of G\ 

To find the locus of the origins which give the least principal 
moments, the magnitude of those moments^ and the position of 
their axes. 

Multiply the first of equations (1) by 2X, the second by 
X Yj and the third by ^Z^ and add ; thus 

LtX^MtY^N'tZ^LZX'\-MtY^N^Z... (2). 

Also 

jB?G'^^{(^Xy^-{^Yy-¥{tZ)^][L^^'M^-¥N^] 

= [Nt r- M'tzy + (i'sz- irtxy 

+ (Jif' 2x- z'2 r)« + (i'Sx+ M't r+ irtzy ... (3). 

Of these four terms the last is constant for all values o 
x\ y\ z by (2) ; hence we obtain the hast value of Q' by — 
making the three preceding terms vanish, which gives 

XX^XY^XZ ^^^' 

that is, 

L-'y'tZ+ z't Y _ M^z't X +x'tZ _ N--x't Y+y'lX 

tx sr " xz '••^^^• 

Hence the required locus is a straight line. 

From (4) it appears that i', M\ N' are proportional to 
XX, 2 Y, XZ respectively, which shews that the axis of the 
principal moment at any point on the straight line (5) is 
parallel to the direction of the resultant JS. By (3) the value 
of the least principal moment is 

LXX+MXY+mz 
M • 

Each of the fractions in (5) is, by a known theorem, 
equal to 

LXX+MXY+NXZ 

(Xxy+{XYy+{Xzy'' 

,, ,. , LXX+MXY+NXZ 
that is, to ~ p5 f 



CENTEAL AXIS. 

The equations (5) may by suitable transformations be 
Tednced to the ordiuary Bymmetrical equations to a straight 
line. We have 

X -y"ZZ-\- z% r _ JvSX+ Ml r4 wtz 
%X " E' 

therefore 

L\[tYY + [tZf] + [z't Y- y%Z)S^= (if 2 r+ iVSZ) £X; 
therefore 

C^'fl*- 3/SZ+ iSF) 5 r= {^j'R'-LlZ^ NtX)tZ; 
ifore 

_ , L%Z-^NtX\ _ W , M'S.X-L%Y \ 
tY{y lH' J'tZV 2P )' 

■'Hence we conclude that the equations (5) may he written 
' . N^Y-iftZ\ 1 / , L%Z-NtX\ 



~%zK 



Z\ 1 / , 
MtX-LtY\ 



^ 



j from which we see that the straight line determined by (5) is 
1 jiarallel to the direction of M, Hence this straight line has 
J lie following properties ; at every point of it the value of the 
I principal moment is the same, and is less than it is for any 
point not in the line; also for every point in the line the position 
tf^H^ axis of principal moment is ike same, being the line itself. 
_Xtia line is called the central axis. 

a have supposed in the investigation that R is not zero. 
\ be zero we have for every origm 





L' 


a- 


M' 


+ 1P+N' 


= N, 




The 


equation (2 


of Art. 93 may 


be written 
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This shews that if we resolve i', JT, 2f along a Btxaigbt 
line parallel to the direction of B, and add the resolved V^f% 
we obtain the same result whatever origin be chosen^ Thns 
the resolved part of any principal moment in the direction ofB 
is constant. By the resolved part of the principal moment in 
the direction of R we mean that part of the moment which has 
its aocis in the direction of jB. 

95. From equations (1) of Art. 93 it appears that L'^Li 
M* = Jfef, and N =Nj provided 

x' _ y' _^ 

that is, if the point {x\ y', z) be on a straight line through 
the origin parallel to the direction of jB. Since the origin is 
arbitrary, we may therefore assert that the principal moment 
remains unchanged^ when the point to which it relates moves 
along any straight line parallel to the direction of JB. 

96. The equation to the plane through the origin perpendi- 
cular to the direction of R is 

x'XX+y'XY+z'tZ^(i... (1). 

. If we combine this equation with equations (5) of Art. 93, 
we obtain the co-ordinates of the point of intersection of this 
plane with the central axis. 

We thus find for these co-ordinates 

NtY^MtZ LtZ--NtX MXX-L%Y 
R' ' R" ' R^ ' 

which we will denote by h, k, I respectively. 

If x\ y\ z* satisfy (1), then N't F- M'tZ 
or {N-- xX r+ y'tX) t T- (^- zXX + x'tZ) XZ 

=^N%Y^MXZ--x'R!'^R'{h-x'). 
Similarly L'tZ-N'XX=Ii^{k-y'), 

M'tX-L'tY^R(J.-z). 
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refore from equation (3) of Art. 93 

<f"-iP|(i-a!7+(i-y)'+P-a')') 



..(2). 

Sence G' remaina constant for all points in the plane (1). 

'^ -which {k - x'Y + {Jc ~ y'Y + {I — z'y is constant; that is, 
11 points in (l) which are at a constant distance from the 
irai axis. From this and Art. 93 it follows, that if a right 
nder be described round the central axis, the principal 
nt has the same value for any ^oint on the surface of this 
fider. 

67. Of the two expresaions which compose G' in equation 
7 of Art. 96, the latter, by Ait. 94, ia the resolved part of 
■allel to the direction of R ; hence the former part is the 
lolved part of G' perpettdi'cular to the direction of R. Call 
! farmer part Q, and ^ the angle which the direction of the. 



1 



I 



axis of G' makes with that of S; then s 



, and thi* I 



IS- constant so long as G' is, that is, for every point on tha, J 
surface of the cylinder in the pmceding Article. 

98. The propositions already given in this Chapter admit ' 
of other modes of demonatration, which we proceed to in- ' 
dicate. 

To shew that any system of forces can always he reduced I 
to a force and a couple, the axis of the latter being paralld 1 
to the direction of the former. 

The forces can be always reduced to a force R and a couplei I 
O, and the angle i^ between the former and the axis of the f 
latter ia given by the equation 

_. LtX+MtY^NtZ 
cos^: ^-^ . 

Eesolve the couple G into two others ; one having its axis j 

parallel to the direction of R and its moment equal to G cos ^, 

the other having its axla jjerpendicular to tlie direction of R 

and ita moment equal to G sin <^. The forces of the latter 

1 conple are therefore in a plane parallel to R ; a.n.i Vj -^iq- 
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perly placing this couple in its own plane, and making ea^ 
of its forces equal to B, one of its forces may be made C 
balance the force B. We shall then have remaining ib 
couple O cos ^ and a force JS, the direction of which i 
parallel to the axis of the couple, and which is moved U 

a distance — ^-^ from its original position* The system i 

thus reduced to a force B and a couple rj — 

Jtt 

the axis of the latter being parallel to jB, and therefore iti 

plane perpendicular to B. 

Since the resultant couple must be independent of the direc- 
tion of the axes of co-ordinates we conclude that 

B 

must be constant whatever be the direction of the axes ; and 
as B is constant it follows that L%X-\' M% F+ KZZ must Ik 
constant whatever be the direction of the axes. The expres- 
sion also remains the same whatever origin be chosen, as ap 
pears from equation (2) of Art. 93. 

99. When a system of forces is reduced to a force and c 
couple in a plane perpendicular to the force, the position anc 
magnitude of the force are always the same. 

The magnitude of the force is always the same, for it is the 
resultant' of the given forces supposing each of them moved 
parallel to itself until they are all brought to act at the same 

f)oint. We shall now shew that there is a definite straight 
ine along which the resultant force must act. 

Let x\ y, z* be the co-ordinates of an origin such that the 
axis of the resultant couple coincides with the direction o1 
the resultant force. Then, with the notation of Art. 93. 
we have 

for the direction cosines of the axis of the couple are propor- 
tional to i/', M\ and -AT, and those of the direction of the 
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8 are proportional to SX, % Y, %Z. Hence the locus of 
Be origins ia the straip;ht line determined hy equations (5) 
If Art 93. 

■loo. It appears from the last Article that there is only 

Ti position of the resultant force in which it is perpendicular 

jthe plane of the resultant couple. If ive wish to transfer 

\ resultant force to any other point, we can do it by 

wincing two forces, R and — R, at that point ; the latter 

1 the original force R will form a couple; and if this 

^le be compounded with the original couple we have 

new couple, the moment of which is ^{K' + R^p^), where 

Idenotea the original moment and p the distance to which 

Ibas been moved. This moment is greater than K; and 

e the straight line in which It acts when perpendicular to 

h plane of the resultant couple is the axis of least principal 

It is therefore the central axis. 



r is shewn in Art. 98 to be 



R 



"101, The principal moment will be the same for every 

point of the central asis, since when we have reduced the 

forces to a single force and a couple in a plane perpendicular 

to the force, the force may be supposed to act at any point 

bts line of application, and the plane of the couple may be 

%red parallel to itself into any new position. See also Art. 95. 

Bice if we draw any plane perpendicular to the central axis, 

■ describe a circle in the plane with radius p, and having its 

■re at the intersection of the central axis, then, by the 

sArttcle, the principal moment for any point in this circle 

U be V {.^* + -^p')) "id thfi angle ^ at which the direction 

' of its axis ia inclined to the direction of R is given by the 

, Rp 
*f[aation tan ^=-^- . 

WTien a system of forces acting on a rigid hody \a 
i to two forces, and these are represented by two straight 
IS ic/iicA do not meet and are not parallel, the volume of the 
ihidron of which the two straight lines are opposite edges 
tonstant. 
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Let the straight lines AS atid A'B' represent the two forces, 
AA' being a straight line at right 
angles to both. Suppose two paral- 
lel lines Ax, A'x drawn, each at 
right anglea to AA', and Aif, A'j/', ^:'' 
reapectively at right angles to Ax, ' 
A'x, and also at right anglea to 
AA'. Ij^i BAx = ^, BA'cE =^^', 
and let T and 2" denote the inten- .^-Z 
sitiea of the forces in AB and A'B 
respectively. Then T may be resolved into 2" cos ^ and 
5" sill acting at A along Ax and Ai/ respectively, and T 
into y'co80, r'aini^' acting at ^' along Ax and A't/ 
respectively. Let a be tlie inclination of AB and A!B, so 
that tj) =<^ + a. Now determine by the equation 

Tcosif>+ 2"co3f = (1), 

that ia T cos + 2^ cos (0 + a) = 0. 

Then by (1) the forces Tcos and T cos 0' ict'Ufhrm a couple 
in the plane xAA'x' ; and Tsin^ and 2" sin 0' will have a 
single resultant pei'pendicular to the plane of this couple, 
for they cannot form a couple since then the whole system of 
forces would reduce to a single couple which ia contrary to 
supposition. Let P denote tne intensity of this single force 
so that 

P=TBm^+Tam<f,' (2). 

The moment of the couple is AA' x 2" cos 0. Hence, by 
the latter part of Art. 98, AA'xPx TcoB<f> is constant 
whatever be the position and magnitude of the forces T and 
2", so long as they are equivalent to a given system of forces. 

Kow the Tolume of the tetrahedron of which AB and A'B' 
are opposite edges is ^AB . A'B' . AA' sma. For the base 
may be considered to be the triangle AA'B', the area of 
which 13 ^AA'. A'B' ; and the height will then be AB sin a. 

But from (l) and (2)wehave 2"aina = Pco3 A. Hence the 
volume of the tetrahedron becomes ^AA' . T . JPcob (j), whicli 
we have just seen to he constant. 

This result is due to Cbasles; see Mobius, Lehrbuch der 
Itatik, I. m. 
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103. "When a system of parallel forces Hcting on a rigid 
body has a single resultant, that resultant alwaya passes 
^irough a fised point in the body whatever may be the 
position of the body. When owy system of forces acts on 
a rigid, body we might investigate the consequences of turn- 
ing the body from one position into another while the forces 
retmn their original directions, or of turning the forces ia 
such a manner as to leave their relative directions unchanged 
while the body remains fixed. We aliall 
esamplea of the general theorems that h. 
Btrated on this subject. The forces are su 
fixed points in the body. 

104. 3jet PA and QA be the directions of two forees i 
lying in one plane, acting at the 
points I* and Q respectively; TA 
'" ■ direetion of their resultant. 

^ _»ose the forces in PA, QA to 
be turned round the points Pand C 
lively through the same an- 
^__ towards the same direction; 
since I*A and QA wilt include the 
suae angle as before, their point 
of intersection will move on a circle 
paaslng through P and Q. And 
as the magnitudes of the forces are supposed unchanged, the 
magnitude of the resultant and the angles which it make* 
with the components remain unchanged. Hence if T be the 
intersection of the resultant and the circle originally, it will 
always be so, since the arcs PT and QT are proportional to 
the angles PA T and QA T; the resultant will therefore hava 
turned through the angle a round the point T. 

The same conclusion holds if instead of supposing the body 

to be fixed and the forces to revolve, we suppose each force 

to remain parallel to itself and tlie body to be turned through 

any angle round a perpendicular to the plane of the forces. 

The point T through which the resultant always passes 

Ky be called the centre of the forces which act at P and Q, 
ia evident, in like manner, that if a third force pass 
oogh a fixed point 8 ajid meet the straight li'o.e TA, ■^a 
: 



1 
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may find the centre of tlie forces at T and S, that Is, the a 
of the forces at P, Q, and S; and generally we may inftr 
that everi/ system of forces in one plane ichtck is reducihU tt 
a single resultant has a centre; or, in Other words, if tha» 
be a system of forces acting in a plane and having a siii|^ 
resultant, and we know the magnitude of each force, the; 
angles the directions of the forces make with each othe^j 
and one point in the direction of each, then we can delM-| 
mine the magnitude of the resultant, the angle its direction 
makes with those of the component forces, and one point in' 
its direction. ' 

... I 
105. If a system of forces maintain a body in eqailihrinfflji 
and equilibrium also Bubeiat after the bodr has been tnrnsdj 
through any given angle which is not a multiple of two right 
angles, about any axis, then equilibrium will still snlwa* 
when the body is turned about the same axis through oflF 
angle whatever, the forces being supposed to act with W 
same intensity and in parallel directions throughout. 

Take the axis of z to coincide with the straight line alwit 
which the body is turned. Since there is equilibrium in 
first position, we hare 

SX=0, Sr=0, tZ=0 (1), 

2(%-rs} = 0, S(^-^lt)=0, S(ra:-Xi/) = 0.,.(a). 
If equilibrium subsist when the body is turned through 
angle 8, the equations (l) and (2) must hold when we p"* 
X cos 6 — y sine for x, and xamd +y cob 6 for j. Hence I" 
become 

RmeX{Zx) + coset{Zi,)-tiYz) = (3), 

% {Xz)-eos8%{Zx) + smeX{Zy) - (4). 

iiO&e't{Yx-Xy)-smeX[Xx+Yy)=G [5). 

By means of f2), equations (3) and (4) become 
sin 2 (-Y^) - (1 - cos 6) t ( Yz) = 0, 
(1 - cos e) 2 [Xz) + sin e 2 ( Yz) = 0. 
Aa these equations hold for some value of sin different fw" 
zero we must have 

2(A^) = 0, and 2(1>1 = 0.. (G)- 
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Then, by (2), we infer 

S(-^)=0, and2(%) = (7). 

And from (2) and (5), 

2(F(C-Xy)=0, and 2(Xaj+ry)=:0 (8). 

And when (6), (7), and (8) are true, (3), (4), and (5) are true 

for aU values of 0, 

• 

It appears from the preceding investigation that when 
forces act in one plane on a rigid body and maintain equi- 
librium, the necessary and suflScient additional condition in 
order that equilibrium may subsist after the body has been 
tamed round an axis perpendicular to the plane while the 
forces remain parallel to their original directions, is 

106. A system of forces acts on a rigid body : determine 
tie conditions .which must hold in order that when the system 
is resolved parallel to any straight line these resolved parts 
may be in equilibrium. 

Take a straight line whose direction cosines are I, m, n. 
In order that the resolved parts of the forces parallel to 
this straight line may be in equilibrium we must have, by 
Art 78, 

t{lX+mY+nZ)=^0, 

t{lX+mY'hnZ)x_t{lX+mY'\-nZ)y 
I m 

^ t{lX+mY+nZ)z 
n 

And as these are to be true for all ratios of I, m, n we 
nust have 

Sx=o, 2r=o, tz=o, 

SXy = 0, tXz^O, Sraj = 0, tYz = (), tZx^O, tZy=^% 

tXx^tYy^XZz. 
rhese are the necessary and sufficient conditions. 
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107. We have remarked in Art. 9 that the propertr 
of the divisibility of matter leads us to the suppoaition tlut 
every tody consists of an assemblage of material particlea or 
molecules -which are held together by their mutual attractioiL' 
Now we are totally unacquainted with the nature of theso 
molecular forces ; if, however, we assume the two hypothesa, 
that the action of any two molecules on each other is tbe; 
same, and also that its direction is the straight line joiningl 
them, then we shall be able to deduce the conditions of equh" 
librium of a rigid body from those of a single particle. 

To deduce the conditions of equilibrium of a rigid body frm 
tliose of a single particle. 

Let the body bo referred to three rectangular axes; and 
let 3:,, y,, z, be the co-ordinates of one of its constituent par- 
ticles; X^, F,, Z^ the resolved parts, parallel to the axes, of 
the forces which act on this particle exclusive of the molft* 

culai forces; P,, P,, P^, the molecular forces actmgoa 

this particle; a,, ^,,7,; ct,,/3,,7,; the aflgles their re- 

Bpective directions make with the three axes of co-ordinates- 
Then, since this particle is held in equilibrium by the ahovE 
forces, we have, by Art, 27, 



X, + Pj COS a, + P, cos B, + . . . 


.. = 0.. 


...{I) 


r, + PiCOBy3,-|-P,cos/3,+ ... 


.. = 0.. 


.-(2) 


^; + P.cos7,-l-P,co8 7,+ ... 


.. = 0.. 


-(3) 



We shall have a similar system of equations for each particle' 
in the body; if there be « particles there will be 3« eqnatioi* 
These 3« equations will be connected one with another, sip* 
any molecular force which enters into one system of equation* 
must enter into a second system ; this is in consequenc* » 
the mutual action of the particles, 

There are two conditions which will enable us to dft- 
duce from these 3m equations six equations of conditiWr 
independent of the molecular forces. Tlieae will be th« 
equations which the other forces must satiafyj in order thai 
equilibrium may he maintained. 
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The first condition is this, that the molecular actions are 
mutual; and that, conaeq^aently, if P^CQsa^ represent the 
resolved part parallel to the axis of x of any one of the 
molecular forces involved in the Sre equationa, we shall like- 
wise meet with the term — P, cos Oj in another of those equa- 
tions -which have reference to the axis of x. Consequently, 
if vre actd all tiiose equations together which have reference 
'to the same axis, we nave the three following equations of 
I condition independent of the molecular forces, 

1 tx=o, 2r=o, Sx=o. 

I The second consideration is this: that the straight linea 
joinings the different particles are the directions in which the 
molecular forces act. 

Thus, let P^ be the molecular action between the particles 
Trhose co-ordinates are (a;,, y, , sj and (a;,, ?/,, sj, 



1 



P, cos a, , 
~ P, COS a, , 



P, cos ^ 

-P.COSyS 



P, cos 7, , 
- Pj cos 7j , 



flie corresponding resolved parts of P, for the two particles. 
Then 



where r = ^[{x,-x,)' + iy,-y:)'+{z,-zy}. 

These enable us to obtain three more equations free from 
molecular forces; for if we multiply (1) and (2) by j, and a;, 
reBpectively, and then subtract, we have 

r,a5,-A',y, + ...+P.{a:.C0s^,-y,co8O,} + ... = 0... (4). 

the system of equatior 



By the same process we obtain fro 
which refer to the particle {x^, y^, z,), 

r^, — X^^ + . , ■ — P, (a;, cos ;3, — j^ cos c 

But the values of cosa, and cos/3j give; 
condition 

-X^ COS;Sj- 



+ ... = 0...(5). 
above lead to the 
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Wherefore the equation 

Y,x,^xj,,+ + r^^-.j[^,+ =0 

will not involve P^ , the molecular action between the particles 
whose co-ordinates are x^^y^y z^ and x^^y^^ z^ respectively. 

It follows readily from what we have shewn, that if we form 
all the equations similar to (4) and (5), and add them together* 
we shall have a final equation 

S(r»-Xy) = 0, 

independent of the molecular Jbrces. 

In like manner we should obtain 

t{Zy-Yz)^0, t{Xz-Zx)=0. 

Moreover we can shew that these six equations are the only 
equations free from the molecular forces, supposing the body 
to be rigid, and consequently the molecules to retain their 
mutual distances invariable. For if a body consist of three 
molecules, there must evidently be three independent mole- 
cular forces to keep them invariable ; if to these three mole- 
cules a fourth be added, we must introduce three new forces 
to hold it to the others ; if we add a fifth molecule we must 
introduce three forces to hold this invariably to any three of 
those which are already rigidly connected ; and so on ; from 
which we see that there must be at least 3 + 3 (n — 3) or 3n — 6 
forces. Hence the 3n equations resembling (1), (2), and (3) 
contain at least 3/1 — 6 independent quantities to be eliminated; 
and therefore there cannot be more than six equations of con- 
dition connecting the external forces and the co-ordinates of 
their points of application. 
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1. Determine the central axis when there are two forces 
F and Q whose lines of action are defined by « = c, y = a? tan a, 
and z^^ — Cjy^ — x tan a respectively. 
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2. If P and Q are two forces whose directions are at right 
angles, shew that the distances of the cential axis from their 
lines of action are as P* to Q'. 

3. Parallel forces act on a rigid body and maintain it 
in equilibrium, the points of application being all in one 
plane : shew that the forces will maintain the body in equi- 
ubrinm however they may be turned about their points of 
application. 

4. A system of forces acting on a rigid body is equiva- 
lent to a single force : shew that it will also be equivalent to 
a single force after the body has been turned through any 
angle about the axis of z, the directions of the forces remain- 
ing the same, if 

and XiX)l,{Zx) + %{Y)l,{Z2/)=l{z)t{Xx+Yi/). 

5. Forces act at the angular points of a tetrahedron in 
directions respectively perpendicular to the opposite faces, 
and proportional to the areas of the faces in magnitude: 
shew that the forces have the property considered in Art. 106. 

6. Shew that within a quadrilateral, no two sides of 
which are parallel, there is but one point, at which forces 
acting towards the corners and proportional to the distances of 
the point from them, can be in equilibrium. 

7. Two forces acting at a point are represented in magni- 
tude and direction by straight lines drawn from that point : 
their sum is constant and their resultant is constant both in 
maCTitude and direction. Find the locus of the extremities 
of uie straight lines which represent the forces. 

8. If forces P, Q, R acting at the centre of a circular 
lamina along the radii OA^ OB, 0(7 be equivalent to forces 
P, ^, R acting along the sides P(7, CA, AB oi the inscribed 
triangle, shew that 

p.p Q.q B.R _. 

BG ^ OA ^ AB " 
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9. A unifonn ri^d rod, of length 2a, can torn in a hori- 
zontal plane about its middle point. At one end a string is 
tied which passes over a fixed pully, vertically above that 
end, and at a distance b from it, and is then fastened to a 
given weight. The rod is then turned through an angle 0y 
and kept at rest in that position by a horizontal force P per- | 
pendicular to the rod t&ough its other end. Prove that P 
will be a maximum if 

tan r = 



2 6''+4a"' 

10. Prove that a system of forces can be reduced in an 
infinite number of ways to a pair of equal forces, whose direc- 
tions make any assigned angle with one another; and find ^ 
the distance between these forces when the angle is given. 




C W5 ) 



CHAPTER VIII. 



CENTEE OP GRAVIXr. 



108. Weight is meaaured like other quantities by met 
of an arbitrary unit It' a certaiD upward force be nect""" 
to prevent a body from falling, then anotlier tody i 
requires an equal force to Bustam it is said to hare a weight 
equal to that of the first. When two weights have been 
recognised to be equal, a hody which requires to sustain it 
B force equal to the sum of the two equal forces wliicb would 
sustain the two equal weights, is said to have a weight double 
that of cither of the two equal weights ; and so on. 

It appears from experiment ttiat the weight of a given body 
is iuvanable so long as the body remains at tlie same place on 
the earth's surface, bot changes when the body is taken to a 
different place. We shall suppose therefore when we speak of 
the weight of a body that the body remains at one place. 

When a body is such that the weight of any portion of it ia 
proportional to tiie volume of that portion it is said to be of 
~ %ifo7~m density ; the density of such a body ia meaaured by 
' ratio which the weight of any volume of it bears to the 
;ht of an equal volume of some arbitrarily chosen body of 
density. 

The product of the density of a body into its voiume ui'| 
called its mass. I 

When a body is not of uniform density its density at any 
point is measured thus: find the ratio of the weight of a 
volume of the body taken so as to include that point to the 
Weight of an equal volume of the standard body; the Ui 
this ratio, when tiie volume is indefinitely diminished, 
density of the body at the assumed point. 
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109. It was shewn in Art. 66 that there is a point in everjr 
body such that, if the particles of the bodj be acted on by 
parallel forces and this point be fixed, the body will rest in 
whatever position it be placed. 

Now the weight of a body may be considered as the resultant 
of the weights of the different elementary portions of the bcKly, 
acting in parallel and vertical lines. In this case the point 
above described as the centre of parallel forces is called the 
centre of gravity of the body. We may define the centre of 
gravity of any system of heavy particles as a point such that 
if it be supported and the particles rigidly connected with it, 
the system will rest in any position. 

In the present Chapter we shall determine the position of 
the centre of gravity m bodies of various forms. We shall 
first give a few elementary examples. 

(1) Given the centres of gravity of two parts which compose 
a body, to find the centre of gravity of the whole body. 

Let G^ denote the centre of gravity of one part, and O^ the. 

centre of gravity of the other part ; let m^ denote the mass of 

the first part and m^ the mass of the second part. Join O^ 0^ 

G G m 
and divide it in G^ so that -pz-p- = — ^ , then G is the centre 

of gravity of the whole body (Art. 37). 



(2) Given the centre of gravity of a body and also the centre 
of gravity of apart of the body, to find the centre of gravity of 
the remainder. 

Let G denote the centre of gravity of the body, and O^ the 
centre of gravity of a part of the body; let m denote the mass 
of the body, and m the mass of the part. Join G^G and pro- 

GG m 

duce it through G^ to (?., so that -7y-FT= ^~ > ^^^^ ^« is the 

^ "' GG^ m—m^ • 

centre of gravity of the remainder. 

(3) To find the centre of gravity of a triangular figure of 
uniform thickness and density. 
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Let ABC be one surface of the triangular figure; biaect BG 1 
lit JF; join AE; draw ctb mrallel to 
I GEB cutting AE at e. Then, by 
I similar triangles, 

ce : CE :: Ae: AE, 

he : BE V. Ae: AE, 

jgerefore ce ; CE v. he : BE; 

CE=BE, t]isrdorcce = he. ' 

iaicc AE bisects every straight line parallel to BC. Tliere- 

t each of the strips similar to ceb, into which we may 

Dpose the triangle to be divided, will balance on AE, and 

' therefore the centre of gravity must be in the straight line AE. 

Bisect AC at F and join BE; let this cut AE at G. 

Then, as before, the centre of gravity must bo in BE; but 

it must be in AE; and therefore G is the centre of gravity. 

Join EF. Then, because CE=BEaxiA CE=AF, there- 
fore EF is parallel to AB and AB = 2FE; and by similar 
triangles, 

EG : EF :: AG : AB, therefore EG^^AO. 
Hence to find the centre of gravity of a triangle, bisect any 
side, join the point of bisection with the opposite angle, and the 
centre of gravity lies a third of the way up this straight line. 
The centre of gravity of any plane polygon may be fonnd 
by dividing it into triangles, determining the centre of gravity 
of each triangle, and then by Art. 66 deducing the centre of 
gravity of the whole figure. 

We may observe that the centre of gravity of a triangle 
coincides with the centre of gravity of three equal particles 
placed at the angular points of the triangle. For to tlud the 
centre of gravity of three equal particles placed at A, B, C 
jeapectively, we join GB and bisect it at E; then E is the 
centre of gravity of the particlea at C and B; suppose these 
particles collected at E; then join AE and divide AE at G ao 
ihat EG may be. to AG as the mass of the one particle at A is 
to that of the two at £■, that is, as 1 is to 2; then G is the centra 
of gravity of the three equal particles. From the construction 
G is obviously also the centre of gravity of the triangle 
ABC. 
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Let the co-ordinates of A referred to any axes be a?j, y^, «j; 
those of B^ ajj, y,, z^* and those of (7, a?,, y^, «,; then^ by 
Art. 66, the co-ordinates a?, y, z of the centre of gravity of 
three equal particles placed at -4,\B, G respectively, are 

^=i(^i+a'»+^8); y=*(yi+y»+ya); ^=i(«i+^2+«8)- 

By what we have just proved, these are also the co-ordinates 
of the centre of gravity of the triangle ABC. 

It may be remarked that in Art. 66 the co-ordinates may 
be rectangular or oblique. 

(4) To find ike centre of gravity of a pyramid on a tri" 
angular base. 

Let ABG be the base, D the vertex; bisect AO Sit JE; join 
BE, BE; take EF^^EB, then F is the centre of gravity 
of ABC. Join FD; draw ah, be, ca parallel to AB, BC, CA 




respectively, and let DF meet the plane abc at y*; join bf 
and produce it to meet BE at e. Then, by similar triangles, 
ae = ec\ also 

BF DF'^EF'' 

but JEF= 4 5^, therefore ef^\bf\ 

therefore / is the centre of gravity of the triangle ahc\ and 
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if we suppose the pyramid to be made up of an indefinitely I 
great numljer of indefinitely tliin triangular slices parallel I 
to the base, each of these slices has its centre of gravity ia 1 
DF. Hence the centre of gravity of the pyramid ia in DF. 

A^&m,XaktEH=^ED;](ym.HBcat\mgDFaX G. Then, 
as before, the centre of gravity of the pyramid must be in 
BJB\ but it is in DF; hence G, the point of intersection of 
these straight lines, is the centre of gravity. 

Join FH; then FH ia parallel to DB. Alao because 
EF= J EB, therefore FH= J DB, and 

^ = ^: l>nt FH=^DB, therefore FG = IDG=IDF. 
FH DB ' a ! 3 i 

Hence the centre of gravity is one-fonrth of the way up the 
Btraiglit line joining the centre of gravity of the base witli the 
vertex. 

In the same way as the corresponding results were demon- 
strated for the triangle, we may establish the following; 

The centre of gravity of a pyramid coincides with the cen- 
tre of gravity of particles of equal mass placed at the angular 
points of the pyramid. 

Liet Xj, J/,, 3, be the co-ordinates of one angular point; 
a^, y»i ^1 the co-ordinates of another; and so on; let ?,y, a be 
the co-ordinates of the centre of gravity of the pyramid: then 

i = i(z, + z> + 3. + zJ. 

(5) To find the centre of gravity of any pyramid having a 
plane base. 

Divide the base into triangl«s; if any part of the base is 
curvilinear then suppose the curve to he divided into an in- 
definitely great number of indefinitely short straight lines. 
Join the vertex of the pyramid with the centres of gravity of 
all the triangles, and also with all their angles. Draw a 
plane parallel to the base at a distance from the base equal to 
_one-fonrth of the distance of the vertex from the ba.ae-i tteo. 



110 



FBUSTUM OF A PTBAHID, 



this plane cuts every straight line drawn from the vertex t6 
the base in parts having the same ratio of 3 to 1 ; and there- 
fore the triangular pyramids have their centres of gravity in 
this plane, and therefore the whole pyramid has its centre 
of gravity in this plane. 

Again, join the vertex with the centre of gravity of the 
base; then every section parallel to the base will be similar 
to the base, and if we suppose the pyramid divided into an 
indefinitely large number of indefinitely thin slices by planes 
parallel to the base, the centre of gravity of each slice will lie 
on the straight line joining the vertex with the centre of 
gravity of the base. Hence the whole pyramid has its centre 
of gravity in this straight line. 

Therefore the centre of gravity is one-fourth of the way up 
the straight line joining the centre of gravity of the base 
with the vertex. 



(6) To find ike centre of gravity of the frustum of a pyra- 
on id formed hy parallel planes. 



Let ABCahc be the jBnistum; 
G^ g the centres of gravity of 
the pyramids DABC, Dabc; it 
is clear that the centre of gravity 
of the frustum must heingG pro- 
duced; suppose it at G\ 

Let Ff=c, AB = a, ah = b. 

Since the whole pyramid DABC 
is made up of the frustum and 
the small pyramid, therefore, 

GG' ^ weight of small pyramid 
Gg " weight of frustum 

vol. of small pyr. 




3 7.8 > 



vol. of large pyr. — voL of small pyr, a^ — h 
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■ since similar solids are as the cubes of their homologous 
edges; 



'Vi^I 



and Gg^DQ--Dg^l{DF'-Df):^lc) 

3c ¥ 
therefore GG' = — . 



a 



Also GF=^ IDF= i {DF^ Df) -^^ bj similar figures 



a 



A'a--b' 



therefore FG' =^ FG^ G'G = ^ \-\ - -^Jt 

""4\ a'^ + aJ + S';' 

This is true of a frustum of a pyramid on any base, a and b 
being homologous sides of the two ends* 

(7) We may by the aid of the theory of the centre of gravity 
demonstrate some geometrical propositions. For example : 
the straight lines which join the middle points of the opposite 
edges of a tetrahedron meet at a point which bisects each 
straight line* 

For suppose equal particles placed at the comers of a 
tetrahedron ; then to find the centre of gravity of the system 
we may proceed thus: The centre of gravity of any pair 
of particles is at the middle point of the edge which joins 
them; and the centre of gravity of the other pair is at the 
middle point of the opposite edge : then the centre of gravity 
of the system is at the middle point of the straight line which 
joins the middle points of the selected edges. And the 
same point will of course be obtained for the centre of 
f^vity of the system, whatever pair of edges be selected. 
Hence the required result is obtained. 
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(8) Particlea are placed at the comers of a tetrahedron^ the 
mass of each particle being proportional to the area of ih$ 
opposite face : shew that the centre of gravity of the system 
coincides with the centre of the spJiere inscribed in the tetrth 
hedron. 

Let A^ B, G, B be the angular points of the tetrahedron. \ 
Let p be the perpendicular from B on the face ABG* 
Then the distance of the centre of gravity of the system j&x)m 
the plane ABG 

_ y X area of face ABC 

" sum of the areas of the faces 

_ 3 X volume of tetrahedron 
"" sum of the areas of the faces * 

And this expression is equal to the radius of the sphere 
inscribed in the tetrahedron. 

Hence the required result is obtained. 

(9) A polyhedron is circumscribed about a sphere; at the 
points of contact masses are placed which are proportional to the 
areas of the corresponding faces of the polyhedron : shew that 
the centre of gravity of these masses coincides vrith the centre 
of the sphere. 

Take the centre of the sphere for origin, and any plane 
through the origin for the plane of (a?, y). 

Let A^, -^2, u4g, denote the areas of the faces of the 

polyhedron; let ^j, «2» ^g,... denote the ordinates of the points 
of contact ; z the ordinate of the centre of gravity. Then, by 
Art. 66, 

^_ A^z^+A^z^+A,z,+ ... ^ 

Now the projection of the area A^ on the plane of (a;, y) 

A z 
is — ^, where r^ is the radius of the sphere; and similarly 



^ 



for the other projections. And the sum of such projections 
is zero. Thus z =0; and since the plane of (a?, y) is any 
plane through the centre of the sphere, the centre of gravity 
must coincide with the centre of the sphere. 



^om any point toithin an equiangular poli/ffon per' 
Sara aa-e drawn on all the aides of t/te polygon, and 
oduced in a eonatanl ratio/ at the extremities of tht 
! linsB thua drawn equal parliclea are placed: deier' 
e eentre of gravity of the sygtem. 



c l)e the distance of the point from which the perpen- 
rs are drawn from a fixed origin, and a the angle winch 
itaoce makes with a fised straight line which coincidea 
Be of the perpendiculars. Let n be the number of 

. the polygon, and ,3= — . Let^^ denote the per- 

lar from the origin on the tw"" side of the polygon ; 

! corresponding perpendicular from the aaaumed point 
^CC08(m/3 — a). Let r denote the constant ratio. 
'* a:, and )/„ are the co-ordina-tea of the «*"' particle we 
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r[p«- 



c cos (m^ — a) ] cos my9 + c cos a 
c cos [m^ — a)} sin wt/3 + c sin a 



s proceeding as in Proposition viii, at the end of 
IL we obtain for the co-ordinates of the centre of 



X = ^— ^ cos a + c cos a , 



f = - 2p„ COS m^, v^~ ^Pm sii "'^• 
s If f" = 2 we have 

«-f, 'J-V. 
in this case the position of tlie centre of gravity ia 
tdent of the position of the assumed point. 

toxseed Qow to the analytical calculations. 

In all the eases ia which the Integral Calculus is 
to ascertain the centre of gravity of a body tUa 



mdefiflR 
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principle is the same; the body Is divided into an indeffi 
large number of indefinitely small elements ; the Tolame 
an element is estimated, and this being multiplied by 
density gives the mass of the element. The mass is mu 
plied by the abscissa of the element, and we find the a 
of the values of this product for all tbe elements ; the rei 
corresponds to the Xlb: of Art. C6. Also we find the s 
of the masses of all the elements and thus obtain a res 
corresponding to the SP of the same Article. Divide 
former result by the latter and we have the value of 
similarly y and z can be found. In the following exatoi 
the student must not allow tbe details of tbe Integral C 
cuius to obscure his recognition of the fnndamental fonr 
of Art. 66 ; he must consider in every case what correspo 
to the P, X, y, s of that Article, that is, he must carefully 
certain into what elements the body is decomposed. 




111. Let CBEH be an area bounded by the ordiui 
BG and EH, tbe curve 
BE, and the portion CH 
of the axis of a; ; it is re- 
quired to find the centre 
of gravity of the area. Or 
instead of tiie area we 
may ask for the centre of 
gravity of a solid bounded 
by two planes parallel to 
the plane of tbe paper and equidistant from it, and by a strai 
line which moves round the boundary CBEH remaining 
ways peiTJendicuIar to the plane of the paper. Divide CH\ 
n portions, and suppose ordinates drawn at the points of d 
sion. Let LP and MQ represent two consecutive ordina 
and draw PW parallel to LM. 

he.tOL = x, LP=y, LM=Ax, OC = c, OH=h. 

The area of the rectangle PM is yArc; suppose w to dei 
the area of PQN, and let x' be the abscissa of the centn 



■PLANE AREA. 115 

tlie area FQML. Then if k denote the thickneea 
of the solid and p its density, kp {yAx + u) is the mass of the 
element FQML, Hence, it x be the abscissa of the centre of 
gravity of the whole figure CBEH, by Art. 6S, 
_ _ S^jxc' (yAz + u) _ Sx' ( yAa + it) 
" - Xkp i^jAx +u)- £ JyAx + u) • 

aapposing the thickness and density uniform. The Bamma' 
tion is to include all the figures like FQML, which are com- 
prised in CBUir. 

Now suppose n to increase without liniit, and each of the 
portions LM to diminish without limit; then the term 2m in 
the denominator of x vanishes; for it expresses the sum of 
all the figures like FQN, and is therefore leas than a rectangle 
having for its breadth Aa; and for its height the greatest 
ordinate comprised between CB and HE. Also the term Sa/w 
in the numerator of x vanishes, for it is leas than the product 
ASm, and as we have just shewn, this ultimately vanishes. 
Hence the expression for x becomes, when the number of 
divisions is indefinitely increased and each tenn indefinitely 
diminished, 

'S^yAx_ 

-^yAx- 

Moreover, x must lie between x and x + Ax: suppose it 
equal to x + v, where « is less than Aa;; then the numerator 
of X may be written 

'S,x^Ax+ Sw^Aa;; 
and as the latter term cannot be so great as AxS,t/Ax, it 
ultimately vanishes. Hence we have 
_ txi/Ax 

iJiat is, the above formula will give the correct value of S 
when we increase the number of divisions ivdejinitely and 
diminish each term indefinitely, and extend the summation over 
tMe space CBEH. This will be expressed according to the 
ordinary notation of the Integi-al Calculus thus, 

f^x>/dx 



■ I.V^' 



.(11. 
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In tiba SAiae manner we maj sh^w tbat 

where y' is the limiting value of the ordin^ of the centre 
of gravity of the element PQMJj whei^ its breadth is indefi* 
nitelj diminished; tf' is theref9re = iy; henp^ 

^'"J$d^ 12J, 

"W^e have now only to substitute in (1) ani (2) for y it^ 
value in t^rms of x^ and then to effect thp intonation by tte 
ordinary methpds. 

112. It will not be necessary for th^ etudent ip Bolting 
an example to repeat the whole of the pri^ceding process* 
When he understands how the necessary e^actives3 may bp 
given, if required, he may proceed shortly thus^ The figwe 
FQMJj = yLx ultimately, and the po-ordinat^S of it^ <:eutl^ 
of gravity are x and \y ultimately. Hence 

xJ^^ud^yJ-^y^, 
iydx ^ }ydx 

the integrations being taken between proper limits. 

Unless the contrary be specified, we shall hereafter sup- 
pose the bodies we consider to be of uniform density^ and 
shall therefore not introduce any factor to represent the 
density, because, as in the preceding Article, the factor will 
disappear. 

113. Ex. 1. Let the curve be a parabola whose equation is 

y — 2fj{ax). 

nero x^ j..^^^ - j^2^[ax)dx ^ J,\^^ 
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If c^O^ ^^f^^ which det^nnined the absddsa of the 
[ centre of gravity of a portiem of a parsibdlic at6i^ begiiinitlg 
at the vertex. Also 

When c = 0, y = | \/{ah). 

Ex. 2. Let the curve be an ellipse whose equation is 

Here x J^V^^ / -|V(^'-^)^ />V(a«-a.')efe 
•^^*2^^ P^^ia^^x^)dx' i'^^^'"^'^^' 

Now Jx »/{a* ^ a?) dx => - ^ {a* - a^)^ ; 

therefore /> V(a* - a;') die = J (a» - c')* - J (a' - A»)i 

And J^(a*-af)clx = '^^^^^^=^ + ^sm'^; 
tiierefore 

Hence 5 is known. 

r2!rfa> ^-n(a^--x')dx 



_5_ 
2a 



a«(A-c)-^} 



AV(a"-A')-cV(a'-c') cTTT^ 



+ "2 (sin 



— sin - \ 
a a 
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If we require the centre of gravity of the quadrant of the 
ellipse, we must put c = and A = a. Hence 

Ex. 3. Let the curve be a cycloid whose equation is 

y = *^{2ax — a;') + a vers""^ - ; 

a 

and suppose we require the centre of gravity of half the area 
of the curve; then 

Now jyxdx=^y-^-j^^dx 

Also, when x=0, y = 0, and when a? = 2a, y = 7ra; 
therefore J^yxdx = J [ira (2a)'} — \5^x*J{2ax — a?') dx : 
and as J^x*sJ{^ax — x^) dx will be found = \ ira^y we have 

S^yxdx = 27ra' - J 7ra' = J 7ra\ 

Again, / ydx = yx— I x-^ dx 

=yx — J ^{2ax '- a?) dx; 
therefore fo^V^^ = 27ra' - /,^ V(2aa? - a:*) (i» 

= 27ra^ — ^7ra* = f 7ra'; 

therefore x = ^ — o = |a. 

|7ra ** 
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Also 

= y';c — 2/y isj{2ax — a?) dx 

= y*x — 2f{2ax — a?)dx — 2a\ s]{^ax — of) vers"* - d!aj 

=y'aj - 2aaj' + -« — 2a / s/i^ttx — x^ vers'* - cfe; 

0^8 /•2a 

therefore i.^'fdx = 27r'a' - ^ - 2a V(2aa! - »') vers"' - <&. 

"Jo <* 

By assuming vers"* - = ^, we may shew tliat 



I J{2ax — a;') vers"* -dx = —— . 
Jo « ^ 

Hence /oV^ = K«' - f «'; 

therefore 3?=*^^^ =^ (K-f). 

114. If a cmrve have a branch below the axis of x sym- 
metrical with one above the axis, and we require the centre 
of gravity of the area bounded by the two branches and or- 
dinates drawn at the distances c and h from the origin, we 
have 

^^2jlyxdx ^flyxdx 

^Ic'ydx J^ydx ' 
and y = 0. 

115. We have hitherto supposed the axes rectangular; 
if they are oblique and inclined at an angle o), then the figure 
PQML (see fig. to Art. Ill) will = sin w^^Aa; ultimately. 
Hence the formulae (1) and (2) of Art. Ill remain true, for 
sino) occurs as a factor in the numerator and denominator, 
and may therefore be cancelled. 



ISO 
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116. It is sometimes convenient to use polar formnlce* 

Let DE be the arc of a curve; and suppose Ire i^uire 
the centre of gravity of the area comprised between the arc. 
DE and the radii OD^ OE drawn from the pole 0. 




Divide the angle DOE into a number of angles, of which 
PO Q represents one ; let OP =» r, POx ^e,POQ = A0. The 
area POQ = ir'Ad ultimately {Dif. Cak., Art. 313). Also 
the centre of gravity of the figure POQ will be ultimately, 
like that of a triangle, on a straight line drawn from O hi^ 
secting the chord PQ, and at a distance of two-thirds of this 
straight line from 0. Hence the abscissa and ordinate of the 
centre of gravity of POQ will be ultimately 

|f (Jos 0, and |r sin ^ respectively. 



Hence 



-_/|rcos^i7^ l/r' cos OdO 
^^ J^d0 " Jr'de 

- _ /§r sin e^T^dO _ |/r» sin 0d9 
y J^r'de " Jr'dd 



^ In these formulse we must put for r its value in terms of $ 
given by the equation to the curve; We must then integrate 
from ^ = a to = fi, supposing a and jB the angles which OD 
and OE respectively make with the fixed straight line Ox. 
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117. SiX. Let be the focus of a parabola, and the 
fixed straight line Ox pass through the vertex; then 

a 



cos^d' 
where 4a is the latm Tectum of the patat>ok. 



^ cos 6 



Hence x^ ^^y ■. , 

i.cos^i^ 

T^T- r cos ,^ Tcos^ ^^ - sin^ \0 j - ^ ^^ 
J cos* ^0 J cos* i^ 2 

= / (1 - tan^ ^0) (1 + tan" ^0) sec' J^J^ 

= / (1 - tan* ^0) sec' J^c?^ =. 2 (tan ^^ - ^ tan'' ^^) ; 

therefore I — s;^rf^ = 2(tanJ/3-tan Ja)-|(tan"i/9-tan''ia). 

J a cos ^u 

therefore | — jtb = 2 (tan i^ - tan ^a) + f (tan'^yS -tan'ia) ; 

J II COS -jt/ 

therefore S = «o te^ »^ " taa ja - j (tan' \$ ^ tan' i«) 
ttteretore « «« • tan ^yS - tan ^a + J (tan* ^/S - tan* ia) ' 

4 , f sin ^ M „ r sin i^ ^^ 1 

therefore | — er-a ^^ = sec* \B ^ sec* \a ; 

J« cos'*^^ * ^ 

. - -_i sec* \^ — sec* ^g 

theretore y-*«-tanJy3-tan}a + Hta^H^-tauH^V 
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Plane Area. Double Integration. 



118. There is another method of dividing a plane area 
into elementB, to which we now proceed. 
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Let a series of straight lines be drawn parallel to the axis of 
y, and another series of straight, lines parallel to the axis of a;. 
jLet st represent one of the rectangles formed by these straight 
lines; and suppose x and y to be the co-ordinates of a, and 
x + Ax and y + Ay the co-ordinates of (. Then the area of 
the rectangle at is AicAy, and the co-ordinates of its centre 
of gravity are ultimately x and y. Hence, to find the abscissa 
of the centre of gravity of any plane area, we can take the 
sum of the values of xAxAy for the numerator, and the Bum 
of the values of AxAi/ for the denominator, Aic and Ay being 
indefinitely diminished. This is expressed thus, 

._jfxdxdif 



Similarly, 
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|.19. Sappose, for example, tliat tlie area is bounded hy 
I two ordinatea BhC, EeH, and the two curves BPQE, 
Let y = <^ {x) be the equation to the upper cun^e, and 
t-^ (a;) the equation to tlie lower curve; let OC = c, 
p^ h. The sum of the product xAx Ay for all the rect- 
clea similar to si, which are contained in the strip PQqp, is 
il to asAa; multiplied by the sum of the values of Aw, for 
J has the same value for each of these rectangles. Since 
sum of the Taluea of Ay ia Fp or ^ i^)~'*}^{^)< ^e have 
. {<f> {x) — i/i" (a:)} as tlie result obtained by considering all ' 
rectangles in the strip PQqp. We have then to sura up 
tbe values of !cAa;{(^ {x) — i/r (jt) 1 for all the sti-ips similar io 
PQqp comprised between Bb aiid Ee.\ that is, we must deter- 
mine the value of /*ic {0 [x) — i^ {x)] dx. Considerations of a 
similar kind apply to the denominator of x, and we obtain 

-_/,'i»(«)-+M)<£« 

In the numerator of y we observe that jAy Aic represents 
■that portion of it which arises from the element at', lience we 
shall find the result obtained from all the elements in the 
strip PQqp, if we determine the sura of all the values of jAy, 
and multiply the result by Aa;. Now the sum of the values of 

yLy is / ydy, or J[[<^ {x)]'- [i/r [x)Y\. If we multiply by 

J tw 
\x, and find the sum of the values of the product for all the 
dCrips between Bh and Ee, we obtain the numerator of j. Hence 



I 



1.^ 

I The meaning of the factors in the numerator is now ap- 

I parent; for ji^ (a) — ■^ (a;) } Aa: ultimately represents the area 

I of the strip P Qqp, and i j (ar) + V' (*) 1 1 which is the ordinate 

L of the middle point of Pp, will idtimately be tUn Q'cdlo.a.te 



-_i/;[ltMMtMlV! 

I The value of y may be written thus 
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of the centra ctf gravity of PQqp. Henoe the aboY# eqjOatioD 
agrees with that given in Art. 66^ 

The |n:oces9 aiid the figure in the preceding tno Ajrtlcles 
wOuId nave been unnecessaary if_our only object had been to 
establish the formulse for E and y, since these formtllaa can be 
obtained more simply as we have just shetni. But we shall 
Inquire hereafter Other foitnulsB involving double InteglratiaB, 
and have therefore directed the header's attention to these 
in order to accustom him to the subject. 

120* Ex. Let OPE be a parabola having for its eqnatioQ 
y^ =3 4aa?, and OE a straight line having for its equation y == Absb; 
find the centre of gravity of the area OPE between the curve 
and the straight line. 




Here ^ (a?) = 2 V(«3j)> '^(a;)=Z;a?, c = 0; A is to be found 
from the equation 2 *J[ah) = kh \ 



therefore 



Thus x = 



i _4a 

jix {2 V [ax] — hx] dx 
' ]l\^\l{ax)-hx\dx 



2A 
d 



8a 
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Similarly, y = f^j^-^f,^ 

/, [2 sl{ax) -kx}dx 



121. Sometimes it will be more convenient to iQtegrate 
the formulae in Art. 118, ^r^^ with respect to x and then with 
respect to y. For example, if the given area is comprised be- 
tween the straight lines y = c', and y = A', and the curves 
x^a'^/r (y), 4^d aj = ^ (y), we obtain 

i:_ //y{<^(y)--f(y)}<^y 

K we apply these to the example given in Art. 120, we have 
•^ (y) = ^ , ^ (y) «|) c'sr 0, and A' is to be fowd from the 

equation r ~ 7" 5 therefore A' = ^ t 
Hence a? = ^j ■ * ■ ■ ■ , 

/>(i-a-» 

The results will of course be the same as before. 

For fuller explanations and illustrations of double integra- 
tions the student is referred to treatises on the Integral Calcu- 
lus. (See especially Integral Calculus^ Art, 141 and Art. \^1\ 



y 
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122. We will now give polar funnabe inToIving doaUe ^ 
integration. 

Let a series of straight lines be drawn from a pole O, also a 
aeries of circles be described from as a centre. Let *f be one 
of the elements formed by this mode of dividing a plane area; 
let T and 6 be the polar co-ordinates of «, r + Ar and d + A0 the 
co-ordinates of t; then the area of the element at will be iilti< 




mately rA^Ar, and the abscissa and ordinate of its centre of 
gravity will be r cos 5 and r sin 6 respectively. Hence we 
obtain 

_ //r cos $rd6dr _ J^ cos ffdOdr 
"" ffrdOdr - JJrdedr ' 

Similarly y=>J-^^-^^—. 

Snppose the area bounded by the cnrves BPQE, hpqe, and 
the radii ObB, OeE. Let r = ^{$) be the equation to the 
iirst curve, r = ifr (fl) tliat to the second; and let a and ff be 
the angles which Olt and OE make respectively with Ox. 

The sum of the values of r' cos fl Ar Afl for all the elements 
comprised in the strip PQijp, will be found by multiplying 
the sum of the values of i^Ar by cosM5; the former sum 
is nltlmately 
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Hence the numerator of the value of x is 
and the denominator, in like manner, is 



therefore 



- _ l/f cos g [{.AW I'- {V^ {ff)Y] de 



X — 



iimm-i'^m'ide 



Similarly l7- t/f 3ing[[<^(g)r-{t(g)ne?g 

123. Ex. 1. Find the centre of gravity of the area com- 
prised between two semicircles Opb and OPB. 




Let06 = c, 0-B=A; <f>(e)=^hcoa0, i^(^=ccosd; a = 0, 
)8 = i7r; thus 



aj = 



9 

I. 



2 3 h'-c* 

l A' + ^ + c' 
2 h + c 



,_^*' cos* Odd 
fj'coa'dde 



(See Inteff. Calc., Art. 35). 
Also 



- = |(^'-c°)/,''s ingco8'g<?(9 



ih" - o") f^^ cos" ede 

(A^-Oi-n- 3{A + c)7r 
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Es. 2. Thesectorof a circla. 

Let BOE be the sector, sub- 
tending an angle /3, OB = a. 

In this example we may 
witb eijual facility integrate 
first with respect to and then 
with respect to r, or first with 
respect to r and then wltli le- 
apect to 6. 

- /"ff'''co8 g(?>-t^g _ aing /frVf 8g sin ff 

~_J^Jfi'B{ad_drdd (l-cosg]/,V^r Zafl-cosff) 
^~ !;JfrdrS " ^/.V(?r " 3j9 

It will be instructive for the student also to notice the 
solution of this example when rectangular formulje are used. 
The equation to the straight line OE is y = a:tan/3; and the 
equation to the circle EB is a:' + ^ = a'. 

If we integrate with respect to w first we must integrate 
from a; = ycoty3 to x^-J^^^y^); since when we integrate 
with respect to x we have to collect all the elements in a strip 
which is parallel to the axis of x, and is bounded by OE at 
one end and by EB at the other. These strips extend from 
the axis of x up to E, and the ordinate of £ is a sin (S. Hence 
we integrate with respect to y from ^ = to i/ = a sin /S. 
Therefore 






dx 



nydydxc 

J J ^^^^ 



where ■^{y)=ycoi^, ^ (y) = '/{a'-y), /.' = osin/3. 

The integrations may be easily efiected. 

If we wish to integrate with respect to y first, we shall 
have to divide the figure into two parts by a straight line 
drawn from E perpendicular to OB, For the part to the 
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dividing line the limits of ^ are and x tan (S, and 
! and a cos /9, For the part to the right of the 
the limits of y are and •/{a' — a?), and those 
^ and a. Hence 
j-acosS ritanfl fa rVta'-^ , , 

I a; roc ow + ( I anixav 



dxdff+j 



dxdy 



Slmllarlj y may be espreased. 

We have treated this example as an illustration of integra- 
tion rather than for the purpose of obtaining the result in the 
simplest form. We might proceed thus ; the centre of gravity 
must lie on the straight hne which bisects the angle EOB. 
Hence taking this straight line for the initial line and using 
polar co-ordinates, we have j = 0, and 



JTi 



COS 6 dr dS 



4«8ini^ 



ITi 



drde 



Solid of devolution. 

124. Let a solid be generated by the revolution of the 
curve BPQE round the . 

axis of X, and suppose ■ — - 

we require the centre of 
gravity of a portion of it 
mtercepted between planes 
perpendicular to the axis 
of revolution. 

Let the co-ordinates of 
a point P in the curve be 
X and y, and tc + Aa; the abscissa of an adjacent point Q, 
As the curve revolves round the axis of x, the area PQML 
will generate a volume which ia ultimately equal to -rrt/'Ax. 
Also the abscissa of its centre of gi^avity will be x ultimately. 
Henee 

— _ J'jry'irdx _ fy'xdx 
~ ftry'dx Hy^dx ' 
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The centre of gravity of the solid is obviously in the straight 
line Oxy so that we only require the value of 5 in order to 
determine its position. 

125. Ex. 1. Let it be required to find the centre of 
gravity of a portion of a paraboloid. Suppose y* = 4aaj 
the equation to the generating parabola, and that the solid 
is bounded by planes distant c and h respectively from the 
vertex; then 

If we put c = we find for the centre of gravity of a seg- 
ment of a paraboloid commencing at the vertex 

« 2h 
a? = — • 
3 

Ex. 2. Required the centre of gravity of a portion of a 
sphere intercepted between two parallel planes. 

Let y^ = a* — aj* be the equation to the generating circle ; 

If we put c = and A = a, we find for the centre of gravity 
of a hemisphere 

Ex. 3. Find the centre of gravity of the solid generated 
by the revolution of the cycloid y = V(2aic — a?') +avers"^ — 
round the axis of x. 

xiere x — '~T^r~Tj • 

So ydx 

X f a;\* 

Now y^ = 2ax — a?-\-2as/{2ax — x^) vers"^- + a* (vers"^-) . 

Thus the numerator of x consists of three integrals of 
which we will give the values ; these values may be obtained 

without diflSculty by transforming the integrals where vers""^ - 

a 
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-,« 



occurs by the assumption vers"^ - = ^, so that a; = a (1 — cos ^, 



a 



and then integrating by parts. We shall find 



£ 



(2aa; — ij^) xdx = --- , 

o 



2a I ajv(2aa? — a?) vers ^- aa? = 2a(-— - +-7- J , 
a' I a: [vers"* - j di = f — 4 ) a*. 



Hence the numerator of x is 



w . /Ttt* 16 



(lit^ 16\ , 



Also the denominator of x consists of three integrals which 
have the following values, 

I (2aa; — a:') db = -r- , 

2a \ *Ji2ax — a?^ vers"* - c?aj = 2a—-- , 
J« a 4 ' 



a'l'^^vers-* ^Ydb = (tt" - 4) al 



Hence the denominator of x is f — — o ) ^*« 



Therefore 









3«" 



(637r' - 64) a 
6 (97r* - 16) ' 



126. If a solid of revolution be formed by revolving a 
curve round the axis of y, we find for the position of the 
centre of gravity 

^ JTTX^dy jct?dy 



-laj 



For example, let the cycloid y = Aj[2ax — a?)+a vers"* - , 

a 

revolve round the axis of y, and suppose that we require the 

9—^ 
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centre of gravity of the volume generated hj that half of the 
curve for which y is positive. Here 

y ira?dy • 

Now jo^ydy =Ja?y -^ dx ; thus in the present case, 

J a^ydy==j a?y^dx. 



Similarly I a?dy=\ a^^dx. 

The numerator of y consists of two integrals which have 
the following values, 

•«« 4a* 

X (2ax — x^ dx = -— , 

o 

aj x»/{2ax — x^veis-dx = a( — + —T—j. 



i: 



- . TT 



The value of the denominator of y is — a\ 
Therefore v = = ( 7r + t ) — • 

•^ TT 3 \9 4/ TT 

—a 
2 

127. We may also find it convenient in some cases to use 
formulae involving double integration. 

Suppose the figure in Art. 118 to revolve round the axis 
of X ; let a;, y be the co-ordinates of 5 ; and x + Arc, y + ^y 
those of t. The area st generates by revolution an elementary 
ring, the volume of which is tt {y + AyYAx^Tr^Aa:; this 
may be put ultimately equal to ^TryAyAx. The centre of 
gravity of this ring is on the axis of a;, and its absciissa id 
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ultimately x. Hence by proceeding as before we shall have 
ultimately 



j j y^^y 



1 



wliere y = 'f-(x) la the equation to the lower bounding curve 
and 9/ = ^(x) to the upper, and c and h are the abscissse of 
the planes which bound the solid of revolution perpendicu- 
larly to ita axis. 

Similarly, if the solid ia formed by revolving the area in- 
cluded between two curves round the axis of y, we shall 
have 

I I xdydx 

Or we may use polar formulfe. Suppose the figure in Art. 
122 to revolve round the axis of x ; let r, be the polar co- 
ordinatea of a ; and r + Ar, 6 + Ad those of t. The volume 
of the ring generated by the revolution of the area st is ulti- 
mately 2irr s'm 8 rArAff ; and the abscissa of the centre o£ 
gravity of the ring is ultimately r cos $. Hence 

^ ~ jy sin ddddr ' 
Similarly, if the figure revolve round the axis of i/ 
JJr' cos e sin d 0dr 
jy cos e Sdr ' 

We have hitherto assumed the solid of revolution to be 
of uniform density ; if this be not the case the formulas must 
be modified. For example, take the first formula in the 
present Aiiicle ; suppose that p denotes the density at the 
point (x, y). Then the mass of the ring considered will be 
ultimately 2vpy Ay Ax, Hence 



y=- 
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0pyxdxdy 
I / pydxdy 

And p being supposed & known function of x and y, the 
integrations present no theoretical difficulty. 

Similarly the polar formnlse may be modified. For example, 
instead of the formula given above for x we now obtain 
^ _ /Jpr' sin ^ COS grfgJr 
'^ ffpr* sin 0d0dr ' 

In this case p must be expresaiWe as a fiuction of r and 
$, in Older that the integrations may be practicable. The 
most common cases are two ; in one the density depends only 
on the distance from a fixed point in the axis of reyolntion, 
so that by taking this point as origin a is afunction of r; in 
the other case the density depends only on the distance &om 
the axis of revolution, so that p is a function of r sin 6. 

Any Solid. 




128. To find the centre of gravity of a solid we divide It 
into elements aa follows: draw a series of planes perpen- 



ANT SOLID. 

liar to tlie asia of x, tben two consecntive planes will 

iude Iretween them a slice such aa LplmqM in the fignre ; 

— a second senea of planea perpendicular to the axis of y, 

each slice ia divided into strips such aa PpqQ in the 

;re ; lastly, draw planes perpendicular to the axis of z, 

1 each atrip ia divided into parallelepipeds such as st in 

figure. Let x, y, s be the co-ordinates of s and x + Aa;, 

y + A^, z + Az those of ( ; then Ax A]/ As ia the volume of st, 

and a3 the co-ordinates of its centre of gravity are ultimately 

X, y, and z, we have 

* ~ '^ffd^dydz ' ^ ~ ~SJjdi'd>jdz ' " ~ ~ffjd^dydz ■ 

129. In applying the above formalje to examples, great 
care ia necessary in assigning proper limits to the integra- 
tions ; this we shall illustrate by Examples. 

Ex. 1. Find the centre of gi-avity of the eighth part of 

fn ellipsoid cut off by three principal planes. 
Let the equation to the s-urface be 



Then the equation to the curve in which the surface meet-i 
the plane of {x, y) ia 



Integrate first with respect to z, and take for the limits 3 = 

and z = c . / f 1 s — 'i3 ) i ^c thus include all the elements 

bke st which form the strip PpqQ. Nest integrate with re- 
spect toy, and take for the limits y = and^ = 6. /fl 5J ; 

we thus include all the strips like PpqQ which form the slice 
~ ihagM, Lastly integrate with respect to x, aui ^a-V^i W 
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the limits x = and x = a; we thus inolude all the slices 
LplmqMwldcii form the soUd we are considering. Hence 



S:U%''dxdydz ' 



x = 



therefore x = 



where we put z^ for c a/i^ — -» — «]» 
and yj for h j^(l - ^ . 

Now r'^^ = ^. = v(^"^"S' 

therefore a; = -j:3 = . ^ =-5-. 

imilarly y=g-> ^"^T* 

We may in this example effect the integrations with equal 
simplicity in any order we please ; if we integrate first foy a?, 
then for y, and lastly for z, we shall iave 

nl xdzdydx 



^-. ^ nJ -f 



I dzdydx 

Jo 
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-wliere x^ stands for ^ a /{ 1 — 3 — m) > 

aad t/^ stands for ^ a/ ( 1 — ;?) • 

This will be easily seen by drawing a figure so as to make 
the planes bounding the slice parallel to that of (a?, y), and 
the edges of the strip parallel to the axis of x. 

Ex. 2. Let it be required to find the centre of gravity of 
the solid bounded by the planes z = fix, z = yx, and the cylin- 
der ^=2aa:-a?". We shall have 

rzaryi ryx 

I I f xdxdydz 

r2aryi ryx ' 

I I \ dxdydz 

Jq J ^ Pi J fix 

where y^ is put for tsji^ax — of). 



a; = 



Now 



therefore 



ffX 

efe = (7 - /3) x,; 

J fix 

r2aryi 

I I Q^dxdy 

J n J -1/1 



5=^ 



Also 



therefore 



I xd^dy 

fPi 

I dy = 2A/{^ax-a?); 

f2a 

» = ■—- 



5a 

T 



r2a 

I x. *^{2ax — a?*) db 

Jo 

(See Integral Oalculus, Ex. 5 to Chap, iii.) 
Similarly we may find 

y=^> 0- — ^ — . 
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130. It is often convenient to divide a solid into polar 
elements. 

Let a series of planes be drawn tlirough the axis of z ; the 
solid is thus divided into wedge-shaped slices such as GOML, 
Let a series of right cones be described round the axis of z 
having their vertices at 0; thus each slice is divided into 
pyramidal solids like 0PQ8. Lastly, let a series of concentric 




spheres be described round as centre ; thus each pyramid is 
divided into elements similar to pqst 

Let xOL = <f>, GOP=0y Op = r, 

L OM^ A«^, POQ^ A0, pt = Ar. 

Then pa is the arc of a circle of which the radius is r and 
the angle A^; therefore ^j=rA^. 

Also ps is the arc of a circle of which the radius is r sin 
and the angle A<^ ; therefore ps^r sin dA<^. 

Hence, since the element pqst is ultimately a parallelepiped, 
its volume is r^ sin 6A0A(j)^r. 

Also the co-ordinates of its centre of gravity are ultimately 
r cos (j) sin 0, r sin (j) sin 5, and r cos 0. Hence supposing its 
density to be /), we Have 






POLAR FOEMUL^C. 

_ ^ flfpy" Bin' d COS 4> (7 j> dS dr 
^ fffpr'am0d<pdedr ' 

- = Hl^. ^^""^ ^ ^'^ t d 4>dedr 
^ JJlpr'sm0dfd0dr ' 

- _ JJfpi^ sin cosOd^dedr 

JJJpr' sin ^ dtf> dd dr 

131. Ex. 1. Apply the preceding formula) to find the 
centre of gravity of a liemiapheie whose density varies as the 
n"' power of the distance from the centre. 

Take the axis of z perpendicular to the plane "base of tlje 
hemisphere. Let a te the radios of the hemisphere, and 
p = /tr", where /i is a constant. First integrate with respect to 
r from to a ; we thus include all the elements Vi^apqst com- 
prised in the pyramid 0PQ8, Next integrate with respect to 
9 from to ^, we thus include all the pyramids in the slice 
COML. Finally, integrate from ^ = to ^ = 27r; we thua 
include all the slices, Thus 

- _ irS^f^'*" a i" ^ cos ed 4,dBdr 

_n-|-3 Jg'' J*' Bin 6 COS 9 dcf, d8 _n + 3 a 
"" + *'* J'"!^^" sin ed4,dO ^n + 4"2' 
X and ^ each = 0. 

fix. 2. A right cone has its vertex on the surface of a 
here and its axis coincident with a diameter of the sphei 



I 



gpi 



find the centre of gravity of the solid included between the 
cone and sphere. Take the axis of z coincident with that 
of the cone ; suppose a the radios of the sphere, the semi- 
Tertical angle of the cone. The polar equation to the sphere 
ia T = 2a cos 0, and to the cone 8 = 0, Hence we have 



i^and^ eacli = 



/StT r? /2ttC0B« 
I I T'cosesmedtfydddr 

I I I r" am 8 d(l>dedr 
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Curve. 

132. Suppose a circle of variable radios to move so that 
its centre describes a given curve and its plane is alwavs 
perpendicular to the tangent line of the curve, we may requure 
the centre of gravity oi the solid generated. The simplest 
case is that in which the radius is constant and the solid of 
uniform density ; the result depends solely on. the nature of 
the curve described by the centre of the circle, and for short- 
ness the process is called finding the centre of gravity of a 
curve. 

Let BPQE be a plane curve ; BP the length measured 
from some fixed point 5, 
J5P=5, PQ^^s\ x,y the T 
co-ordinates of P. Let h de- 
note the area of a transverse 
section ; then the volume of 
the element PQ is A;A«, and 
the co-ordinates of its centre 
of gravity are ultimately x 
and y. Hence 



JC 



^ thjJ TIT "• W ^f ^ ^ constant. 



I'/Ht)]^ 



I'JHZ 



dx 



•• • • (ol* 



dy 



From the equation to the curve y and -^ are known in 
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terms of x; their values must be substituted in the preceding 
expressions and the integrations then effected. 

If -we use polar co-ordinates we have x = r cos ^, y = r sin 0, 
Hence 

«= r If ' /Xx!l| > y = 



and 



VFQ}^ /v/l-^Ql 



dB 

•■(4); 



for r and -j^ we must su]bstitute their values in terms of 6 
do 

given by the equation to the curve. 



133. Ex. 1. A straight rod of uniform thickness and 
density. 

Taking the origin on the line we have y = fix, where fi is 
constant; hence, by equations (3) of Art. 132, supposing the 
origin to be at one end of the rod and h the abscissa of the 
other end, 

-_ !o^dx h fij,'xdx _fik 

^■" J.'dx "2' y- J,'dx " 2 • 

That is, the centre of gravity is the middle point of the rod. 

Ex. 2. Suppose the transverse section of the rod to vary 
as the n^ power of the distance from one end. Take the 
origin at this end, and suppose the axis of x to coincide 
with the axis of the rod ; then y = 0, and in equation (1) of 
Art. 132 we put fix* for &, where /m is constant. Hence, if h 
be the length of the rod, 

*"/>V5 ""/oV^ ""w + 2'^- 
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Ex. 3. An arc of a circle. 

Take the origin at y 
the centre of the circle, 
and the axis of x bi- 
secting the arc. Then 
y = ; and supposing 
2 a to be the angle sub- 
tended at by the given 
arc, and a the radius of 
the circle, we have, by 
Art, 132, equation (4), 




- a*/*a cos OdQ a sin a 



Ex. 4, The arc of a semicycloid. 

Take the origin at the vertex, and the axis of y a tangei 
there; then f-^ j = : hence 



Ui 



— ]dx 
xj 



I x'^dx 



2 (2a)4 






Va? 



^ow j^Jx^2fy^dx^2y^x^2f^x^dx 

= 2y V^-2/V(2a-a;) die = 2y V« + f (2a — a;)* ; 

therefore / —dx = 27ra (2a)* - 1 (2a)* ; 

therefore p^ ^^^ (^f -4(2«)* ^ (,.^) ,. 

2 (2a)* 
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[• Ex. 5* The curve y = Jc (/+ e\ 

If a' denote the length of an arc of the curve measured from 
the point whose co-ordinates are 0, c, to the point {x\ y'), we 
have for the co-ordinates of its centre of gravity 



Now 



therefore 



and 



thus 



Also 



therefore 



and 



Also 



/ x-T~ dx 

— J n 



dx 



X 



Ij^^"^ 



8 



y = 



dx 
7 



^y 1 / ! -*N 



dx 2 






e'+O; 



a = I (e« - e' •), and «' = | (e« -e\ 






CX , r 



.3 X 



^ ^e'-e')--{e' + 6')', 



I. 



" da , 
x-T-dx 
ax 



est' S- y- r' ?^ -^ 



; / 



a: = a?, — 



X8 —cy +c, 

c [y' - e) 



8 



t da c C - -- - -* 

jy-^dx^^j{e'+e'){e' + e')dx 
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-ih 



sx ix Jt 



therefore J y ^da; = -(e'' -e *') + — 

2 "^ 2 ' 
and V = ^ 



2 ' 25 



/ • 



134. If the curve he of douhle curvature, the formulss 
(1) and (2) of Art. 132 still hold; in order to effect the inte- 
grations we may use the formula 



^/{ 



and from the two equations to the ctirVe we must find -j- 

and -J- in terms of z. (See Integral Gahulus^ Art. 120.) For 
example, in the helix 

a? = a cos nz^ y = a sin nz ; 

therefore jt = V(l + wV), 

- J^/ (1+ r?cl!) xdz ^ja cos nz dz 
^^ S^J{l + nW)dz jdz • 

If we take for the limits z = and « = A, we have 

— a sin nh 
na 

„. ., , — a(l — cosw^) _ -, 
Similarly y = --^^ r i , z^^Ji. 







Surface of Revolulion. 

135. Let BPQE be a curve which by revolving roumi 
the axis of x generates a surface Suppose a shell of 
which thia surlace is the 
exterior boundary, and 
which the interior boundary 
b another surface of revolu- 
tion round the axis of x in- 
definitely near to the fori 
Bequired the centre of gravity 
of a portion of this shell cut 

off by planes pei'pendicular to ~ 

axis of X. 

Xet P, Q, be adjacent points in the exterior generating 
'c ; suppose B a fixed point in the curve, let BP= s, and 

_ = As ; let X, y be the co-ordinates of P ; ^ the thickness of 
the shell at P. i"he volume of the element contained bi 
two planes perpendicular to the axis of x through P and Q 
respectively is ultimately Qth/JcAi, and t!ie abscissa of the 
centre of gravity of thia element is ultimately a: ; hence 



V{-(D1' 



I where c and h are the distances from the origin of the 
I ing planes. 

Since the centre of gravity required is on the axis of x_ 
I need only the value of x in order to determine its position. 
T. S. \Q 
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Similarly, if the curve BPQE generates a surface by : 
volving round the axis of y, we have 






/.VF©h' 



where c and h denote as before the abscissae of the extremit 
of the curve. 

If we use polar co-ordinates, we have a; = r cos 0, y = r sin 
and 



ds 

To 



VP 



+ 






thus if the curve revolves round the axis of a?, we have 



a; = 



/--Vf'-^S)]''' 



and if the curve revolves round the axis of y, we have 



f/ cos e sin e /jr' + i^\ dd 



drV 



The limits of the integrations are the values of 6 whi 
correspond to the extremities of the curve. 

Ex. 1. A cylindrical surface. 

Take the axis of the cylinder as the axis of x ; then y = 1 
radius of the cylinder, and is constant ; hence 

Jcdx h-o "" 2 * 
Ex. 2. A spherical surface. 



Here 



SURFACE* 

dy _^ X 

d^ VV^' 

ds a a 
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therefore 



doi V(a'-aj') y' 
_ _ J^axdx __ c + A 



Hence in both these examples the centre of gravity is equi- 
distant from the two bounding planes. 

Ex, 3. The surface of a cone. 

Here y=^x tan a, where a is the semivertical angle, 

da 

, J^xtmaxaecadx _ 2 (A^-c°) _ 2 (h^ + hc + c") 
^^ JixUnaaecadx ""3(^^-0')"" 3(A + c) ' 

Ex. 4. Suppose the cycloid 



y = V(2aa; — a;^) + a vers"^ - 



a 



to revolve round the axis of x. 

dy /f^a-'xX ds 



Here 



thus 



dy^_ f/ 2a-x\ ds^_ /(^ 

^""V V i» /' dx'WKxJ' 



Now /y«*^=^-*P J^^ 



IQ— ^ 
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therefore / V^ = ^^^^f^ " *{"« V(2a -x)dx; 
and Sx^/{2a-x)dx = -^^^^^^^^^+iS{^a-x)idx 

therefore jx V(2a - a;) cZa; = — (2a)^ ; 

p 1 , 27ra (2a)* 8 ,^ x| 
thus I yx^dx^ 3"~i5(^^^* 

Also J 3ra!"*da; = lira (2a)* - - (2o)«, (see page" 142), 

H^^-l(2a)» 
therefore x = — ^-^— — — 

27ra (2a)4 - 5 (2a)* 



= a 



47r 

T 



_32 ?«/ _M 
45 3 V 15/ 



2^-3 ^-3 ) 

Ex. 5. Suppose the cycloid 

X 

y = ^(2ax — x^+a vers"^ - 

to revolve round the axis of y, and that we require the centre ^t 
of gravity of the surface generated by that half of the curve 
for whicn y is positive. 



Here 



^jjz^jM^-fy^ 



i 



y = 



lyj^iy"" \y^ 






The value of the numerator was found in the preceding 
example; and 



/'2a 
J/ 



2 



x^dx - ^ (2a)*, 
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{2a)i-^(ia)i 



fhexefoxe y= - 



2 . 



/ 8\ 



Ex. 6. Find the centre of gravity of the surface formed 
by revolving the curve r = a (1+ cos 5) round the initial line. 
Here 

g = -.asind, 7^+(gy=r2a«(l + cos^, 
therefore § = a/{^ + (§)} = 2«^os|.. 



Thus 



I r*si 



sin cos (7 2a cos - d9 



aj = -^ 



r» 

I r sin ^ 2a cos - cZ5 



fir H / \ 

2a I COS® o (2 cos* o " 1 ) sin -rf^ 



TrTT 

UOJ" 




I COS* ^ sin ^ d9 

Jo ^ ^ 



Now /cos*|(2cos»|-.l)8in|d» = -5cos»^ + |cos'|; 
therefore / cos'-r2cos*-- ij sin-f?5 = g-». 
Similaxlj / cos*- sin-e?d = g, 

♦I. ^^ - ^"^U"?/ 50a 

therefore «?= 1; =-^^» 

5 

jlwy Surface. 

136. lict there he a shell having any given surface for 
one of its boundaries, and suppose its thickness indefinitely 



Hence x = 
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small. Let x, y, z be the co-ordinates of any point of the 
given surface, k the thickness at that point, A;^ the area of 
an element of the surface there, then kA8 is ultimately the' 
volume of this element, and x, y, z the co-ordinates of its 
centre of gravity; hence 

^ flcxdS 

"^ " Jk'dS ' 

and similar expressions hold for y and «. 

It may be shewn (see Integral Calculus^ Art. 170) that if 
we take A/S^ such that its projection on the plane of (a;, y) \a\ 
the rectangle Aa? Ay, 

Ex. The surface of the eighth part of a sphere. 
Here aj* + y' + «' = a', 

vl^"*"fe; ^W\^^{a?^x^-fy 

fC xdxdy 

Hence a?= ^/ ' j , ^ . 

n ax ay 

First integrate with respect to y from y = to y = h/{ci^ — a?) ; 
we thus include all the elements that form the strip of sur- 
face of which LlmMiB the projection on the plane of (x, y); 
see fig. to Art. 128. 

Now r"^- ^y =hr- 

^, « _ (ifiTxdx fxdx 

therefore x = -^-f-, — j— = "Vr- • 

j^ ax Jax 

The limits of the integration for x are and a ; 

therefore 5 = Ja. 

Similarly ^ = i^> ^ = i«» • 
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137. In the preceding Articles we have given the usual 
formulsB for finding the centres of gravity of bodies, but par-i 
ticular cases may occur which may be most conveniently 
treated by special methods* We add some examples. 

(1) A circle revolves round a tangent line through an 




angle of 180"; find the centre of gravity of the solid generated. 

Let Oy be the tangent line about which the circle revolves, 

and let the plane of the paper bisect the solid ; the centre of 

gravity will therefore lie in the axis of x. Let OM—x^ 

MP= y = y (2aa? - o?) , iCV^= Aa?. The figure FQq^p will by 

its revolution generate a semi-cylindrical shell, whose volume 

is ultimately ^yirxAx ; the centre of gravity of this shell will 

2x 
be in the axis of a? at a distance — from (see Art. 133, 

Ex. 3) ; 



therefore 



I — 2y7rxdx -I yx ax 






I 2y7rxdx j yxdx 

/ a? ^/ (^ax " 0?) dx 
I x V(2aa: — x^) dx 

J A 



— "^ 



TT 



_ 5a 
It will be found that a? = 77- . 
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(2) The density of a right cone varies as the rfi^ power of \ 
the distance from the axis; find the centre of gravitj of the 
cone. 

Let OAB be the right-angled triangle which by rerolving 




round Ox generates the cone. Let P8 and QB be drawn 
parallel to the axis of x at distances y and y + Ay respec- 
tively. Let 

OA = A, angle BOA = a. 



Then 



0M= y cot a, P>S= A — y cot a. 



The volume of the cylindrical shell generated by the revolu- 
tion of PQB8 round Ox is ultimately 

27ry Ay (A — y cot a). 

Its density is /Lty**, where fi is constant; therefore, its mass is 

^TTfiy^^^ Lyiji'-y cot a). 

The distance of its centre of gravity from is ultimately (see 
Art. 135, Ex. 1) 

J (Oif + OA), that is i (A + y cot a) ; 

TAtana 

/ ^TTfjif^^ (A -y cot a) i (A + y cota) dy 



therefore ap = 



rAtana 

/ 27rfiy^^^ (A "~ y cot a) <?y 

1 rhiana 

I y«(A'-/cofa)dfy 



^«^ 



rh tan a ' 

/ y"*'(A-ycota)flr^ 

Jo 

and the integrations can be easily performed. 
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(3) A shell has for its outer and inner botmdaries two 
ffimilar and similarly situated ellipsoids; required the centre 
of gravity of the eighth part of it included between three 
principal planes. Let a, J, c be the semi-axes of the exterior 
ellipsoid, ro, rh, re those of the inner ellipsoid, r being a 
quantity less than unity. 

If a, I, c be the semi-axes of an ellipsoid ; the Tolurae of 
the eighth part is JttoSc, and the co-ordmates of its centre of 
gra\-ity are |fa, |5, and ^ (see Art. 129). Hence 

■|o, Jira5c = 
therefore x = 



^ra . ^trr'ahc + x {\Trahc ~ \wr^abc) ; 
\a{\-r*) _ l + r + rMV 



If we suppose the shell indefinitely thin, we must put r — \, 
and then x = ^a. Similar results may be found for y and z. 

(4) An ellipsoid is composed of an infinite number of in- 
definitely thin shells ; each shell has for Its outer and inner 
boundaries two similar and similarly situated ellipsoids ; the 
density of each shell is constant, but the density varies from 
shell to shell according to a given law; determme the centre 
of gravity of the eighth part of the ellipsoid included between 
three principal planes. 

Let a;, y, z represent the three semi-ases of an ellipsoid; 

fhen the volume of the ellipsoid Is — osyz. Suppose that 

y = mx and z = nx, where m and n are constants, then the 

volume becomes — - — a^, and If there be a similar ellipsoid 

having a; + Aa; for the semi-axia corresponding to the semi- 
axis X of the first ellipsoid, the volume of the second ellipsoid 

will be ■ — - — (x-l- Ax)'. Hence the volume of a shell bounded 

' 1^ two similar and similarly situated ellipsoids may be de- 

I noted by — - — {(a;-|-Ao;)" — ic"], and therefore by 47rmMa^Aa: 

when the thickness is indefinitely diminished. Let 1^(37) de- 
note the density of the shell, then its mass is iwmni^ {x) x'Ax. 
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Thus the mass of the eighth part of the shell is — ^ ^ (x) x^Ax. 
And the abacisaa of the centre of gravity of the shell meaanred 
along the aemi-axia a: ia - , "by the preceding example. Thus 



for the 



i of the centi-e of gravity we have 






dj; 



where a is the semi-axis of the external surface corresponding 
to the aemi-asia x. When ^_{x) is given the integrations 
may be completed ; and when x ia known, the other co-ordi- 
natea of the centre of gravity may te inferred from eymmetry. 

(5) A chord of an ellipse cuta off a segment of conatailt 
area; determine the locus of the centre of gravity of the 
segment. 

If a chord cuts off a segment of constant area from a circle, 
it is evident from the symmetry of the figure that the locus of 
the centre of gravity of the segment is a concentric circle. 
Now if the circle be projected orthogonally ujjon a plane in- 
clined to the plane of the circle the circle projects into an 
ellipse; and the segments of the circle of constant area project 
into segments of the ellipse of constant area; also the con- 
centric circle projects into a second ellipse similar to the first 
ellipse and aimilarly situated. 

Thus the required locus is an ellipse similar. to the given 
ellipse and similarly situated. 

This problem might have been solved without making use 
of projectiona, in the manner shewn in the next example. 

(6) A plane cuts off from an ellipsoid a segment of con- 
stant volume ; determine the locus of the centre of gravity of 
the segment. 
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.let the cutting plane liave any position; and refer tte 
bsoid to conjngate aemi-diametere as axes; let the plane 

Jfy, z) be parallel to the position of the cuttlug plane, and 

■pose the efjnation to the ellipsoid to te 



suppose the segment cut off by the plane to be divided 
3 an indefinitely large number of indefinitely thin slices by 
nea parallel to the plane of [y, z). By the properties of, 
_i ellipsoid these slices will be bounded' by ellipses which 
[ye their ceutrea on the axis of x ; and thus we see that the 
tre of gravity of the segment cut off will be on the axis of' 
Consider one of the slices bounded by planes which have' 
I their abscissae x and x + As; respectively ; then it will be 
Ipd that the volume of the slice is ultimately 

■ttVc [ 1 ^ I sin £D sin aAx, 

where u is tlie angle between the axes of y and z, and a is 
the angle which the axis of x makes with the plane of [y, s). 
Suppose V to denote the constant volume) and Xo' the ab- 
, aciflsa of the plane cutting off the segment ; then 



V= irh'c 



Bin w sm a 



£('-S 



dx 



= Tra'i'c' sin a sin a {1 - X - (1 -X')}. 

V hy the properties of the ellipsoid 

va'h'c sin co sin a = Traic, 
e a, %, c are the semi-axes of the ellipsoid ; thus 

V=-jrahc [1 -\-^{l -X'}] (l). 

, if a be the abscissa of the centre of gravity of the 
tnt cnt off, 
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"/X'-S" 




■jra%'c' sin m sin a f 1 



{J(i-^vi(i-x')} 



5(l-V)-^(l-V) , 



.(2). 



Now (1) gives a constant value for \, and then (2) shews 
that X hears a constaiit ratio to a. 

Thus the locus of the centre of gravitj' of segments of an 
ellipsoid of constant volume ia an ellipsoid similar to the 
original ellipsoid and similarly situated. 

(7) Find the centre of gravity of a portion of an ellipsoid 
compriaed between two cones whose common vertex is at the 
centre of the ellipsoid and whose bases are parallel. 

The vohime between the two cones may be divided into arx 
indefinitely large number of shells which have the centre (fc-f 
the ellipsoid as their common vertex, and their bases in planes 
parallel to the bases of the two cones. We shall first she^w 
that if the planes which contain the bases of the shells are 
equidistant the shells are all equal. Take conjugate senii- 
diameters as axes, and let the plane of {y, z) be parallel to 
the bases of the two cones. The volume of the cone whicb 
has the centre of the ellipsoid aa vertex, and for its base ttc 
plane curve formed by the intersection of the ellipsoid with I 
the plane which has x for its abscissa, ia | 

^■jrh'c' ain to sin a 1 1 r,) a;, 

where the notation is the same as in the preceding exampl^- 
The volume of the cone which has the centre of the cUipsold 
as vertex, and for its base the plane curve formed by the 
intersection of the ellipsoid with the plane which has x + ^^ 
for its abscissa, is 



JttS'c' sin £us' 



,« 1- 



(»^ + A»)- l 



(a!+A»). 
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the volume of the slice between the planes whose abscissae 
i a and a: + Aa: respectively is ultimately 

•nh'c sin w sin a (1 rJ Aic. 

Qence we obtain for the volume of one of the Bhella ulti- 
tely the product of ir&'c' sin a sin oi by 

B product is ultimately 

27ri'c'sin w sin a^x 



e centi-e of gravity of each shell ia on the axis of a; at a 
ptsnce from the vertex of the cone, wliich is equal to three 

itba of the abscissa of the plane in which the base of the 
s is situated (see Ex. (5) of Art. 109). Let x denote the 
isaa of the centre of gravity of the proposed solid ; then if 
d A be the absciasffi of the plane bases of the two cones, 



i («■■+*)■ 



_ /*27rJ'c'sino 


""-^J. 


- 'i. 3 


"■ /*2»8Vsm. 


-^!^di, 



' ii{k-h) 8 



f "VTe shall conclude this Chapter with a few general pro- 
*witionB involving properties of the centre of gravity. 

If the mass of each of a system of particles be mul- 
pied into the square of its distance from a given point, the 
•i of (h& products is least when the given point is the centre 
Bgravitif ^tke system, 

r Let the centre of gravity of the system be made the 

; let a, ^, 7, be the co-ordinates of the given point; 

s„ the co-ordinates of the first particle; iCj, y,, e„ 

pwe of the second ; and bo on ; m^, m,, . . . the masses of the 

ides; p,, p^f' the diatancea of the particles &om their 
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centre of gravity ; r^, r^, ... the di&tances 6f the particles from 
the fixed point ; then 

Multiply these equations by wi^, w^, wi^,... respectively, and 
add; then 

tn-y = (a' + ^' + 7^) 2wi - 2 (atmx + iStmy + ytmz)-{- Xmp\ 

But, since the origin is the centre of gravity of the system, 

Xmx = 0, Swiy = 0, ^mz = 0, 

therefore %mr^ =? (a* +^^ + 7') Xm + Smp^. 

Now Xmp^ is independent of the position of the given 
point; hence the least value of 2mr' is that which it has 
when a^ + )S^ + y vanishes, that is, when the given point is 
at the centre of gravity of the system. 

139. Let OTi, )Si, 7i, be the angles which p^ makes with the 
axes; a^,^^, %, the angles which p^ makes with the axes; 
and so on ; then we have, supposing the origin the centre of 
gravity of the system, 

Xmp cos a = 0, ^mp coa^ = 0, Swipco97 = 0. 

Square each of these equations and add the results ; then if 
w, m' represent any two masses, and (jo, p) the angle between 
the straight lines which join them with the centre of gravity, 

Sm^/o' + ^mrripp* cos (/o, p) =0. 
But 2/}/}' cos (/}, p) = /o' + p" - w*, 

where u denotes the distance of m and tti'. Hence 

2my + tmrn' (/)' + p'' - w') = 0. 
If we select the coeflBcient of p^^ we fipd it to be 

m^ + m^ {m^ + wig + ...), or m^Xm, 

and the other coeflScients are similar. Hence the above 
equation may be written 
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140. If a particle he acted <m hy a number of forces each 
passing through a fixed point and proportional to the distance 
from thai point, the resultant force will pass through a fixed 

int and be proportional to the distance from that point. ^^ 

Tate any position of the particle aa tlie origin; let ^| 

, w. , 2,, te the co-oi'dinates of a fixed point ; r^ the distance ^| 

' this point from the origin; ^,r, the force which acta on ^| 

the particle from this tixed point. Similarly let x^, y,, a^, ^| 

be the co-ordinatea of a second fixed point; r^ its diatance ^| 

Irom the origin, and ytt,r, the corresponding force on the ^| 

particle, and bo on. Let X, Y, Z denote the whole force ^| 

acting on the particle along the axes of x, y, z; then, by ^| 

Art. 26, ■ 

X=/(.^J', X -^ + ^/a X — ' + Ma''B X -' + ^H 

= ^,a;, + /»^ + ^3a;,+ ^H 

SimJIarly Y= fij, + 1^^.,+ /i^^+ , H 

and Z=fi^z^+fj.^^+fi.^s^+ ^M 

Ijet X, y, z be the co-ordinates of the centre of gravity ^| 

of a system of particles, wlioae masses are proportional to ^| 

^j, ^j, ^,, ...placed at the respective fixed points; then ^| 

_ _ S/ia: _ _ XiJ.y ^ _ S/jg _ ^H 

S/i ' X/i ' ^^ ' . ^^1 

therefore X=x'S.fi, Y=y%fi, Z=zS/j.. ^^M 

These equations shew that the resultant force is equal to ^H 
rS.pi,, where r is the distance of the centre of gi-avity from ^H 
the origin, and tliat its direction passes through the centre of ^| 
Bgravity. Hence when the particle is situated at the centre of ^H 
Iwavity the resultant force vanishes and the particle ia in ^| 
lEij^iiililin'uni ^H 

141. A body is placed on a horizontal plane, to find when ^| 
lit tDtU ie supported. ^H 

The only force acting on it besides the resistance of the ^H 
plane is its own weight, and this acta in a vertical direction ^H 
through the centre of gravity of the body. Hence, by ^H 
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Art. 91, the tody will not be in equilibrium unless the I 
vertical through the centre of gravity of the tody fails ' 
within a polygon formed by bo joining the pointa of contact 
of the body and the plane as to include them all and have 
no re-entering angle. 



When a hody is suspended from a point round wJticJi it can 
move freely, it will not rest unless its centre of gravity he in 
ike vertical linepasstng through the point of suspension. 

For the body ia acted on by two forces, its own weight 
which acta vertically through its centre of gravity and the 
Ibrce arising from the fixed point ; for equilibrium these forces 
must act in the same straight line and in opposite directions ; 
thus the centre of gravity must be in the vertical line passing 
through the point of suspension. 

Hence if a body be suspended successively from two points 
the vertical lines drawn through the points of suspension will 
both pass through the centre of gravity ; therefore the point 
ia which they intersect is the centre of gravity. 

If a iody he capable of revolving round an axis which u 
not vertical it will not rest unless the centre of gravity he in 
the vertical plane passing through the axis. For the body is 
acted on by its own weight and the forces arising from the 
fixed points ; by Art. 87, the moment of tlie weiglit round the 
fixed axis must vanish, this requires the centre of gi-avity to 
be in the vertical plane through the fixed axis. 

The student will readily perceive as an experimental fact 
that there is an important dift'ercnce between the position of 
equilibrium in which the centre of gravity ia vertically ahove 
the fixed point or fixed axis, and that in which it is vertically 
below it. In the former case, if the body be slightly disturbed 
from its equilibrium position and then left to itself, it will 
begin to recede from its original position. In the latter case, 
if the body be slightly disturbed trom its equilibrium poeition 
and then left to itself, it will begin to return to its original 
position. The former position of equilibrium is called unstable, 
and the latter stable. We shall return to this point in 
Chap. XIV. 
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__ 142. The volume (F) of a portion of a cylinder inter- 
cepted between two planes, one of which ia perpendicalai- to 
the axis of the cylinder, is given by the equation 

where the plane of (a:, j) is supposed, perpendicular to the 
axis, and z ia the ordinate of a point in the other plane. 
The limits of the integrations depend on the curve in which 
.the plane of (a;, i/) cuts the surface. This follows from the 
Integral Calculus. 

Let (fi denote the angle between the two planes ; the 
Mea of an element of the otliei' section of which Ax Ay is 
the projection on the plane of (x, y) ia AxAy sec ^, Let A 
denote the area of the section of the cylinder by the plane of 
[x,y), and consequently A sec the area of the other section ; 
let z denote the ordinate of the centre of gravity of the plane 
formed by the intersection of the cylinder with the 
ond plane; then 

A see (f).z=JJz sec i^dxdy, 
Az=fjsdxdy, 
V^Ai. 

' The volume is therefore equal to the area of the base mnlti- 
l by the perpendicular upon it from the centre of gravity 
of the other section. 

The centres of gravity of the two plane sections are on 
the same straight line parallel to the generating lines. For 
the co-ordinates of the centre of gravity of the section by 
-the plane of (a;, y) are 



and those of the upper section are 

Jf^sc^dxdy ^^^Ily^^c 4>dxdy 
A sec c^ ^ sec ^ ' 

which agree with the former values. 



r 
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Thus the centres of gravity of all plane sections of s 
cylinder are situated on a Btraigbt line parallel to the gene- 
rating tinea of the cylinder. 

If a portion of a cylinder be cnt off by two planes, 
neither of which is perpendicular to the axis, we may sup- 
pose it to be the difference of two portions which have fot 
their common base a aection perpendicular to the axia. The 
difference of the straight lines drawn ftom the centres of 
gravity of the oblique eectiona perpendicular to the ortho- 
gonal section will be the straight line joining those centres 
of gravity. Hence the volume of a portion of a cylinder 
contained between any two planes is equal to the product 
of the area of an orthogonal seclion by the straight line 
Joining the centres of gi'avity of the oblique sections. 

143. Tkrovgh the centre of ffravitif of each face of a 
tetrahedron a force acts at right angles to the Jitce, and pro- 
portional to the area of the fiice: if the forces all act inwards 
or all act outwards they will be in equilibrium. 

Ivet J, B, C, D denote the angular points of the tetrahe- 
dron. The force acting on the face ABC, at its centre of 
gravity, may be replaced by three equal forces acting at right 
angles to the face at the points A, B, G respectively. Simi- 
lar substitutions may be made for the Other forces. Thus W9 
have, acting at the point A, three forces reapectirely at right 
angles to the three faces which meet at A and proportional to 
the areas of those faces ; and, by what lias been shewn in the 
Propositions at the end of Chapter y. these three forces are 
equivalent to a single force acting 3.t Am the direction peiv 
peiidicular to the face BCD, and proportional to the area (rf 
that face. Hence, by Proposition i, at the end of Chapter T, 
the proposed system offerees will be in equilibrium. 

The preceding result may now be extended to the following 
proposition : Through the centre of gravity of each face of a 
polyhedron a force acts at right angles to the face, and pro- 
portional to the area of the face: if the forces all act inioards 
or all act outwards iheg will be in equilibrium. 

For each face of the polyhedron may be divided into 
triangles; and the force, acting at the centre of gravity of 



GENERAL PKOPEKTIES. 



163 

! face may be replaced by forces acting respectively at 
I the centres of gravity of tbe ffiangles, and proportional to 

the areas of the triangles. Then the polyhedron may be 
I BQppoaed to be made up of tetrahedi-ons which have a' com- 
I mon vertex, and two equal and opposite forces may be 
I BQpposed applied at every common face, acting through the 
I eentre of gravity of the face at right angles to the face and 
I ytoportional to the area of the face. Hence the required 
I leault follows from the former part of thia ArticJe iji the 
L manner already exemplified in Preposition i. at the end of 

"^pter IV. 

^he preceding general result was firat brought under the 
ice of tlie present writer by the late Bishop Mackenzie; 
liwas given in an examination paper in Gonvtlle and Caiua 
College in 1849, probably by himaelf. The method by which 
lie demonstrated it will be found interesting and instruc- 
tive by the student who h acquainted with Hydrostatica. 
Imagine a fluid in equilibrium acted on by no forces ; then 
llie pressure will be constant throughout the mass. Sup- 
pose a portion o£ the fluid in the form of a polyhedron to 
OMome solid; then the equilibrium will not be disturbed. 
Tie forces acting on the faces of the polyhedron will be 
leapectively at right angles to the faces and proportional to 
fee areas of the faces, and will act through the centres of 
gravity of the faces, Ilence the required result follows. 

Tlie proposition may have been enunciated previously; 
lowever a very eminent mathematician stated at the meeting 
of the British Association at Cheltenham in 1836, that ho 
bad been unable to find it in print. 

By means of Art. 51 we can deduce the following proposi- 
tion reapecting couples: A system of couples represmted in 
poaition and laagmtude hy the faces of a poly/tedron will be 
fa equilihrium, mtpposing the axes of the couples all to he 
directed inwards or all outwards. Ihia is given by Miibius; 
Lehrhudi der Slatik, Vol. i. page 87*. 
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Guldtmis's iVoperfie 



144. Tf any plane figure revolve aiout an axia lying £ 
plane, the content of the solid generated hy this figure iid 
volving through any angle is equal to a prism, of whick 
base is the revolving figure and height the let^th of the f 
described hy t!ie centre of gravity of the area of the ptd 
figure. 

The axis of revolution in tliis and the following propositij 
ia supposed not to cut the generating curve. 

Let the axis of revolution he the axis of x, and i 
plane of the revolving figure in its initial position the t' 
of {x, y); let /9 be the angle through which the figi 
revolves. 

The elementary area Ax Ay of the plane figure In revoh 
through an angle A^ genei-atea the eiementary solid ^ ' 
volnme is yAffAxAy; therefore the whole solid 
=!Hfy^dyd$ = ^fjydxdy. 

The limits of x and y depend on the nature of the ciS 
But if y he the ordinate to the centi-e of gravity of the j' 
figure, then, by Art. 118, 

- Jfydxd y 

^ Hdxdy ' 

the limits being the same as before. 

Therefore the whole BoUd =^Jfydxdy =y0ffdxdy = iiia 
axe described by the centre of gravity multiplied by the area 
of the figure. 

^ any figure revolve about an axis lying in its own plane, 
the surface of the solid generated is equal in area to the rect- 
angle, of which the sides are the length of the perimeter of the 
generating figure and the length of the path of the centre <yf 
gravity (f the perimeter. 

The surface generated by the arc As of the figure reTolving^ 
through au an^e AB is yA.6 As ; therefore the whole surface 
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The limits depend on tlie nature of the ctuve. But if y be i 
I the ordinate to tne centre of gravity of the perimeter, 

,7 _ !y^_ 



_1ietefor6 the whole surface = y&jds — the arc described 
I the centre of gravity, mul'tipiied by the length of the 



Ex. 1, Torrid the solid content and the surface of the rinff i 
Wfirrmed bif (he revolution of a circle round a straight line in its 
mnplane which it does not meet, 
let the distance of the centre of the circle from the axia of | 
[ revolution be a ; let 5 be the radius of the cirele ; then the 
length of the path of tlie centre of gravity of the area of the 
ure is 27ra, and the area of the figure is irb' ; 

thei'efore the content of the solid = ^ir'ab'. 
i the length of the path of the centre of gravity of the 
Itimeter is 2ira, and the length of the perimeter is 2irb ; 

therefore the surface of the solid = iii'ab. 

. To find the centre of gravity of the area and also of 
fare of a semicircle. 

BemicLrcle by revolving about its diameter generates 

^ere ; the content of the sphere is - -jra", and the surface 

, the radius being a ; the area of the semicircle ia - -jra', 

I the perimeter ira ; therefore, the distance of the centre 
jravity of the area from the diameter 

_ content of sphere „^i. 
Stt . area of semicircle Sir ' 
inceofthecentreof gravity of the arc from the diameter 
_ surface of sphere _ Sa 
2ir . arc of semicircle it ' 
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Ex. 3. To find the surface and the solid eonieni of ike solid 
formed by the revolution of a cycloid round the tangent at iti 

vertex. 

In Art. 133 we have found — for the distance of the centre 

of gravity of the arc of a cycloid from its vertex ; and the 
whole length of the arc is 8a. Therefore the surface of the 
solid generated is 

27r X — X 8a ; that is — Tra*. 

And in Art. 113 we have found that the distance of the centro 
of gravity of the area included between the cycloid and it» 

base from the vertex is - a ; and the area so included is 

6 

37ra'. Hence the area of the portion which in the present 

case revolves round the tangent is 47ra' — 37ra', that is tto** 

And the centre of gravity of this area may be shewn to be at i^ 

distance - from the vertex. (See Ex. (2) of Art. 109.) There— 

fore the solid content of the figure generated is 27r ~ Tra", that 
is 7^'a^ 



EXAMPLES. 

1. Fiad the centre of gravity of five equal heavy par- 
ticles placed at five of the angular points of a regular 
hexagon. 

2. Five pieces of a uniform chain are hung at equidistant 
points along a rigid rod without weight, and their lower ends 
are in a straight line passing through one end of the rod; 
find the centre of gravity of the system. 

3. A plane quadrilateral ABCD is bisected by the dia- 
gonal AGy and the other diagonal divides AG into two parts 
in the ratio of o to q ; shew that the centre of gravity ot the 
quadrilateral lies in -4 C^ and divides it into two parts in the 
ratio of 2p + J to J? + 2 j. 



**. 
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4. From the feet that any system of heavy particles has 
one cenire of gravity and only one, deduce the property that 
the straight lines joining the middle points of the opposite 
sides of any quadrilateral figure bisect each other. 

5. A pyramid stands on a square base: given the co-or- 
dinates of the vertex, and the coHDrdinatea of two opposite 
corners of the base, determine the co-ordinates of the centra 
of gravity of tlie pyramid. 

6. ABO is a triangle ; D, K, F are the middle points of 
its sides ; shew that the centre of gravity of the sides of ABG 
eoincides with the centre of the circle inscribed in DEF. 

7. A piece of wire is formed into a ti-iangle; find the 
distance of the centre of gravity from each of the sides, and 
shew that if x,y, z~be, the three distances, and r the radiuB 
of the inscribed circle, then 

4^2/3 -r'(j:;+y+z)-r' = 0. 

8. If the centre of gravity of a four-sided figure coincide 
witb one of its angular points, shew that the distances of 
thia point and tlie opposite angular point from the straight 
line joining the other two angular points are as 1 to 2, 

9. Shew that the common centre of gravity of a right- 
angled isosceles triangle, and the squares described on the 

two equal sides, is at a distance = jt*^ froi" the point in 

which those sides meet, a being the length of one of them. 

10. Prove the following construction for the Centra of 
gravi^ of any quadrilateral. Let E be the intersection of 
the diagonals, and F the middle point of the straight line 
which joins their middle points ; draw the straight line EF 
and produce it to G, making F'G = a^F; then G shall be 
the centre of gravity required. 

11. A triangle ABO is successively suspended from the 
angles A and B, and the two positions of any side are at 
right angles to each other ; shew that 

50' = d? + 1\ 
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* 12. A right-angled triangular lamina ABQ is stispeiiia 

from a point D in its hypothenuae AB; prove that ia fl 

position of equilibrium AB will be horizontal if 'j 

AD : DB :: AB' A- AC : AS' + BG\ | 

13. A given laoaceles triangle is inscribed in a circle; fig 
the centre of gravity of the remaining area of the circle, j 

14. If three uniform roda be rigidly united so aa to foQ 
half of a regular hexagon, prove tliat if suspended &om (HJ 
of the angles, one of the rods will be horizontal. ■ l 

16. If ABC be an iaoacelea triangle having a right aOa 
at C, and D, E be the middle points of A C, AB respectiva 
prove that a perpendicular from J^upon BD will pass thion 
the centre of gi-avity of the triangle BD G. "1 

16. ABCD is any plane quadrilateral figure, and a, 6, ifl 
are respectively the centres of gravity of the triangles B(M 
CDA, DAB, ABC; shew that the quadrilateral oiaf fl 
similar to ABCD. J 

17. A, B, C, D, E, i^are six equal particles at the an^ 
of any plane hexagon, and a, b, c, d, e,f are the centre^ 
gravity respectively of ABO, BCD, ODE, DEF, EFA, M 
FAB. Shew that tlie opposite sides and angles of a 
hexagon abcdefa.\e equal, and that the straight linea joiaa 
opposite angles pass through one point, which is the centre^ 
gravity of the particles A, B, C, D, E, F. 1 

18. A straight line ED cuts off - th part of the rid 

angled triangle ^BC of which A ig the right angle, -(iff J 
AO = h. Shew that the centre of gravity of CEDB descOT 
the curve whose equation is j 

-=[3{ti-l)t/~-nb][3{n-l)x-na]. I 

19. The distance of the centre of gravity of any nnmn 

of sides AB, BO, CD KL of a regular polygon from a 

centre of the inscribed circle ■ 

AL X radius I 

^AB + BG+aD + + KL' I 



20. A frustum 19 cut from a right cone hj a plane "bisect- 
ing tlie axia and parallel to the base; shew that it will rest 
with its alant side on a horizontal table if the height of the 
cone bear to the diameter of its baae a greater ratio than 
V7 to V17. 

21. If particles of unequal weights be placed at the an- 
gular points of a triangular pyramid, and G, be their common 
centre of gravity; G,, G,, ... their common centres of gravity 
fur every possible arrangement of the particles; shew that the 
centre of gravity of equal particles placed at (?,, 6^,, ...is the 
centre of gravity of the pyramid. 

22. If a cone have its base united concentrically to the 
We of a hemisphere of equal radius, find the height of the 
cone that the solid may rest on a horizontal table on any 
point of its spherical surface. Mesult, ti,/3. 

23. If any polygon circumscribe a circle, the centre of 
gravity of the area of the polygon, the centre of gravity of 
the perimeter of the polygon, and the centre of the circle, are 
in the same straight line ; also the distance of the first point 
from the third is two-thirds of the distance of the second 

k'I point from the third. 

24. If any polyhedron circumscribe a sphere, the centre 
of gravity of the volume of the polyhedron, the centre of 
gravity of the surface of the polyhedron, and the centre of 
toe sphere, are in the same straight line; also the distance 
of the first point from the third ia three-fourths of the distancB 
of the second point from the third. 

25. From a right cone the diameter of whose base is equal 
to its altitude is cut a right cylinder the diameter of whose 
base is equal to its altitude, their axes being in the same 
straight line and the base of the cylinder lying in the base of 
the cone; from the remaining cone a similar cylinder is cut, 
and so on, indefinitely; shew that the distance of the centre of 

• gravity of all the cylinders from the base of the cone is -^ of 
the height of the cone, and that the distance of the centre of 
gravity of the remaining portion from the base of the c 
la ^ of the altitude of the c — 
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26. A square is cut from an equilateral triangle a dide 
of the square coinciding with a side of the triangle; from 
the equilateral triangle which remains another square is cut, 
and so on, ad infinitum: find the centre of gravity of the sum 
of the squares. 

27- Find the centre of gravity of the area contained be- 
tween the curves y'=eMP and y*=2aaj— a:*, which is above 
the axis of a?. 7> ?. - IStt— 44 _ a 

28. Find the centre of gravity of the area enclosed by 
the curve r = a (1 + cos 6). BesulL x = ^. 

29. Find the centre of gravity of the area included by a 

loop of the curve r = a cos 2^. -n i — 128a s/2 

^ JtcesuU. x^—--T- — • 

IOStt 

30. Find the centre of gravity of the area included by a 
loop of the curve r = a cos 3^. ^ , - _ 81 V3a 

807r 

31. The locus of the centre of gravity of all equal seg- 
ments cut off from a parabola is an equal parabola. 

32. Find the centre of gravity of a segment of a circle* 

33. Find the centre of gravity of the area included by 
the curves i/^ = ax and x^ = hy. 

Result. 5 = ^%a*j', y=^iii. 

34. Find the centre of gravity of a portion of an equi- 
lateral hyperbola bounded by the curve, the ti-ansverse axisj 
and a radius vector drawn from the centre. 

2y' 

Results. X = — j J—, — ~i -1 ; 

3log(a5'4-y)-3logo' 

2(a'^-a) 

^ 31og(aj' + y)-.3logd' * 

where x\ y' are the co-ordinates of the point of intersection of 
the curve and the bounding radius vector. 
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35, Two eqaal circles of radiiis a are drawn, each passing 1 
through the centre of the other, and a third circle touches 1 
hotb, naving one of their points of intersection for its centre; | 
^e distance of the centre of gravity of the smaller area in- 
vaded between the outer aud inner cii'cles from the common 

idios of the fii-st two is 

I2-27r_V3 

36. The denaity of a triangle varies as the n"" power of ' 
e distance from the base; determine n when the centre of 

Mvity of the triangle divides the straight line joining the 
■ s. with the middle point of the base in the ratio of 3 to 1 ■ 
Besult. n = -^. 

W.S7. Find the centre of gravity of the volume formed hy 
! revoluiion round the axis of x of the area of the curve 



Find the centre of gravity of the volnnie generated hy 
) revolution of the area in Ex, 27 round the axis of y. 



■ ^ 2{15tt-U)' 

39. Find the centre of gravity of a hemisphere when the 
density varies as the square of the distance from the centime. 

Uesult. ^ = 7^ • 

40. Find the centre of gravity of the solid generated by 
a Bemiparahola bounded by the latus rectum revolving round 
the latus rectum. 

Besult. Distance from focus = /j of latus rectum. 

41. The solid included between the surfaces of a con- 
tinuous hyperboloid and its conical asymptote is cut by two 
planes perpendicular to their conamon axis; find the position 
of the centre of gravity of that portion which lies between 
the planes. 

Eesult. Midway between the planea. 



42. A solid aector of a sphere hangs from a point in its 
circular rim with its axis horizontal, find its vertical angle. 

Jtesull, The cosine of tlie aemi-vertical angle is f. 

43. Find the centre of gravity of the solid generated by 
the revolution of a semicircle about a straight line perpen- 
dicular to the diameter, and which does not meet the semi- 



Sesult, Distance from the plane generated by the diameter 



44. A isB. point in the generating line of a right cylinder 
on a circular base, and S, are two others in the generating 
line diametrically opposite. The cylinder is bisected by a 
plane ABO, and one of the semicylindera is cut by two planes 
at right angles to ABC, passing through ^B and j4C Shew 
that if the solid ABC he placed with its convex side on a 
horizontal plane, the plane ABC will be inclined to the hori- 
zon at an angle tan"' [^^}, when there is equilibrium. 

45. A solid cone is cut by two planes perpendicular to 
the same principal section, one through its axis, and the 
other parallel to a slant side; find the limiting value of the 
vertical angle of the cone, that the piece cut out may rest oa 
its curved surface on a horizontal plane. 

Besull. The cosine of the vertical angle most not be 
greater than -g. 

46. A quadrant of a circle revolves round one of its 
extreme radii through an angle of 30°; find the centre of 
gravity of the solid traced out, the density being supposed 
to vary as the distance from the centre. 

BesuUs. S = ^; y=y(2-^/3); z = ^|. Theaxisofa: 

IB supposed to coincide with the initial position of the revolv- 
ing radius. 
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47. A solid is formed hj the revolution of the area of the 
carve y"~' = ax*^ round the axis of x; shew that the diar 
t&nce of the centre of gi-avity of any segment of this solid 
from the vertex bears to the height of the segment the ratio 
of I to n. The segment is supposed cut off by a piano peiv i 
pendicular to the axis. 

48. Find the centre of gravity of the surface of the solid I 
2*+^= 2ax, cut off by the plane x = c 

5[(a-H2c}'-«»| 

49. Apply Gnldinua's theorem to find the volume of the J 
irustom of a right cone in terms of its altitude and the radii J 
of ita ends. „ 7, *■"" ,™ „ „ f 

R68ult. y {iJ* + 5r + r^. ■] 

50. Find the surface and the volume of the Bolid formed 
by the revolution of a cycloid round its base. 

Result. — -— ; 5Tr*a*. 

l51. A segment of a circle revolves round its chord, which 
Wtends an angle of 90° at the centre ; find the sorface and 
uome of the solid generated. 

Eemlt.. ^-ja); iOtMz. 

I £2. An ellipse whose excentricity is — revolves about 

y tangent line. Prove that the volume generated by one 
ition into which the ellipse is divided by its minor axis 
iaiea inversely as the volume generated by the other portion. 

Acs. A plane area moves In such a manner as to be always 

^mal to the curve along which its centre of gravity moves ; 

,lTe that the volume generated is equal to the given area 

tdtiplied by the length of the path of the centre of gi-avity. 

Bence find the volume of a cycloidal tube whose normal 
'b of constant area. 
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' 54. Extend Giildinus's theorem for finding thft Volume of 
a ring to the case in which the rin^ is formed by the revo- 
lution of a plane area about a straight line jMzraKe^ to its 
plane. 

A ring is formed by the revolution of the lemniscate 

(whose equation is r^ = a*cos 2^) about a straight line parallel 

to its plane situated in a plane drawn through its double 

point and perpendicular to its axis ; shew that the volume of 

,, . . . lid 
this ring 13 j^ . 
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CHAPTER IX. 



145. A Machine is an instrument, or a ayatera of solid 
bodies, for tlie purpose of transmitting force fi-om one pai-t to 
another of the system. 

It would be endless to describe all the machines that have 
been inTented; we shall consequently confine ourselves to 
those of simple construction, Tlie moat simple machines ai-e 
denominated the Mechanical Powers. These we shall ex- 
plain, and also a few combinations of them. 



146. A Lever is an inflexible rod movealde only about a 
fixed axis, which is called the fulcrum. The portions of the 
lever into which the fiilcrum divides it are called the arms of 
the lever : wlien the arms are in the same atraif:;ht line, it is 
called a straight lever, and in other cases a bent lever. 

Two forces act on the lever about the fulcrum, called 
the power and the weight : the power is the force applied by 
the hand, or other means, to sustain or overcome tlie other 
force, or the weight. There are three species of levers: in the 
firat the fulcrum ia between the power and the weight ; in the 
second the weight acts between the fulcrum and the. power; 
and in the third the power acta between the fulcrum and the 
weight. 



147. 2h Jind the conditions of cquilibn 
tetim in the same plane mi a lever. 



1 of two force 
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Let the plane of the' paper be the plane in which the 
forces act, and also be ^ 

perpendicular to the axis, 
of which G is the pro- 
jection, and about which 

the lever can move \ A, B x /b x ^ 

the points of application '^ t^ 

of the forces P, W\ a, /3 ^«.... /^l-,^^ h 

the angles which the direc- *"\»"(^]!!l^"' ' -^111,5^"^ 

tions of the forces make 
with any straight line aCh 
drawn through G on the 
paper. Let JEt be the pres- ^ 

6ure on the fulcrum, and 6 the angle which it makes 
with the straight line aCh\ then if we apply a force B 
in the direction CZJ, we may suppose the fulcrum rer 
moved, and the body to be held in equilibrium by the 
forces P, TT, B. 

We shall resolve these forces in directions parallel and 
perpendicular to aCh\ and afeo tak'^'^heir moments about G\ 
then by Art. 57 we have the following equations : 

Pcosa- Trcos)8-Pcos^ = (1), 

Psina+ Trsin/3-.i2sin^ = ......(2), 

and P.CD'-W.GE^O (3), 

CD and GE being drawn perpendicular to the directions of 
Pand W. 

These three equations determine the ratio of P to W when 
there is equilibrium ; and the magnitude and direction of the 
pressure on the fiilcrum. 

For equation (3) gives 

P _ CE __ perpendicular on direction of TF . 
W CZ> "" perpendicular on direction of P ^ '" 

Also by transposing the last terms of (1) and (2), we have 
* -Bcos^ = Pcosa— TTcos^S, 

-B 8in^ = Psina+JFsinj8, . 



1 



LEVER. iSFl 

Add their squareB ; tlierefoie 

_fi* = i" + TF' - 2Pn"co3 (a + /3), 
which gives the magnitude of ^. 

From (l) and (2) by transposition and division 
. , Peina+Wsm^ 

tan tf = yr V.:;- „ , 

i'cosa— It coap 
whicH gives the direction of the pressure. 

If ive suppose B to be the fulcrum and take the momenta 
aTjout B instead of C, we have instead of equation (4) tlie 
following : 

P_ perpendicular on direction of i? ... 

Ji perpendicular on direction of £ ' '' 

This is not a new equation of condition ; but ia a conse- i 
quence of the three already given, (l), (2), (3). To shew this, 
imagine .40 and .B^ produced to meet Clt: they will meet 
this straight line at the same point, since the distances by these 
two constructions are CX> cosec (fl — a) and C^ cosec (^ + ^8) ; 
and these are made equal, by equations (l), (2), {3}, if we 
eliminatePand W. Suppose, then, .Ftobe thepoint at whicR. > 
these straight lines meet. By multiplying (1), (2), respec- 
tively by sin ^ and cos (9, and adding, we iiave i 
F_ sm{d + 0) _ FBami9 + p) 
R " sin (a + /3} ~ Fit sin (a + ^) 
_ perpendicular on direction of i? _ 
perpendicular on direction oi F' 

tberefore this equation is a consequence of the eqaations | 
(1), (2), (3), as might have been anticipated. 

It follows, then, that the condition of equilibrium in a lever i 
of any ajiecieg is that the two fines must he inversely as the I 
perpendiculars drawn on their directions fiom the fulcrum and 
the forces must act so as to fend to turn the lever in opposite 
I directions round the fulcrum. 

148. This property of the lever renders it a useful in- J 
Btniment in multiplying the efficacy of a force, For any twa 1 
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forces, Iiowevet imeqnal in magnitude, may be made to balanefl 
each other aimply by fixing the fulcram so tbat the ratio of i{^ 
distancea from the directions of the forces shall be equal to thft 
inverse ratio of the forces. If the fulcram be moved from ihtf 
position, then that force will preponderate from wbich the iab 
cnrni is moved and the equilibrium will be destroyed. We an 
thus led to understand how mechanical advantage is gained 
by using a crow-bar to move heavy bodies, as large blocks ^ 
stone : a poker to raise the coals in a ^ate : scissors, sfaeuft. 
nippers, and pincers ; these last consisting of two levere « 
the first kind. The brake of a pump is a lever of the fist 
kind. In the Stanhope printing-press we have a remarksbl) 
illustration of the mechanical advantage that can be gained 
by levers. The frame-work in which the paper to be printe(l 
is fixed, is acted on by the shorter ai-m of a lever, the oth« 
arm being connected with a second lever, the longer arm « 
which is worked by the pressman. These levei-a are so ad- 
justed that at tlie instant the paper comes in contact with fbS 
types, the perpendiculars from the fulcra on the directions 
of the forces acting at the shorter arms are exceedingly shoii 
and consequently tJie levera multiply the force exerted by tM 
pressman to an enormous extent. 

As examples of levers of the second kind, we may mentiOB 
a wheelbaiTOW, an oar, a chlpping-knife, a pair of nutciacferfc 

It must be observed, however, that as the lever more! 
about the fulcrum the space through which the weight i» 
moved is, in the first and second species of lever, smalltf 
than the space passed through by the power : and therefiHI 
what is gained in power is lost in despatch. For esain^ 
in the case of the crow-bar : to raise a block of stone throlfflh 
a given space by applying the hand at the further estremiiy 
of the lever, we must move the hand through a gi-eater spW 
than that which the weight describes. 

But in the third species of lever the reverse is the 

The power is nearer the fulcrum than the weight, and is con- 
seqnently greater; but the motion of the weight is greate) 
than that of the power. In this kind of lever despatch i! 
gained at the expense of power. An excellent example is 
the treddle of a turning lathe. But the most striking ei' 
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mple of levers of the third kind is fonnd in the animal frame, 
a the construction of which it seems to be a prevailing prin- 
iple to sacrifice power to readiness and quickness of action. 
Tne limbs of animals are generally levers of this description. 
The condyle of the bone rests in its socket as the fulcrum ; a 
strong muscle attached to the bone near the condyle is the 
fower, and the weight of the limb together with any re- 
sistance opposed to Its motion is the weight. A slight con- 
traction of the muscle gives a considerable motion to the limb. 

149. The lever is applied to determine the weight of 
iBubstances. Under this character it is called a Balance. The 
Common Balance has its two arms eaual, with a scale sus- 
pended from each extremity; the fulcnim being ahove the 
centre of gravity of the beam and therefore above the centre 
of gravity of the system formed by the beam, the scales, and 
lie weights in the scales. The substance to be weighed is 
placed m one scale, and weights placed in the other till the 
beam remains in equilibrium in a perfectly horizontal posi- 
tion ; in which case the weight of the substance is indicated 
kjr the weights by which it is balanced. If the weights differ 
ever so slightly the horizontality of the beam will be dis- 
turbed, and after oscillating for some time, in consequence of 
the fulcrum being placed ahove the centre of gravity of the 
system, it will, on attaining a state of rest, form an angle 
^th the horizon, the extent of which is a measure of the 
sensibility of the balance. 

When we take the weight in the other scale as a measure of 
file weight of the substance we are weighing, we assume that 
the arms of the lever are of equal length and that the beam 
'^^ould be itself in equilibrium if the scales were empty. We 
^ ascertain if these conditions are satisfied by observing 
J^hether equilibrium still subsists when the substance is trans- 
ferred to the scale which the weight originally occupied and 
he weight to that which the substance originally occupied. 

150. In the construction of a balance the following re- 
ixdsites should be attended to. 

(1) When loaded with equal weights the beam should be 
Perfectly horizontal. 

(2) When the weights differ, even by a slight quantity, 
he aensibility should be such as to detect this difference. 

12—2 
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(3) When the balance is disturbed it Bhould readily retun 
to its state of rest, or it should have stahility. 

We shall now consider how these requisites may be satisfied 
To find how the requisites of a good balance may he satisfied 
Let P and Q be the weights in the scales ; let AB = 2a 




Let (7 be the fulcrum, h its distance from the straight lin< 
which joins A and B. Let TTbe the weight of the beam 
Tc the distance of the centre of gravity of the beam from O^ 
this centre of gravity being supposed to He on the perpen- 
dicular from G on the straight line which joins A ana JR 
Let 8 be the weight of each scale ; so that P and 8 act 
vertically through A, and Q and 8 vertically through B. 
Let be the angle which the beam makes with the horizon 
when there is equilibrium. 

The sum of the moments of the weights round G will be 
zero when there is equilibrium, by Art. 57. Now the length 
of the perpendicular from G on the line of action of P and 8 
is a cos — A sin ; the length of the perpendicular from G 
on the line of action of Q and 8 is a cos ^ + A sin ^ ; and the 
length of the perpendicular from G on the line of action of W 
is ^sin^. Therefore 

(G+fi')(acos5+A8ine)-(P+/&)(acos^-Asin^) + TFi8ind=:0; 



therefore 



tan 5 = 



(P- Q) a 



(P+y + 2^')A + ir&' 
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lis determines the position of eqmlibrmm. Tli« fir-.t 
Lsite — the horizontality when P and Q are e^iual — i< 
fied by making the arms equal. 

3r the second we observe that for a given difftrtn^,/: fA' /' 
Q the sensibility is greater the greater tan \* ; axA \',f 
ven value of tand the sensibility i.^ great*:r tin; ^.uiAu-.r 

difference of P and Q is: hence -p — — i.^ a corrrtct uviiA^itK 

;he sensibility: and therefore the second rf:/)iii.-.if*; j-t ful- 

id by making (P+^ + 25) -+ IT- as sraall a^ po;<*»l/l*t, 

Che stability is greater the greater tlic rfiounni '^f ll»'i 
2es which tend to restore the equilibrium wluji it 14 'l*:- 
Dyed. Now this moment is 

supposing P and Q equal it is 

{{P+Q + 2S)h + Wk]ii\n0. 

ence to satisfy the third requisite, tWin r/i»j«l I/*-, in^i't*. iii 
Tge as possible. This is, in part, at v^M.-Jh/^: //iM. M,»: 
Jcond requisite. They may, howev^tr, li'/fli h'-. rnUAitrti |,/ 
uiking (P-f Q + 2/S) A+ TFA: large, and a Utr/*. i,|/./,: i),m| )4, 
y increasing the distances of tlw; fiil/:riiMi ii'/in Hm: h* him 
ad from the centre of gravity of the l^:;u/i, hu'I l/y IkmjHIp:** 
Lg the arms. 

It must be remarked that the wjmWiWiy of a lnjliUM:*: !• nt 
tore importance than the stability, tiiticj*, iIm: «'.y»: ^iji )i««lji.; 
retty accurately whether the ind^.x of tin-, I/«-.h»m im.*!'* » riju.il 
scillations on each side of the vf?rtical lini: ; tlml Ji, wIm:(|,. » 
le position of rest would be horizofitttl ; if l.l<)4 \ir. m,\ iln; 
ase, then the weights must 1^ olutnA till lUn ti^tMUdhma ma 
early equal. 

151. Another kind of balance in lluit in whu-h 1Im£ hww^ 
^ unequal, and the same weight iM nm*.d to wui^h ilirt'iUiMit' 
^bstances by varying its point of Hupporl, nw\ nliiurviiig ild 
j'*^tance from the fulcrum by meaurt of it gmiluutud ftuatui 
^e common steelyard is of this descriptiunt 
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152. To ahew kow to graduate tie 
Let AB be tLe beam of the steelyard, 





from which the substance to be weighed ia suspended, fl' 
being ita weight ; C the fulcrum ; tr the weight oi the beam 
together with the hook or scale-pan suspended from A ; C 
the centre of gravity of these. 

Suppose that P suspended at JV" balances Q suspeniSed from 
A ; then, taking the moments of P, Q, and W about C, Vb 
have 

Q.AG~W.CG~P.CN=0; 



therefore 



AO 



IF, 



Take the point D, so that CD = ~pCG; therefore 



ON+CD p_DNr> 
^^'AO 



Now let the arm DB be graduated by taking Da , Da,, 

Da^ equal respectively to AC^ ^AO, ZAC ; let tU 

figures 1, 2, 3, 4, be placed over the points of gradua- 
tion, and let subdivisions he made between these. Then by 
observing the graduation at A" we know the ratio of Q to J*; 
and P being a given weight we know the weight of Q, In 
thia way any substance may be weighed. 

153. The second of the Mechanical Powers is the Wheel 
and Axle. This machine consists of two cylinders fixed 
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ither with their axes in the same straight line ; the lai^r 
cylinder is called the wheel, and the smaller the axle. The 
oord by which tlie weight is suspended is fastened to the 
axle, and then coiled round it, wliile the power which sup- 
ports the weight acta by a cord coiled round the circumference 
of the wheel, by spokes acted on by the hand, as in the cap~ 
atan, or by the hand acting on a liandle, aa in the windlass. 

154. To find the ratio of the power and weight in the 
Wheel and Axle when in equilibrium. 

Let AD be the wheel and CC'B the axle; P the power 

represented by a weight suspended 
from the circumference of the wheel 
I »,t ^ ; W tlie weight hanging from 
[ the axle at B. 

Then since the axis of the machine 
b fixed, the condition of equilibrium 
ia that the sum of the moments of 
the forces about this axis vanishes, 
(Art. 87) ; therefore 

i'x rad, of wheel = TV x rad, of axle ; 

,1 , TI'' rad. of wheel 

tnerefore -77 = — 3 — i — r- ■ 
r rad. ot axle 

It will be seen that this machine ia only a modification of 
tie lever. In short it is an assemblage of levers all having 
the same axis: and as soon as one lever has been in action the 
next comes into play ; and in this way an endless leverage is 
oblained. In this respect, then, the wheel and axle surpasses 
tiie common lever in mechanical advantage. It is much used 
IB docks and in shipping. 

;, 155. The third Mechanical Power is the Toothed Wheel. 
J extensively applied in all machinery ; in cranes, steam- 
ginea, and particularly in clock and watch work. If two 
Btmkr hoops of metal or wood having their outer circum- 
pnces indented, or cut info equal teeth all the way round, 
I m placed that their edges touch, one tooth of one circum- 
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ference lying between two of the other (aa repiesented in the' 
figure) ; then if one of them be turned round by any means, 
the other will be turned round also. This is the simple con- 
struction of a pair of toothed wheels. 

156. 2h find the relation of the jpower and v>eight in 
Toothed Wheels. 

Let A and B be the fixed centres of the toothed wheels 




on the circumferences of which the teeth are arranged ; C the 
point of contact of two teeth ; QCQ a. normal to the surfaces 
in contact at C. Suppose an axle is fixed on the wheel -B, 
and the weight W suspended from it at jEJ by a cord ; also 
suppose the power P acts by an arm AD ; draw Aa, Bb per- 
pendicular to QCQ, Let the mutual pressure at G be Q. 
Then, ^ since the wheel A is in equilibrium about the fixed 
axis -4, the sum of the moments about A equals zero ; there- 
fore 

P.AD-Q.Aa = 0. 

Also since the wheel B is in equilibrium about B^ the sum of 
the moments about B equals zero ; therefore 

Q.Bb-W.BE=^0. 

Then by eliminating Q from these two equations, 

B^_P jQ^Aa^ BE 
W^ 



or 



Q'W AD' Bb' 

moment of P A a 

■ * 

moment of W Bb ' 



SINGLE PULLT. 

Ee teetli are small thia ratio very nearly 

_rail, of wheel A 
rad. of wheel B ' 

57. Wheels are in acme casea turned hy means of atrapa 
Bing over their circumference a. In such caaea the minute 

"utterances of the surfaces prevent the sliding of the straps, 
I a mutual action takea place auch aa to render the calcu- 
Ion exactly analogous to that in the Proposition. 
For the calculation of the beat forms for the teeth, the 
jder ia referred to a Paper of Mr Airy'a, in the Camb, Phil, 
ians. Vol. II. p. 277. 



0,58. The fourth Mechanical Power is the Pully. There 
t several apeciea of pullies : we shall mention them in order. 
e Bimple pully is a small wheel moveable about its axis : 
(ring passes over part of its circumference. If the axis is 
pd the effect of the pully is only to change the direction of 
I string passing over it : if however the axia be moveable, 
lo, as wlU be presently seen, a mechanical advantage may 
^luued. 

ftt ia sometimes assumed as axiomatic that if a perfectly; 

atible string paasea over a smooth surface the tension of the 
strinfi will be the same throughout ; we shall see, however, in 
the Ciiapter ou Flexible Strings that this result admits of 
demonstration. In the present Chapter we shall only require 
a part of the general proposition. AVe shall suppose the pul- 
liea to be circular, and assume that the tensions of the two 
portions of any string which are separated by a portion in 
contact with a pully are equal. And this may be shewn to 
be necessarily ti^ue if we merely admit that the string ia 
a tangent to the circle at the point where it ceases to be ia 
contact with the pully. For since the pully is smooth the 
directions of all the foi-ces which it exerts on the string must 
pass through the centre of the pully; hence if we tate the 
momenta with respect to this point of the forces which act on 
the string we see that the string camiot be in equilibrium 
unless the tensions of the two portions are equal. 
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SINGLE PULLT* 



159. To find the ratio of the pou>€r and weight in the 
single moveable Pully. 

I. Suppose the parts of the string divided by the pullj 
are parallel* 







OP 



Let the string ABP have one extremity fixed at -4, and 
after passing under the puUy at B suppose it held by the 
hand exerting a force P, or it may be passed over a fixed 
puUy. The weight W is suspended by a string fi^>m the 
centre G of the pully. 

Now the tension of the string -4 JSP is the same throughout. 

Hence the pully is acted on by three parallel forces, P, P, 

and W\ hence 

W 
2P- W= ; therefore -^ = 2. 

P 

IL Suppose the portions of the string are not parallel. 
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X^et a and a' be the angles which Aa and H make with 
tlie vertical. 

Now the pully is held in equilibrium by W in CW, P in 
aA, and P m bP, Hence, resolving the forces horizontalljr 
and -vertically, 

P8ina-P3ino' = (1), 

Pco3a+i'co8a'-Tr=0 (2); 

tlie equation of moments round C ia an identical eqaatioD. 
By (1), 8ina = flina' and o = a'; 

W 
therefore, by (2), -p = 2 cos a, 

vbich is the relation required. 

160. To find the ratio of the power and weigTit in a system 
ojf pidlies, in which each pully hangs from a fixed point hy a 
separate string, one end being fiistened in the pully above it and- 
toe other end on a fixed beam, and all the strings being parallel. 

Let R be the number of moveable pulHes. 

I. Let us neglect the weight of the £^ 
pollies themselves. Then 

tension of 5, TF= W; 
tension of aj>j\ = J W; 
tension of aj>^b^ = -^ W; 

tension of aj>^c ™ -^ W; 
and so on ; and the tension of the string 
passing under the n*" pully = ^ TT, and 
this is equal to P; therefore 
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IL Let us suppose the weights of the puTHes to be con- 
sidered; and let a)^, 6)^, 6)g,...G>^ be these weights. 

Then if Pi, i?«,Jf?8 '•••?» ^® *^® weights which they would 
sustain at P, and i\ the weight which W would sustain at 
P, we have 

therefore -P=2'i+Pa + -^Pn + Pn 

P=M^+«i+2o), + 2»a>3+ +2 



or 



n-l 



0) 



nl • 



If a)^ = G)^ = G>3 = 



= 0) 



n> 



■P=|i{W^+(2"-l)a,.). thati8P-6,. = |,(Tr-fi,J. 



161 • To find the ratio of the power and weight when the 
system is the same as in the last Proposition^ hut the strings 
are not parallel. 

We shall neglect the weights of the blocks. The pullies 
will evidently so adjust themselves that the string at the 
centre of any pully will bisect the angle between the strings 
touching its circumference. 

Let 2ai, 2X3, 2^3,. ..2a^ be the angles included between 

1: 




the strings touching the first, second, third, 
respectively. 



n*^ pullies 
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Then, by Art. 159, 

W 
tension of a,&, J.. = 



''^ 2cosa/ 

W 

tension of aAK = -^ ; 

* ^ ^ 2^ cos a^ cos a^ 

W 
tension of aj)x = 



* * 2* cos a^ cos c/tj cos a, ' 

W 

tension of the last string = -^j; , 

° 2 cosajCOsajCOsa3...cosa^ 

and this is equal to P; therefore 

— = 2 cos a^ cos oTj cos a, . . . cos a„. 

162. To find the relation of the power and weight in a 
system of pullies where the same string passes round all tlie 
jpuUies, 

This system consists of two blocks, each containing a 
number of the pullies with their axes coincident. The weight 
is suspended from the lower block, which is moveable, and 
the power acts at the loose extremity of the string, which 
passes round the respective pullies of the upper and lower 
block alternately. 

Since the same string passes round all the pullies, its 
tension will be everywhere the same, and equal to the power 
P. Let n be the number of portions of string at the lower 
block ; then n . P will be the sum of their tensions ; therefore 

W--n.P. 

If we take into account the weight of the lower block, and 
call it JB, then 

Tr+P = n.P. 

If the strings at the lower block are not vertical, we must 
take the sum of the parts resolved vertically, and equate it to 
W. But in general this deviation from the vertical is so 
slight that it is neglected. 
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163. As the weight is rising or falling, it will be otserved 
that in general the puUies move with different angular mo- 
tions. The degree of angular motion of each pully depends 
upon the magnitude of its radius. Mr James White took 
advantage of this, to choose the radii of the pullies in such a 
manner as to give those in the same block the same angular 
motion, and so to prevent the wear and resistance caused by 
the friction of the pullies against each other. This being the 
case, the pullies in each block might be fastened together, or, 
instead of this, cut out of one mass. 

It will be seen without much diflSculty, that if the weight 
W be raised through a space a, each of the portions of string 
between the two blocks will be shortened by the length a ; 
and therefore, that the portions of string which move over 
the pullies in the two blocks, taken alternately, will have 
their lengths equal to a, 2a, 3a, 4a... Suppose the end of 
the string fastened to the lower block ; then if the radii of 
the pullies of the upper block be proportional to the odd 

numbers 1, 3, 5, these pullies will move with the same 

angular velocity, and might be made all in one piece, as 
mentioned above. And if the radii of the lower pullies be 
proportional to the even integers 2, 4, 6,... these also will 
move with a common angular velocity, and might therefore 
be cut out of one piece. 

164. To find the ratio of the power to the weight when all 
the strings are attached to the weight. 

If we neglect the weights of the pullies, ^ 
the tension of the string h^a^=^P*, the ten- 
sion of a^&a = 2P; and so on : if there be 
n pullies, then the sum of the tensions of 
the strings attached to the weight 

= P+ 2P+ 2'P+ ... +2"-'P= (2''- 1) P; 



O' 



W 
therefore-p =2"-l. 



If we suppose the weights of the pullies are 
o> , G) , G)g, ... reckoning from the lowest, and 
6) , 6) , 6)'",... the portions of TF which they 
respectively support, since they evidently 
assist P, and W' the portion of W sup- 
ported by F; then 



as 



a. 






hjt 






hi 



Op 



ai 







INCLINED PLANE. 
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Tr'=(2*-i)P, 

6>' = (2«-^ - 1) 6)„ 



a,(«-^)=(2-l)6),._,; 

therefore W^W' + ay' + ...... = (2" - 1) P+ (2""^ - 1) a>, 

+ (2«-*^l) co,+ + (2-1) 0)^1. 

If 6)j = (»j=a)3= 

TF=(2*-l)P+{2"-^ + 2"'^+ +2-(n-l)}a>,, 

= (2*-l)P+(2"-w-l)o),. 

165. The fifth Mechanical Power is the Inclined Plane. 

By an inclined plane we mean a plane inclined to the 
horizon. A weight W may be supported on an inclined 
plane by a power P less than TF. 

166. To find the ratio of the power and weight in the 
inclined plane. 

Let AB be the inclined plane ; 
a the angle which it makes with the 
horizon. Let the power P act on 
the weight in the direction CP^ 
making an angle e with the plane. 
Now the weight at G is held at 
rest by P in UP^ W in the vertical 
GWy and a pressure R in CP, at 
right angles to the plane. 

Hence, by Art. 27, if we resolve 
these forces perpendicular and par- 
allel to the plane, we have 




P + P sin € — PTcos a = 
Pcos 6 — TFsin a = 



(1), 

(2). 

m P Sin QL 

The second equation gives the required relation — ^= 

fV cos c 

and the first equation gives the magnitude of the pressure P. 
If P act horizontally, € = — a, and P = PTtan a. 
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WEDGB* 



If P act parallel to the plane, € = 0, and P=s TFsin a. 
If P act vertically^ € = ^tt — a, and P= TT. 

167. The sixth Mechanical Power is the Wedge. This 
is a triangular prism, and is used to separate obstacles by 
introducing its edge between them and then thrusting the 
wedge forward. This is effected by the blow of a hammer or 
other such means, which produces a violent pressure tat a 
short time, sufficient to overcome the greatest forces, 

168. An isosceles wedge is kept in equilibrium ly pressures 
on its three faces; to find the relation between them^ 




The above three figures represent the wedge and obstacles 
together and separately. 

Let 2P denote the force acting perpendicularly to the thick 
end of the wedge ; B and E' the forces which act on the other 
faces of the wedge : these forces are perpendicular to the faces 
since the wedge is supposed smooth. 

Let 2a be the vertical angle of the wedge. 

Kesolve the forces which act on the wedge in directions 
perpendicular and parallel to the thick end j then for the 
equilibrium of the wedge we have 

2P= {B + E') sin a, 

J? cos a = i2' cos a; 

therefore E=^E\ 

P=-B sin a. 



8^6 do not write down the equations of equilibrium of the 
1, because we do not know the forces exerted on it at 
t points of its base by the ground on which it rests, 
is usual to resolve the force S which acts on the wedge 
i obstacle into two components; one along the straight line in 
■which A, the point of the obstacle in contact with the wedge, 
■would begin to move if the wedge were pushed further into the 
obstacle, and the other at right angles to this direction. Let 
^H be the first direction, making an angle i with the direction 
[ of M ; then the resolved part of M in this direction is R cos i 
irhich we will call S ; 

perefore -^ = -, . 

r iS cos 1 

ks however nothing is known about the value of the angle i 
lie result is of no practical value. 

169. The last Mechanical Power is the Screw. This 
pachine in its simple construction 
I of a cylinder AB with a 

iform projecting thread abed... 

iced round its surface, and making 
a constant angle with sbaight lines 
parallel to the axis of the cylinder. 
This cylinder iita into a block D 
pierced with an equal cylindrical / 
aperture, on the inner surface of fn 
which is cut a groove the exact 
_ counterpart of the projecting thread 



4 



5 
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easily seen from this de- 
ption, that when the cylinder is introduced into the blocli, , 
ie only manner in which it can move is backwards or for- 
wards by revolving about its axis, the thread sliding in the 
groove. Suppose TFto'be the weight acting on the cylinder, 
I mclnding the weight of the cylinder itself, and F to be the 
[ power acting at the end of an arm ^C at right angles to the 
' axia of the cylinder; the block D is supposed to be firmly 
I fixed, and the axis of the cylinder to be vertical. 



170. To find the ratio of the power and weight in the Screu 
"ibrium. 



when they are in equUibri 



I 
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Let tlie distance of G from the axis of the cylinder = a ; 
and the radiua of the cylinder = b. 

Now the forces which hold the cylinder in equilibriam are 
W, P, and the reactions of the preasurea of the various por- 
tions of the thread on the corresponding portions of the lower 
surface of the groove in which the thread rests; these re- 
actions are indeterminate in their number but they all act in 
directions at right angles to the surface of the groove, and 
therefore their directions make a constant angle with the axis 

of the cylinder. Let - — a be the angle which the thread of 

the screw makes with the asis of the cylinder, then a is the 
angle which the direction of each reaction makes with the 
axis of the cylinder. If, then, R be one of these reactions, 
iicosa, ^sin a are the resolved parts vertically and horizon- 
tally ; the horizontal portions of the reactions act each at 
right angles to a radius of the cylinder. Hence, resolving 
the forces vertically, and also taking the moments of the 
ibrces in horizontal planes, we hav& 

W^-5:.^co3a = (1), 

Pa-2.-fiA3lna = (2): 

we might write down the other four equations of equilibrium, 
but they introduce unknown quantities with which we ara 
unconcerned in our question, 

rr W ocos aX.R , , , 

itence -jj = ^-. i,— „ , because b anil a. are constant, 

a cos tt 27m 



6 aiu a 2Trb tau a 
circumference of circle of which the radtaE 



vertical dist. between two successive winds of the thread * 

The Screw is used to gain mechanical power in many ways. 

In excavating the Thames Tunnel, the heavy iron frame-work 

which supported the workmen was gradually advanced 1/ 

means of large screws. 
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MISCELLANEOUS EXAMPLES. 

1. If oiie ami of a common balance be longer than the 
other, shew that tiie real weight of any body ia the geometri- 
cal raean between its apparent weights as weighed firat in one 
scale and then in the other, 

2. The arms of a. false balance are unequal, and one of 
the scales is loaded ; a body whose tme weight ia i*lbs. ap- 
pears to weigh WVos. when placed in one scale, and W lbs. 
when placed in the other scale ; find the ratio of the arms 
and the weight with which the scale is loaded. 

W'-P WW'-P' 

Besults. yzrW ' P-W ' 

3. A triangular lamina ABO, whose weight ia W, ia sus- 
pended by a string fastened at C; find the weight which 
must be attached at B that the rertical through C may bisect 
the angle -dGB. 

Besult. -r- -. 

4. Two eqnal weights are suspended by a string passing 
fieely over three tacks, which form an isosceles triangle whose 
"" ae is horizontal; find the vertical angle when the pressure 

each tack is equal to one of the weights. Besuit, 120°. 

5. A uniform heavy rod, at a given point of which a 
weight is attached, is sustained at one end ; determine 

B length when the force which applied at the other end will 
iep it horizontal is least. 

6. ABGC,DEFm& two horizontal levers without weight ; 
B, F their fulcruma: the end D of one lever rests on the 
end G of t!)e other; UK is a rod without weight suspended by 
two equal parallel strings from the points E, G. Prove that 
a weight P at ^ will balance a weight W placed any where 
on the rod SK, provided 

EF BO , P EG 



1 
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7. If the axis about which a wheel and axle turns % 
cide with that of the axle, but not with the axis of the ^ 
find the greatest and least ratios of the power and i 
necessary for equilibriunij neglecting the weight of thi 
chine. 

S. In the ayatem of palliea where each string is attii 
to the weight, let one of the strings be nailed to the ] 
through which it passes, then shew that the power r-' 
increased up to a certain limit without producing lu^ 
It' there be three pulliea, and the action of the middU 
be checked in the manner described, find the tension o^ 
atring for given values of P and W. 

9. A weight w is supported on an inclined plane ba 
forces, each equal to — , one of which acts parallel t 
base. Shew that eqailibrium may be possible when t 
clination of the plane is not greater than 2 tah"^ (~\ 
a positive integer. 

10. A weight ia suspended from the two ends of a stl 
lever without weight whose length is 5 feet, by strings 1 
lengths are 3 and 4 feet. Find the position of the fim 
that the lever may rest in a horizontal position. 

JEeault. At a distance 3^ feet from that end of the lei 
which the longer string is fastened. 

11. A uniform steelyard AB, having a constant weii 
and a scale-pan of weight kP, suspended at B and A rei 
tively, is ased as a balance by moving the rod backwards 
forwards upon tiie fulcrum 0, on which the whole rests. 
Shew that the beam must be graduated by the formula 



AG=- 






AB, 



the weight of the rod being k'F, and n being each of tlie 
natural numbers 1, 2, 3, ... taken in succession. 



'r3 — "•■•T ■^. 
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13- -£-Z. -Z r cTi T^: e:-jJl iV',l ■:: ■ ■"■■■■ N-i'-^x ,>\- ■■.vvx'' 
by* 'irz.rt iz 3 iiitrt ir i f.xc'.l : .;v t. ^ % x • ,^ ...■■ 
cnei t* C };l£?«!s :^*!: i. tcV.t a: T .t ,\ * * ■ iN-\v' v • 
wei?!* -P: -^'' i iir'-i.'CTj.l iz-,d r-.::,-*"^ v,* ;>* \V o v ...- ^ x-- 
eit£i?j iiSEzr.: *itt-w zllz zi S \< <Us:\ as xv Va*.^ -'^^^^ ' .v- ,\ . . 

the az^'.^ -r':!'^ J^. CT* r:Xs<c w;}>, ^^o 'uv -i^v^ ,^^^,•, t^ '^> 
the ^eirl: ^f eaci reizi, 

16- A sufr^ ABCPEP :$ a::AO>,vV, iv^ 0,0 svuuv < nv^ a 
pmlly wtose radius is r: it ihoa }\i;^o* own a ti\>M js^w^ ^' 
and under the pully which ir ^MK'ho* aT fho jsmui* T <^unJ .'*. 
it aftenrards passes over a lixod }vin« A* iuul h^^n {^ \\\^\v;S^ •* 
attached to its extremity: />A* l^ hovi^v^ul.il tuul - :}*. ^\\\\ 
DU is vertical; shew that if tho svsloiu Iv in o«i\Hhhuuu\ lUo 
weight of the puUy is fP, and tiiul tho dint^uoo .1 H 

Si* 
BesulL Ali' ' ,. 
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17. Three uniform rods rigidly connected in the form 
triangle rest on a Bmooth sphere of radius r; shew that the 
tangent of the inclination of the plane of the triangle to the 

liorizon is -77-^ — ,, , where a is the distance of the centres of 

the circles inscrihed in the triangle ilaelf and in the triangle 
formed by joining the middle points of the roda, and p is the 
redias of the circle inscribed in the triangle. ! 

18. If a steelyard be constructed with a given rod whose 
weight is inconsiderable compared with that of the sliding 
weight, the sensibility varies inversely as the sum of the 
sliding weight and the greatest weight which can be weighed. 

19. A heavy equilateral triangle hung up on a smootli 
peg by a string, the ends of which are attaclied to two of its 
angular points, rests with one of its sides vertical ; shew that 
the length of the string is double the height of the triangle. 

20. Three equal heavy spheres lying in contact on a hori- 
zontal plane are held together by a string which passes round 
them. A cube, whose weight is W, is placed with one of its 
diagonals vertical so that its lower faces touch the spheres ; 

shew that the tension of the string is not less than -5—7^. 

21. A roof of given span is to be constructed of two beams, 
which are to be connected at the vertex by a single pin, and 
the weight of the roof would increase in proportion to the 
length of the beams ; what will be the angle ol inclination to 
the horizon, when the whole pressure on the wall is the least 
possible ? 

Shew that the direction of the line of pressure will tben 
make the same angle with the vertical line which the beam 
makes with the horizontal line. 

22. An endless string swpports a system of equal heavy 
pnllieH, the highest of which is fixed, the string passing round 
every pully and crossing itself between each. If a, jS, 7, &o. 
be the inclinations to the vertical of tlie successive portions of 
string, prove that cos o, cos /3, cos 7, Ac. are in arithmetical 
progression. 
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'3. Tliree equal heavy cylinders, each of wliicli touches 
the other two, are bound together by a string and laid on a 
horizontal table bo tliat their axes are horizontal ; the tension 
of the string being given, find the pressures between the 
CTlinders. 

Tr 

Results. The horizontal pressure =T — — -, the other 
W "^ 2 Va 

= r + -^ ; where T is the tension of the string, and W the 

weight of each cylinder, 

24. A atrin.ff of equal spherical beads is placed upon a 
smooth cone having its axis vertical, the beads being just in 
contact with each other, so that there is no mutual pressure 
between them. Find the tension of the string ; and deduce the 
limiting value when tlie number of beads is indefinitely great, 

25 A smooth cylinder is supported on an inclined plane 
with its axis horizontal, by means of a string which, passing 
over the upper surface of the cjlindcr, has one end attached 
to a fixed point and the otiier to a weight W which hangs 
freely ; if a be the inclination of the plane to the horizon, 
and d the inclination to the vertical of that part of the string 
whicli is fastened to the fixed point, the weight of the 
cylinder is 

2^^Riniflcos_(«+^_ 
sin a 

26. An inextensible string binds tightly together two 
smooth cylinders whose radii are given; find the ratio of the 
pressnre between the cylinders to the tension by which it is 
produced. 

Sesult. — )l.i-sI ■ where r, and r, are the given radii. 
r,+r, » . fa 

27. A ring whose weight is P is moveable along a smooth 
rod inclined to the horizon at an aufjle a; another ring of 
weight P" is moveable along a rod in the same vertical plane 
as flie former and inclined at an angle a' to the horizon ; a 
String which connects these rings passes through a third ring 
of weight 3 W; shew that the system cannot be in equilibrinm 
tuilcSB 

P tan a - P' tan a' + W (tan a - tan a') = 0. 
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28. A ball of given weight and radius is hung by a strin/ 
of given length from a fixed point, to which is also attaches 
another given weight by a string so long that the weigh 
hangs below the ball; find the angle which the string t 
which the ball is attached makes with the vertical. 

SesulL Let Q be the weight of the ball, P the weigii 
which hangs below the ball, a the radius of the ball, I the 
length of the string ; then the inclination of the string to Ac 

vertical is sin"^ ( y^ — 7= . = ) . 

\P+Q a+lj 

29. A right cone whose axis is a and vertical angle it 

2 8i^"^A /(y) IS placed with its base in contact with a smootl 

vertical wall, and its curved surface on a smooth horizontal 
rod parallel to the wall ; shew that it will remain at rest ii 
the aistance of the rod from the wall be not greater tlian a 

nor less than - . 

7 

30. A paraboloid is placed with its vertex downwards and 
axis vertical between two planes each inclined to the horizon 
at an angle of 45" ; find the greatest ratio which the height o) 
the paraboloid may have to its latus rectum, so that, if it be 
divided bv a plane through its axis and the line of intersec- 
tion of the inclined planes, the two parts may remain ii 
equilibrium : also find the least ratio. 

Result, Let h be the height and 4a the latus rectum ; thei 
the greatest and least ratios are determined respectively by 

32 32 

3a = 7^- iJiaK). A + -7- Jiah) = 3a. 

31. Three bars of given length are maintained in a hori 
zontal position, and tied together at their extremities so ai 
to form a horizontal triangle ; and a smooth sphere of giver 
weight and size rests upon them. Find the pressure of the 
sphere on each bar. 



MISCELLANEOUS EXAMPLES. 



201 



EOne end of a string is fastened to a point in a smooth 
wall, the other to a point in the circamferenco of the 
' a cylinder; the cylinder is in equilibrium, having a 
if it3 upper end in contact with the wall ; find the 
z of this point below the point in the wall to which 
the string is fastened. 

Result. Suppose x the required distance, I the length of 
Iha string, k the height of the cylinder, li the diameter of its 
base; then 

3ar = ? - A' - V. 

33. The ends of a string are fastened to two fixed points, 
and from knots at given points in the string given weights 
we hung ; shew that the horizontal component of the tension 
is the same for all the portions into which the string is 
divided by the knots. Shew also that if the weights are all 

'■ equal the taugcnta of the angles which the successive portions 
of tlie string make with the horizon are in Arithmetical Pro- 
greasion. (Such a system is called a Funicular Polygon.) 

34. Two uniform beams loosely jointed at one extremity 
are placed upon the smooth arc of a parabola, whose axis is 
vertical and vertex upwards. If I be the semi-latus rectum 
«f the parabola, and a, b, the lengths of the beams, shew that 
tliey will rest in equilibrium at right angles to each other, if 

and find the position of equilibrium. 

35. A quadrilateral is formed by four rigid rods jointed at 
the ends ; shew that two of its sides must he parallel in order 
lliat it may preserve its form when the middle points of either 
pair of opposite sides are joined together by a string in a state 
of tension, 

36. Four rods, jointed at their extremities, form a quadri- 
laleral, which may be inscribed in a circle ; if they be kept 
in equilibrium by two strings joining the opposite angular 
points, shew that the tension of each string is inversely pro- 
portional to its length. 

37. Four equal and uniform }ieavy rods being jointed by 
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li'ingea ao &s to form a square, two opposite angles are con 
nected by a string; this frame-work stands on a fixed point 
the string being horizontal ; find tlie tension of the string. 
Sesult, Twice the weight of a rod. 

38. Four equal and uniform lieayy rods are connected bj 
hinges ; the system is suspended by a string attached to otu 
hinge, and the lowest liinge ia in contact with a horizonta 
plane ; find the tension of the string and the pressure od thi 
plane. 

Meault. Each ia twice the weight of a rod. 

39. A regular hexagon, composed of six equal heavy rods 
moveable about their angular points, is suspended from one 
angle which is connected by threads with each of the opposite 
angles. Shew that the tensions of the threads are as V^ : 8* 
Find also the strain along each rod. 

40. A regular hexagon is composed of six equal heavy 
rods moveable about their angular points ; one rod is fixed in 
a horizontal position, and the ends of this rod are connected 
by vertical strings with the ends of the lowest rod ; find the 
tension of each string. 

Sesult. I W; where W is the weight of a rod, 

41. Suppose that in the preceding Example each endol 
the fixed rod is connected with the more remote end of the 
lowest rod, so that the strings instead of being parallel are in- 
clined at an angle of 60° ; find the tension of each string. 

BesuU. W-JS. 

42. A regular hexagon is composed of six equal heavy 
rods moveable about their angular points, and two opposiW 
angles are connected by a horizontal string ; one rod is placed 
on a horizontal plane, and a weight is placed at the middle 
point of the highest rod ; find the tension of the string. 

Result. Let W be the weight of each rod, and 
weight placed on the highest rod ; then the tension ia 

3F+ W 



'1. In the investigations of the preceding Chapter, we 
i supposed that the aurt'acea of the bodies in contact are 
■cily smooth. By a gmoolh surface is meant a surface 
h opposes no resistance whatever to the motion of a body 
I it. A surface which does oppose a resistance to the 
on of a body upon it is said to be rough. In practice it is 
i that all bodies are more or less rough. 
le friction of a body on a surface is measured by the 
force which will put the body in motion along the 



Coulomb made a series of experiraenta npon the fric- 
Jr^wdiea against each other and deduced the following 

FM6moires dea Savans Etrangerg, Tom. x. 

I The Jridion varies as the normal pressure when fJte 
lis of the surfaces in contact remain the same. When 
BBurea are very great indeed, it is found that the fric- 

mewhat less than this law would give. 
' Tkejrielion is independent of the extent of the surfaces 
Mtact so long as the normal pressure remains the same. 
!n the eurtaces in contact are extremely small, as for in- 
ca a cylinder resting on a surface, this law gives the 
ion much too great. 

hese two laws are true when the body Is on the point of 
ing and also when it is actnally in motion ; but in the 
of motion the magnitude of the friction is not always the 
) as when the body is in a state bordering on motion : 
n there is a difference the friction is greater in the state 
ering on motion than in actual motion. 
^ The friction is independent oftlte velocity wJien iJie hody 
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It follows from these laws that if P be the normal pressure 
between two surfaces, then the frictiort is fiP, where /x is a 
constant quantity for the same materials and is called the co- 
efficient of friction. 

The following results, selected froih a table given by Pro- 
fessor Rankine, will afford an idea of the amount of friction as 
determined by experiment ; these results apply to the friction 
of motion. 

For iron on stone fi varies between "3 and '7. 

For timber on timber '2 and '5. 

For timber on metals "2 and 'G. 

For metals on metals 15 and '25. 

For full particulars on this subject we refer the reader to 
Coulomb's papers, and to the Memoirs published in the Mi- 
moires de rinstitut, by M. Morin ; see also Rankine's Mantial 
of Applied Mechanics, and Moseley's Mechanical Principles 
of Engineering and Architecture. 

173. Angle of Friction. Suppose a body acted on only by 
its weight to be placed on a horizontal plane and the plane 
to be turned round a horizontal line until the body begins to 
slide. Let W be the weight of the body and a the angle the 
plane makes with the horizon. The pressure of the body on 
the plane will be equal to the resolved part of its weight 
perpendicular to the plane, that is to TFcos a. The friction 
IS equal to the resolved part of the weight parallel to the 
plane, that is to W sin a. If fi be the coefficient of friction, 
we have 

TFsin a==/ATF'cosa; 

therefore tan a = fi. 

This experiment will enable us to determine the value of the 
coefficient of friction for different substances. The inclination 
of the plane when the body is just about to slide is called 
the angle of friction, 

174. In Art. 32 we have found the condition of equilibrium 
of a particle constrained to rest on a smooth curve ; we proceed 
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llothe case of a particle on a rough carve, Sappose the curve 
A plane curve ; let X, Y be the forces which act on the par- 
ticle parallel to the axes of x and y exclusive of the action 
of the curve. The sum of the resolved parts of -Y and Y 
along the tangent to the curve is 

The sum of the resglvcd parts along the normal is 



^(-^■f-' 



If /i be the coefficient of friction the greatest friction capable I 
of being called into action is 

Hence, the condition of equilibrium will be that the numerical I 

value of X T" +Y -j- must be less than the numerical valoB I 
as as ' 

of ^ f-^';j ^1~) ' ^i^'iont regard to sign in either c 

This may be conveniently expressed thus, 



4%r 



-^1 must be less than fj." [X -~ — ^' j") ■ 

a different form, as will be J 



"We may exhibit this condition 
seen in the- following Article, 

175. Next let the curve be of double cui'\-ature. Leti*i 
denote the resultant force acting on the particle excJusivo t 
of the action of the curve ; X, Y, Z the components of P 1 
parallel to the axes ; I, m, n the direction cosines of the tan- f 
gent to the curve at the point where the particle is placed ; 9 ' 
the angle between this tangent and the direction of P, The 
resolved part of P along the tangent is P cos d, and that at 
right angles to the tangent is P sin 0. Hence, if /* be the co- 
~ Ecient of friction, we must have for equilibrium 

Pco9e</*Psin5; 
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therefore cos' d<fi*{l — coa' ff) ; 

therefore cos* < - ■ . : ' 

therefore {—-^ •) ^n^"' 

It is easy to shew that this leaalt includes that of the former 
Article bj putting n = 0, m = -^ , l=j~. 

176. A particle m constrained to remain on a rough sur- 
face: determine the condition of equilibrium. 

Let P be the resultant force on the particle exclusive of 
the action of the surface ; ^ the angle between the direction of 
P and the normal to the surface at the point where the particle 
13 placed ; M = the equation to the surface ; x, y, s the co- 
ordinates of the particle. The resolved part of P along the 
normal is Pcost^, and that at right angles to the normal la 
Jsin ^. Hence, for equilibrium we must have 



therefore 



177. In the following Articles of this Chapter we shall 
investigate certain equations which hold when the equilibrium 
of different macliines is on the point of being disturbed. The 
equations in such cases will involve the forces acting on the 
machine and fi the coefficient of friction. When we have 
found one of these limiting equations, we can draw the follow- 
ing inferences : 

(1) If in order to satisfy the equation for a given set of 
forces it is necessary to ascribe to /* a value greater than iis 





Psm^<fiPcta^; 




BJn'^</i*COa'^; 




coB-*>^_^^.; 


(4:+ ^1+4")" 
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extreme value for the substancca in questioo, which is known I 
by experiment, equilibrium ia impossible. 

(2) If the limiting equation can be satisfied by- ascribing ' 
to fL values leas than ita extreme value, equilibrium may be 
possible. We aay may be possible, because the limiting equa- 
tion may not be the only equation of equiUbrium, and of 
course for equilibrium it is necessary that all the appropriate 
equations he satisfied. ' 

We may illustrate the subject of friction by the solution of | 
the following problem : 

A weight W is placed on a rough horizontal plane ; a string 
is attached to W and passes over a fixed smooth puUv. and 
to the other end of the string a weight P is attached. Deter- 
mine the limiting inclinations to the vertical of the string 
which passes from W to the fixed puUy, when there is equi- 
librium. 

Let d be the inclination of this string to the vertical. The 
tension of the string ia equal to P. liie body ou tlie rough 
horizontal plane is acted on by ita own weight, by the reaist- 
ance of the plane, which ia at right anglea to the plane, and 
by the friction along the plane : denote the resistance by B, 
and the friction by fiB. 

Tiien resolving the forces horizontally and vertically we 
have 

fiR = P sin e, 

Ii + PCOB0 = W. 

Hence, eliminating It, we have 

fi(W-Pco3e)^Psin0; 
Pslue 



therefore 



'W-Pa 



k — cos f ' 

W 
■where h ia put for -p. 

We may, withont any real loss of generality, sappose thaf^ 
~ is a positive angle not exceeding a right angle. 
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It may be shewn that the differential coefficient of 7 ;= 

•^ A; — cos ^ 

with respect to is -jr ^ 5 this result will be useful as 

I A/ "~ COS Oj 

we proceed, 

I. Suppose W less than P, so that h is less than unity. 

Now fi may have any value from zero up to a certain limit, 
known by experiment, which we shall denote by tan €. Thus 
at the limit 

sin 

tan € = 7 Tj > 

k — cos o 

therefore cot e + cot ^ = - — 7; , 

therefore sin (^ + e) = ^ sin e. 

Let a be the least angle which has h sin € for its sine, so 
that 

sin (^ + e) = sin a. 

And as a is less than e the only solution admissible here is 

^ + 6 = TT — a. 

• /J 
The expression -r ^ is not positive unless is greater 

than the value which makes cos 0=^1c) and for greater values 
of the expression decreases as increases, and has its least 

value with which we are concerned when ^ = - ; its value 

2 

1 . P 

then being ^ > that is, ^. 

Hence we have the following results : 

P 

If the coefficient of friction is less than r^^ tliere is no posi- 
tion of equilibrium^ 
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% sulsfflst for all values of between -n- — a — e and ; 

Suppose W greater tlian P, so that k is greater than 

I this case a is greater than e, and the equation 
e) = sin a 
1 two solutions which may be admissible, namely, 

6 + € = a, and + €='rr—a. 
The expression r 2 is always positive, and as 8 in- 

cxeasea from to - the expression increases up to a maximum 
value and then decreases. Tlie maximum value is when 
, that is, 



Hence we shall obtain tlie following results : 

... F 

If the coefficient of friction 13 not less than —rpw-t — ps 1 

equilibrium will subsist for all values of between and - . 

F 

If the coefficient of friction is less than -v^, equilibrium 

will subsist for all yaluea of 6 between and a — e. 

F 

'/{W-F'y 

equilibrium will subsist for all values of d between and 
a — e, and between -tt — a — e and ~ . 

m. Suppose W=F. In this case there ia equilibrium 
when 6 = 0, no friction being then exerted; and besides this 
we have results which may be deduced from those in the 
first case. Here a = e; if the coefficient of friction is less 
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than unity there is no other position of equilibrium ; if the 
coeflicient of friction is greater than unity equilibrium will 

also subsist for all values of between tt — 2€ and — . 

Or the results for the third case may be deduced from those 
given in the second case, observing that a =€. 



Equilibrium of Machines vnth Friction, 

178. Inclined Plane* 

Let a be the inclination of the plane to the horizon. Sup- 
pose a force P^ acting at an in- 
clination 6 to the plane and the 
body on the point of moving doum 
the plane. Let B be the normal 
action of the plane, ^B the friction _j=r*^ V 

which acts up the plane, W the ^^^.^.^^^^^"^ \ 

weight of the body. Kesolve the 
forces along and perpendicular to 
the plane; then, for equilibrium 
we have ■ \ { 

Pjcos5 + /Lfc^-Trsina=0 (1), 

^ + P,sin5-Trcosa = (2). . ^ 

Substitute in (1) the value of B from (2) ; thus 

p _ TFsina — /LtTFcosa 
* ~" cos — fi^mO 

Next, suppose P^ a force acting at an incliuation 9 to the 
plane, such that the body is on the point of moving up the i 
plane. Friction now acts down the plane, and we shall find 

p __ TFsin a + AfcTTcos a 
^ ^ "" cos ^ 4- /A sin 5 ' 

This result may be deduced from the former by changing the 
sign of fi. 

There will be equilibrium if the body be acted on by a 
force P, the magnitude of which lies between P^ and P,. 
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■appose e to be the angle of friction, so that 
tan e — fi, 
TF sin a — tan e W cos a _ IT ain {a — e) 



— tan e sin 8 
_ W sin (a + e) 



cos (0 + e) 



cos(^- 

Snppose we require to know tlie least force whicli will 
Roffice to prevent the body from moving down the plane. 
The expreaaion for P^ will be least when coa {0 + f) ia 
greatest, that is when 6 + e = 0, that is when 9 = — e; and 
then P^ = WBm{(x-e). 

Again, suppose we require to know the least force which 
will suffice to move the body up the plane. The expression 
for /*, will be least when cos (S — e) is greatest, that is when 
ff = e; and then P, = "[f sin (a + e).- 

The following problem will illustrate the subject of the 
, inclined plane with friction. A weight W is placed on a 
L inclined plane, and is attached by a string to a point 
1 plane: determine the limiting positiona of eqni- 

i be the inclination of tlie plane to the horizon, yS the 

[nation of the string to the plane, 2" the teusion of the 

[g, S the resistance of the plane. Since the body is con- 

nei to remain at a constant distance from the fixed point, 

rast be situated on the circumference of a certain circle 

ribed on the plane ; suppose the angular distance of the 

of the body from the lowest point of the circura- 

The forces which act on the body at right angles 

[ plane aie Wcosa, Tam^, audi?. Thus 

7?+2'8in/3-IFco3« = (1). 

I forces which act on the body in the plane are Ws'ina, 
'B^, and the friction fiR. Resolve these forces along the 
] and tangent at the point of the circumference at which 



i body rests. Thus 



i3^-Trsinacos5 = 0... 
>*^-IFsiaasinfl = 0.. 



..t^aV 
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From (1) and (3) we obtain 

fiTBrn /S = fiWcos a — TTsIn a sin d; 

hence "by (2) 

^ u cos a — sin a sin 

utanp = ^- : s . 

'^ 6in a cos u 



Therefore 



sin a sin 6 

tJL = ' ■ 7^ ■ — y^ 

'^ cos a — sin a tan p cos u 

cot ff sin 

"" cot a cot )8 — cos d* 

This result may then be developed in the manner already 
exemplified in Art. 177. 

179. Lever with Friction^ 

Suppose a solid body pierced with a cylindrical hole through 




which passes a solid fixed cylindrical axis. Let the outer 
circle in the figure represent a section of the cylindrical hole 
made by a plane perpendicular to its axis, and the inner circle 
the corresponding section of the solid axis. In the plane of 
this section, we suppose two forces P and Q to act on the 
solid body at the points A and B, Also at the point of con- 
tact G there is a normal force R and a tangential force F, 
These four forces keep the body in equilibrium. 

Since R and jPhave a resultant passing through (7, it fol- 
lo\^s, by Art. 58, that the resultant of P and Q must also pass 
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tlirongh C. Let 7 be the angle between the directi.ona of 
i* and Q, and S the resultant of F and Q ; then 
fi"' = P'+(7' + 2Pecos7. 
Let the direction of S be represented by the dotted line 
making an angle 9 with R. Then since t, R, and S are in 
equilibrium, 

R=8coae (1), 

F=Stime (2). 

For the limiting position of equilibrium F=/iR; therefoie 
tan5 = /i (3). 

We may now find the relation between P and Q, by taking 
momenta round the centre of the exterior circle ; let r be the 
radius of thia circle ; a and b the distances of A and B from 
its centre ; a and /9 the angles wbich the directions of P and Q 
make with these distances ; then 

»Pa sin a + F>-= Qh sin ^ ; 
ty (2) and (3), 

Pasina + — '^(P'+^+2Pewa7)i = (2i8ln^...[4). 

If we suppose the friction to act 10 the opposite direction to 
that in tlie figui'e, we shall obtain 

Paaina— ~^(P»+Q'+2PQeo37)4 = (36sin;3...(3). 
tl + ^ J 

Equilibrium will not subsist unless P, Q, a, h, a, j3, 7 are ao 
adjasted that {4} or (5) can be satisfied without giving to /i 
a Value greater than its limit known by experiment. 

The following form may be given to the limiting equation. 
Let g be the length of the perpendicular from the centre of the 

^witer circle on the dotted line. Since F, B, and 8 are in equi- 

^prittm, we have by taking momenta 

Fr = Sa; 
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180. Wedge with Friction. (See Art. 168.) 

Suppose the wedge to be on the point of moving in the 
direction in which 2P urges it, and 
assume for simplicity that each face 
is similarly acted on by the obstacle. 
The forces which maintain the wedge 
in equilibrium are 2P perpendicular 
to the thick end, R perpendicular to 
each face, and iiR along each face 
towards the thick end. Hence, re- 
solving the forces parallel to the direc- 
tion of 2P, 

P=-Bsina + yLt5cosa (1). 

Forces equal and opposite to R and fiR act on the obstacle 
at each point of contact. If R' be the resultant of R and f^Ry 
we have 

R' = R^/{l+fi') (2). 

Let 8 be the resolved part of R' along a direction making 
an angle i with that of R and i' with that of R (see Art. 168) ; 
then 

S^Rcosi' 

= R cos i + fiR sin i (3). 

(1), (2), and (3) will give the ratio of Pto P' and of Pto S. 

181. Screw with Friction. (See Arts. 169, 170.) 

If the surfaces of the screw are rough it is kept in equi- 
librium by W, P, a system of forces perpendicular to the 
surface of the groove, and a system of forces arising from 
friction. Let R^ denote one of the forces perpendicular to the 
surface of the groove, fjuR^ the corresponding friction ; then R^ 
makes an angle a with the axis of the cylinder on which the 
screw is raised, and fiR^ an angle ^ — a with the axis of the 
cylinder. Suppose TF about to prevail overP; then resolving 
the forces parallel to the axis of the cylinder, and taking 
moments round it, we have 

W— SP (cos a + fi sin a) = 0, 
Pa — 2P (sin a — fi cos a) J = 0. 
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Therefore 



p I 


(sin a ' 


- /JL cos a) 


W~a 


(cos a + fiaia a) 


b 


tana 


- fi 


a 


1+/A1 


tana 


a 


tan (a 


-«), 



if fM = tan e. 

If we suppose P about to prevail over W, we shall find 
similarly 

^^= - tan (a + e). 



EXAMPLES. 

1. A rectangular prism, whose breadth i^ 2.83 feet and 
thickness less than 2 inches, is laid with its axis horizontal, 
and with its smaller face on an inclined plane where the 
coeflSicient of friction is ■^. Shew that if the inclination of 
the plane is gradually increased, the prism will roll before it 
will slide. 

2. If the roughness of a plane which is inclined to the 
horizon at a known angle be such that a body will just 
rest supported on it, find the least force requisite to diaw 
the body up. 

Sesults- Let a be the inclination of the plane, W the weight 
of the body; then the least force is Wain 2a, and it acts at an 
inclination a to the plane. 

3. Two rough bodies rest on an inclined plane, and are 
connected by a string which is parallel to the plane ; if the 
coefficient of friction be not the same for both, find the 
greatest inclination of the plane which is consistent with equi- 
librium. 

Besult. tan5 = ^^i^^^«. 



I 

I 

I 
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4. A rectangular table stands on a rougli inclined plane, 
and has two sides horizontal ; if the coefficient of friction of 
the lowest feet be /* and that of the others be fi, find the 
inclination of the plane when the table la on the point of 
sliding. j 

5. Two unequal weights on a rough inclined plane are ' 
connected by a string which passes through a fixed pully in ' 
the plane ; find the greatest inclination of the plane consistent 
with the equilibrium of the weights. 

SesuU. *^°°= V/- ty. • I 

6. A heavy uniform rod whose length ia 2a is supported ■ 
by resting on a rough'peg, a string of length 7 being attached 
to one end of the rod and fastened to a given point in the 
same horizontal plane with the peg. If when the rod is on the i 
point of sliding the string ia perpendicular to it the coefficient 

of friction is - . 

7. Two weights P, Q of similar material rest on a rough 
double inclined plane, and are connected by a fine string 

Sassing over the common vertex ; Q is on the point of motion 
own the plane, shew that the weight which may be added to 
P without producing motion is j 

Psin2<fiain(a4-j9) | 

sin ((3 — <f>) sin (a — 0) ' | 

a, being the angles of inclination of the planes and tan tjt 
the coefficient of friction. 

8. A weight P is attached to a point in the circumference 
of a rough circular ring whose weight is W: shew that the 
ring will hang on a horizontal rod in a plane perpendicular to 
it with any point of the ring in contact with the rod, if the 
coefficient of friction be not less than 

1 , W 

-77-; — -— r , "Where n = ^i . 

V(n + 2n) P 

9. Two equal heavy rings are moveable on a horizontal 
rough rod; a string of given length which passes through 



i both ends attacheil to a given weight; 
(ptest poaaible distance between the rings. 

ftO. Three eqnal liemiephei-es, haying their "bases down- 
^da, are placed in contact with each other upon a hoiizontal 
■le; if a smooth sphere of the same substance and equal 
■ins be placed upon them, shew that there will be equilibrium 
according aa the coefficient of friction between the 
nispheres and the table is greater or less than ^-^2. 

[I. A uniform rod rests wholly within a rough hemi- 
pberical bowl in a vertical plane through its centre, prove 
that the limiting position of equilibrium will be given by the 
equation 

, „_ ain2e 

being the inclination of the rod to the horizon, 2(3 the 
angle it subtends at the centre, and tane the coefficient of 
friction. 

12. A thin rod rests in a horizontal position between two 
rough planes equally inclined to the horizon, and whose 
incDnation to each other is 2o: ; if /i be the coefficient of 
friction, then the greatest possible inclination of the line of 

intersection of the planes to the horizon is tan"' ~J— . 

13. A surface is fonned by the revolution of an equi- 
lateral hyperbola about one of its asymptotes which is ver- 
tical; shew that a particle will rest upon it, supposing it 
rough, anywhere beyond the intersection of the surface with 
a certain circular cylinder. 

14. A heavy particle under the action of gravity will rest 



1 

he ^M 
^1 



ingh paraboloid ■ 



= 2z, if it be placed on the 



surface at any point above the curve of intersection of the 



anrface with the cylinder —i+i 



; the axis of the para^ 



boloid being vertical, its vertex upwards, and ft the coefficient 
of friction. 
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15. A rough elliptic pully of weight W can turn freely 
about one extremity of its major axis, and two weights, P, Q^ 
are suspended by a string which passes over the pully ; when 
in equilibrium its plane is vertical, and its axis inclined at 
60^ to the horizon, prove that the excentricity of the ellipse 
is equal to 

16. A heavy hemisphere rests with its convex surface on 
a rough inclined plane. Find the greatest possible inclina- 
tion of the plane. 

17. One end A o{ a, heavy rod ABO rests against a rough 
vertical plane ; and a point B of the rod is connected with a 
point in the plane by a string, the length of which is equal 
to AB ; determine the position of equilibrium of the rod, and 
shew how the direction in which the friction acts depends 
upon the position of B. 

18. Three equal balls, placed in contact on a horizontal 
plane, support a fourth ball. Determine the least values of 
the coeflScients of friction of the balls with each other and 
with the plane, that the equilibrium may be possible. 

Results. Let W be the weight of each of the three lower 
balls, W the weight of the upper, <^ the angle which the 
straight line joining the centre of the upper ball with the 
centre of one of the lower balls makes with the vertical ; then 

the coefficient of the friction between the balls is tan ^ , and 

the coefficient of the friction between the balls and the plane 

W 6 

IS jTT, . oTTr tan ^ . If all four balls are equal we have 

sin <^ = -— , so that tan ^ = V3 - V2. 

19. Determine the curve on the rough surface of an 
ellipsoid, at every point of which a particle acted on by three 
equal forces whose directions are parallel to the axes of the 
ellipsoid, will rest in a limiting position of equilibrium. 
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20. BOBE is a square board ; a string is fixed to a point i 
^ in a rougt wall and to the comer B of the board. Shew 
that the board will rest with its plane perpendicular to the 
wall, and its aide CB resting against it, ii AC be not greater i 
than fiBC. 

21. A rectangnlar parallelepiped of given dimensions iB 1 

S laced with one face in contact with a rough inclined plane ; 
etermine the limits of its position in order that equilibrl 
may exist. 

22. A board, moveable about a horizontal straight line in ] 
■ I own plane, is supported by resting on a rough sphere ] 

Ijich lies on a horizontal table ; find the greatest inclination \ 
(which the board can rest. 

lult. Let $ be the inclination of the board to the hori- 
n ; then tan „ = ^, where fj, is the coefficient of the friction 
between the board and the sphere. 

23. A string FOB passes over a smooth pully C, and 
has a given weight P attached to one extremity, while the 
other extremity JB is attached to one end of a heavy uniform 

I beam AB at B. The other end A of the beam rests upon 
a rough horizontal plane ; determine the position of the beam 
wben in equilibrium. 

24. A hemisphere is supported by friction with its curved 
surface in contact with a horizontal and vertical plane ; find ] 
the limiting position of e(|uilibrium. 

Result. If 6 be the inclination of the plane base to the , 

horizon, sm S = ., ,, , — ;: . 

25. When a person tries to pull out a two-handled drawer 
by pulling one of its handles in a direction perpendicular 
to its front, find the condition nnder which the drawer will 
stick iast. 



S. Determine the condition under which a given 
may be supported on a rough vertical screw without 



iight 



'fric£fl 
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HctioQ of any force ; for example, if the coefficient of fricti 
be J, find the least number of turns which may be given 
a thread on a cylinder 2 feet long and 6 inches in circnr** 
ference, ReaulL Eigb* 

27. Two uniform beams of the same length and material 
placed in a vertical plane, are in a state of rest bordering 
on motion under the following circumatancea : their upper 
ends are connected by a smooth hinge, about wliich they 
can move freely ; their other enda rest on a rough horizontal : 
plane, and the beams are perpendicular to each other: find 
the coefficient of friction between the beams and the hori- 
zontal plane. Result. ^=J. 

28. A straight uniform beam is placed upon two rongli 
planes whose inclinationa to the horizon are a and a', and 
the coefficients of friction tan \ and tan X' ; shew that it 6 bo 
the limiting value of the angle of inclination of the beam to 
the horizon at which it will rest, Wits weight, and R, S! the 
pressures upon the planes 

2 tan e = cot (a' + X') - cot (a - X), 

;; R ^ w 

cos \ ain (a' + X*) cos X' ain (a — X) ain (a — X + a' + ^') 

29. A heavy right cylinder is placed with its base on * 
rough horizontal plane, and is capable of motion round iB 
axis ; find the least couple in a horizontal plane which will 
move it. 

30. Two weights of different material are laid on an in- 
clined plane connected by a string extended to its full length, 
inclined at an angle $ to the line of intersection of the inclined 
plane with the horizon ; if the lower weight be on the point 
of motion find the magnitude and direction of the force of 
friction on the upper weight. I 

31. A carriage stands upon four equal wheels; given the 
coefficient of friction between the axles and the wheels find 
the greatest slope on which it can remain at rest neglecting 
the weight of the wheels. 



( 221 ) 



CHAPTER XI. 

FLEXIBLE INEXTENSIBLE STRINGS. 

182. A BTBiNG !a said to be perfecthi jkxibh when any 
force, however small, which is applied otherwise than along 
the direction of the string will change its form. For short- 
MBS, we use the word flexible as equivalent to perfectly 
fexible. Sometimes the word ckatn is used as synonymous 
Willi gtring. 

If a flexible string he kept in equilibrium by two forces, 
one at each end, we assume as self-evident that those forces 
mnat be equal and act in opposite directions, so that the 
Btring assumes the form of a straight line in the direction of 
ibe forces. In this case the tension of the string is measured 
Ijy llie force applied at one end. 

Let ABO represent a string kept in equilibrium by a 

force T at one end A and an equal force T ,— 

«t the other end G acting in opposite direc- ^ 

tiona along the line A C. Since any portion AB of the string 
ia in eqiiilibrium it follows that a force T must act on AB 
it B from B towards in order to balance the force acting 
>1 A ; and similarly, a force T must act on BO ftom B to- 
»wda A in order that BO may be in equilibrium. This result 
» expressed by saying that the tension of the string is the same 
ikroughout. 

^ Unless the contrary be expressed, a string is supposed 
itextenaihle and the boundary of a transverse section ot it is 
supposed to be a curve, every chord of which ia indefinitely 
small. 

183. When a flexible string is acted on by other forces 
Wides one at each end it may in equilibrium assume a 
curvilinear form. If at any point of the curve we suppose 
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a section made by a plane perpendicular to the tangent, the 
mutual action of the portions on opposite sides of this plane 
must be in the direction of the tangent, or else equilibrium 
would not hold, since the string is perfectly flexible. 

184. A heavy string of uniform density and thickness is 
suspended from two given points ; required to find the equa" 
tion to the curve in which the string hangs when it is in equp- 
librium. 

Let A, J5, be the fixed points to which the ends are 
attached ; the string will rest in a 
vertical plane passing through A 
and J5, because there is no reason 
why it should deviate to one side 
rather than the other of this ver- 
tical plane. Let ACB be the form 
it assumes, G being the lowest 
point; take this as the origin of 
co-ordinates ; let P be any point in 
the curve; CM, which is vertical, 
= y ; MP, which is horizontal, = x ; 
CP = s. 

The equilibrium of any portion CP will not be disturbed 
if we suppose it to become rigid. Let c and t be the lengths 
of portions of the string of which the weights equal the 
tensions at C and P. Then CP is a rigid body acted on 
by three forces which are proportional to c, s, and t, and act 
respectively, horizontally, vertically, and along the tangent 
at P. Draw PT the tangent at P meeting the axis of y 
in T; then the forces holding CP in equilibrium have their 
directions parallel to the sides of the triangle PMT, and 
therefore bear the same proportion one to another -that these 
sides do (see Art. 19) ; therefore 




PJf _ tension at lowest point 



MT 
therefore 
therefore 



dx c 
or -r- = - 



weight of the portion CP' dy s 



dy^l 

dx c 



and 



dy^ 



ds V(c*+5')' 

y+C = V(c' + 



(1); 



CATEKART. 223 

the conatant added being such that y = when « = ; there* 
fore 

s'^^f + ^yc (2). 

Ai dx _c _ c 

therefore « = c log 2^±^±^^^3^±M (3), 

c 

the constant being chosen so that x and y vanish together. 
The last equation gives 

Transpose and square ; thus 

c^e" - 2 {y + c) ce'' +c*=:0; 

m X 

therefore y + c = \c{e'^ + e"^) (4). 

Also 5 = V{(y + c)«-c'} by (2) 

= ic(e^-/«) (5). 

Any one of these five equations may be taken as the equation 
to me curve. If in equation (4) we write y' for v + c, which 
amounts to moving the origin to a point vertically below the 
lowest point of the curve at a distance c from it, we have 

X X 

When the string is uniform in density and thickness, as in 
the present instance, the curve is called the common catenary. 

185. To find the tension of the string at any point. 

Liet the tension at P be e^ual to the weight of a length t of 
the string ; then, as shewn m the last article, 

tension at P PT ^i - t ds 

therefore - = -r- . 



weight of GP TM' s dy 
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But «* = y* + 2yc by equation (2) of Art, 184, thertfoi6 

This shews that the tension at any point is the weight of 
a portion of string whose length is the ordinate at that point, 
the origin being at a distance c below the lowest point. 

Hence, if a uniform string hang freely over any two points, 
the extremities of the string will lie in the same horizontal 
line when the string is in equilibrium, 

186. To determine the constant c, the points of sicspension 
and the length of the string being given. 

Let A and B be the fixed 
extremities, C the lowest point ^ 

of the curve. 



ON=a\ MA^h, 
NB^b\ GA = l, GB^l'. ^ 
Also let a + a' = h 




(1); 



then A, ^, \ are known quantities, since the length of the string 
and the positions of its ends are given. From Art. 184 



h'=\c{e'-{-e~') 

a a 

Z = Jc(e°-e"') 



> 



(2). 



Equations (1) and (2) are theoretically sufficient to enable 
us to eliminate a, a , J, &', Z, and V and to determine o. We 
may deduce from them 
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\ + k = c{e'- 



therefore 



V(V-i') = c(e- 



{e'-e ■); 



").. 



This is the equation from wliich c is to te founci, but on 
account of it3 transcendental form it cau only be solved 
by approximation. If the exponents of e arc amall, we may 
expand by the exponential tlieorem and thus obtain the ap- 
proximate value of c. In order that the exponents may b 

small , must be larse compared with h ; since -i^ = k — . ■ 

da \/{c'+s') 
by Art. 184 it follows that when c is large, compared with 

the length of the string, — is small, and therefore the curve 

does not deviate much from a straight line. Hence, when 
the two points of support are nearly in a hoiizontal line and 
the distance between them nearly equal to the given length 

of the string, we may conclude that - will be small. In this ' 



case, we ha 



3 from (3) 



i \icj ^ 15 Vac, 



therefore -^{X^ - 1") = A + ,— , approximately. 

187. To jind the equitations of equilibrium when a flexible 
string is acted on hj avy forces. : 

Let X, y, a bo the co-ordinates of a point P of the string ; 
^U|et a denote the length of the curve BP measured from some 
^■^ed point B up to P, and Ss the length of the arc PQ 
^Kietween P and an adjacent point Q. Let « be the a 

■L '-^ ^ 



a of a 
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section of the fltring at P, and p the denally at P; let Th 

tension of the string at P; then 2"^^, J" j^, and T? 

the resolved parts of T parallel to the co-ordinate aiea ja 
the resolved parts of the tension at Q parallel to the axes t( 
be, by Taylor's Theorem, 

rJ + ^(rJ)Ss + terms in (&»)', &c., 

''t^i{^i>- 

^i-iKY'- 

Let XpitBs, YpKSa, ZpicSs be the external forces which act 

on the element PQ parallel to the axes. The equilibrium 
of the element ■will not be disturbed by supposing it to 
become rigid; hence, by Art. 27, the sum of the forces 
pajallel to the axis of x must vanish ; thus 



^dx d j 



w(^S)+-^'"==<"'"'"'^'='j'- 



Similarly 



)S8 + ... + Xp«8s-r^=0, 

J + XpK = ultimately. ^| 

(t|)+^,«=o. 1 

be conveniently replaced by m, bd 



The product Kp may be c 
that if m be constant ml represents the masa of a length I 
of the string, and therefore m the mass of a unit of length 
of the string. If m. be not constant, conceive a string having 
its length equal to the unit of length »iid its section wa 
density throughout the same as those of the given string »t 
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tke point {x, y, z), and then m will be the mass of such sup* 
posed string. 

TJie element 8s of the string, the equilibrium of which 
we have considered, becomes more nearly a particle the more 
we diminish &; hence it is sufficient to consider the three 
equations of Art, 27 instead of the six equations of Art. 73. 

The three equations which we have found are theoretically 
sufficient for determining T, y, and z as functions of a?, remem- 

beringthat^=^|l + g) +(J)}; and when we know 

the values of y and z in terms of x, we know the equations 
to the curve which the string forms. 

188. The equations for the equilibrium of a flexible string 
may be written thus ; 

da as as 

as as as 
Multiply these equations by -r- , -^ , and ^ respectively and 



add ; then, since 



$hm<i1'^- 



and 



dx d^x dy d^y dz d^z __ 
ds ds* ds ds* ds d^ ' 



ftcinibxe ^+/'»(^^+^^+'^^)'^= constant. . . (3). 
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If the forces are sucli that m {Xdx'{- Ydy + Zdz) is the im- 
mediate differential of some function of x, y, «, as j^(a?, y, «), 
then 

T'{'f{Xf y, z) = constant. 

If the forces are such that their resultant at every point 
of the curve is perpendicular to the tangent at that point, 
we have 

as da as 

therefore, by (3), T is constant. 

In the equations (1) transpose the terms mX, mY, mZto 
the right-hand side, then square and add; thus 

Hence if p he the radius of absolute curvature of the curve 
formed by the string, and FmBs the resultant external force 
on the element Bs, so that F^ = X^+ r* + Z^ 

(fT-lf)'-- (*)• 

jrp - 

If T be constant ^- = ; hence in this case mF varies as -. 

ds p 

From the equations of equilibrium in Art, 187, we deduce by 

integration, 

dx 
T --j-=^'- jmXdsy 

T^^-fmYds, 

dz 
T-^=^^ jmZda. 

Square and add ; then 

T'^{jmXdsY + [jmYd8Y+[jmZdsY (5), 

The -constants that enter when we integrate the differential 
equations of equilibrium must be determined from the special 
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circumstances of each particular problem. Thus the co- 
ordinates of fixed points to which the ends of the string 
are attached may be given, and the length of the string. 
Or, besides the forces represented by mXBsy m YSs, and mZSs 
acting on each element, given forces jF^ and F^ may act at 
the extremities of the string ; in this case if T^ and 2^ denote 
the values of T at the two extremities of the string, we must 
have T^ equal in magnitude to F^ and opposite to it in 
direction, and similarly for T, and F^. 

189. From equations (1) of Art. 188, eliminate Tand -v- ; 

CvS 

then we have 

^ /rf'iy dz ^ d^z. dy\ ^ /d^z dx ^ d^x dz\ 
"^W& 'd^'dsJ'^ ^ Wd^^Wd^J 

r^rd^xdy d^ydx\ 

'^ \d8' ds ds' dsj"^' 

this shews that the resultant external force which acts on an 
element Ss of the string lies in the osculating plane at the 
point (a?, y, z), 

190. The general equations of equilibrium become, when 
all the forces are in one plane, namely, that of {x, y), 

^(^D+^.o, i[T%y^y-o (I). 

Suppose X=0, so that the external force is parallel to the 
axis of y; the first equation gives 

dx 
jT-t- = a constant, C &b,j, 

therefore ^""^ (^)- 

Hence the second equation becomes 

''SS+'»^-» w- 
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For example; required the form of the curve when its 
weight is the only force acting on it, and the area of the 
section at any point is proportional to the tension at that 
point. Here Y is constant and may be denoted by — ^r, the 
axis of y being vertically upwards. And T varies as m, so 
that T= Xm where X is a constant. Thus fix)m (2) and (8) 
we obtain 

da^KdsJ "X' 
Put a for ^; thus g(jy = ^, 



therefore 



1 + 



da? _1 

dv\^ "" a 



W 



therefore tan"^ ^ = - + constant, 

dx a 

The constant vanishes if we suppose the origin at the lowest 
point of the curve ; therefore 

dy ^ X 
-^ = tan - ; 
dx a 

therefore ^= — loffcos- (4). 

Since in this case the area of the section at any point is pro- 
portional to the tension at that point, the curve determined by 
(4) is called the Catenary of equal strength. 

Since T^\m^mag^ we have the following result: the 
tension at anjr point is equal to the weight of a length a of 
a uniform strmg of the same area and density as the string 
actually has at the point considered. 

191. The equations (1) of the preceding Article may be 
written 

^S+fS^»'-» »• 

^S-fl+»^=» »• 



fle:cible ^bikq. 
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Knltiplj (1) "by -~ and (2) by -3- and subtract ; tlius 

. t.- r . dxcPx , dy d^y ^ ^ , 

from which, since -y- -jt + -f" 77^ = v, we find 



r 



dx 

fn — r- 



-w(^ 









(3). 



da* 



Again, multiply (1) by -r- and (^) by -^^ and add ; then 



f+»(^£^4')-» «• 



From (3) and (4) by eliminating T, we deduce 

dx 

which is the general equation to the curve when given forces 
act in one plane. 



192. In Art. 188 we have found the equations 
dT . ( ^dx . ^^dy 



as \ as as ds 



)- 







(1). 



(f)"-(f)"-- (='■ 



Let ^ be the angle which the resultant force mFis makes 
with the tangent at the point (a?, y, z) ; then 

^ ds ds ds 
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therefore, "by (1), 



ds 
and therefore, by (2), 



= — mFcos ^ (3), 



(7)"=- 



.P"sm> (4). 

If the force be such that its direction always passes through 
a fixed point, the whole string will lie in a plane passing 
through its ends and through the fixed point, for there is 
no reason why it should lie on one side rather than the 
other of this plane. Let r be the distance of the point 
{x, y, z) of the curve from the fixed point, p the perpendicular 
from the fixed point on the tangent at (a?, y, z)) then (3) and 
(4) may be written 

•^ = --^^ (^)' 

^^mF^ (6), 

p r 



Hence 



T ds , ppds p ds^ 

therefore log T = constant — log^, 

or Tp^a 

Also, from (5) , r= - imFdr. 

C 
Therefore — = — fmFdr. 

P . 

Put ^ (r) for —fmFdr ; then 

and from this differential equation the relation between r and 
must be found. 

The equation Tp==C may also be obtained simply thus: 
suppose a finite portion of the string to become rigid; this 
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portion is acted on by the tensions at its two ends and by 
other Jbrcea which all pass through a fixed point; take moments 
round this fixed point ; hence the product of the tension into 
the perpendicular from the fixed point on the tangent must 
have the same value at the two ends of the finite portion of 
the string. Thus SJ) = constant. 

193. The results of the last Article give us the form of a 
string when acted on by any central force ; these results may 
also be obtained directly in the following manner. 

Iiet O be the centre of force, P a point in the curve, Q an 




adjacent point ; r, 6 the polar co-ordinates of P; let s be the 
length of the curve measured from some fixed point up to P, 
and JPQ^^Ss, Draw PL the tangent at P; and PN, Q^ nor- 
mals at P and Q respectively, then PN is ultimately the radius 
of curvature at P. Let T denote the tension at P, T+ BT the 
tension at Q, Fmhs the force acting on the element PQ, which 
will ultimately be in the direction OP produced. 

Let PNQ = '^, and j> be the angle between PL and OP 
produced. Kesolve the forces acting on the element along PL 
and PN'y then 

(T + Sr) cos '^ + Fmis cos ^ - !r= 0, 
{T+iT) sin '^ - Fmha sin ^ = 0. 



Now 



sin -^ss — ultimately, and cos'«|r = l. 
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Hence the equations become 

Sr+jp'm&co8^ = 0, 

or -7- + Fm cos A = 0, 

as ^ 

T 
and Fm sin ^ = 0, 

P 
and the solution may be continued as in the last Article. 

We have supposed the force repulsive, that is, tending 
from 0; if it act towards the figure will be convex towards 
and we shall have the results 

jrn rp 

^ mFcos ^ = 0, wi-Fsin ^ = 0. 

194. A string is stretched over a smooth plane curve; to 
find the tension at any point and the pressure on the curve. 

First suppose the weight of the string neglected. 

Let APQB be the string, A and B being the points where 




it leaves the curve. Let P, Q be adjacent points in the string ; 
let the normals to the curve at P and Q meet at ; let ^ be 
the angle which PO makes with some fixed straight line, and 
d'\-h0 the angle which QO makes with the same line. The 
element P^ is acted on by a tension at P along the tangent 
at P, a tension at Q along the tangent at Q, and the resistance 
of the smooth curve which will be ultimately along PO. 
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lict 8 be the length of the curve measured from some fixed 
point up to P, and PQ = Bs ; let BSs denote the resistance of 
the curve on PQj T the tension at P, T-^-hT the tension 
at Q. Suppose the element FQ to become rigid, and resolve 
the forces acting on it along the tangent and normal at P; 
then 

r-(r+sr)cosS0=o (1), 

JB&-(r+Sr) sin 80 = (2). 

Now COS 80 = 1 - V-^ + ^TT^ - . . . 

1.2 [4 

hence (1) gives by division by 80 

^^-(r.*r,{f-M.....}.o, 

therefore ultimatelj 

therefore T=^ constant (3). 

Also Bs=:pB0 idtimately, p being the radius of curvature at P, 
therefore, from (2), we have 

T 

B^- (4). 

P 

Since T is constant, the string will not be in equilibrium 
unless the forces pulling at its two ends are equal ; this is 
usually assumed as self-evident in the theory of the pully. 

The whole pressure on the curve will be jRds ; therefore by 
(4), the whole pressure 

Since T is constant, JTdO = T0 + constant ; 

therefore the whole pressure = r(0„ — 0j), supposing 0^ the 
value of at A, and 0, the value of at B. 
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Next suppose the weight of the string taken into account 




Take the axis of y horizontal and that of x vertically 
downwards. The element FQ is acted on by a tension at P 
along the tangent at P, a tension at Q along the tangent at 
Q, the weight of the element vertically downwards, and the 
resistance of the smooth curve which will be ultimately along 
the normal at P. Let Q be the acute angle which the normal 
FN makes with the axis of a?, ^ + W the angle which the 
normal QN makes with the axis of x. Let 8 be the length 
of the curve measured from some fixed point up to P, and 
P^ = & ; let T be the tension at P, and r+ Sr the tension 
at Q\ let mghs be the weight of the element, and BZs the 
resistance of the smooth curve on the element. Suppose the 
element PQ to become rigid, and resolve the forces acting on 
it along the tangent and normal at P; then 

2'-(2^+gy)cosS^-mg'85sin^ = (5). 

Bls-{T^-lT)^\uW'-mgl8^o^e^(i (6). 

From (5) we obtain ultimately 

-^^-rfigwie (7), 
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and from (6) 

T 
B^^ + mgcosO (8), 

r 

"where p is the radius of curvature of the curve at P. 

Since the curve is supposed to be a known curve, s and p 

may be supposed known functions of ^; thus (7) and (8) will 

enable us to find T and B in terms of 0, Or we may express 

27 and It in terms of the rectangular co-ordinates of the point 

^; for if we denote these co-ordinates by x and y, we have 

• /% dx n dv 

sm ^ = 3- , cos ^ = -^ : 
da as 

tlms (7) may be written 

dT dx 

therefore, if m be constant, 

T=^-mgx-\-C, 

where G is some constant ; the value of this constant will be 
known if the tension of the string be known at some given 
point, for example at A or at B. 



Also from (8) 



7? _ C-mgx ,dy^ 



and p and -^ will be known in terms of x and y since the 
curve is known. 

In the above investigations we stated that the resistance 
of the curve on the element BQ acts ultimately along the 
normal at P; and in forming the equations of equilibriur* 
of the element of the string we supposed the resistance to » 
strictly along the normal at P. It is easy to shew that : 
error is thus introduced. For the resistance at P is aloi 
the- normal at P, and at Q it is along the normal at Q, hen 
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the resistance on the element FQ may be taken to he a force 
which acts in some direction intermediate between the direc- 
tions of these two normals; suppose i^ the angle which its 
direction makes with that of tlie normal at P. We should 
then write MZsco^'^ instead of ^Ss in the equations (2) and 
(6), where -^ is an angle less than h$; henco in the limit 
COB -^ = 1 and equations (4) and (8) remain unchanged. Also 
the term BZsmi'^ must he introduced into equations (1) and 
(6); thus equation (l) becomes 

T~ {T+ BT) COB S0 - Ms sin i^ = ; 

therefore |-J-(2'+S2')||^-M + ...| + i?|s!nt = 0: 

Ss 
and ultimately sa = p ^i"! sin -xfr — O; hence as before 



Similarly we may shew that equation (7) remains true after 
the introduction of the term JtSs sin yfr into equation (5). 

195. A string zs stretched over a rough plane curve; tojtnd 
the tension at any point and the pressure on the curve in Un 
limiting position oj equilibrium. 

First suppose the weight of the string neglected. See the 
first figure of Article 194. 

The element PQ is acted on by a tension at P along the 
tangent at P, a tension at Q along the tangent at Q, the re- 
sistance of the curve which will be ultimately along the nor- 
mal at P, and the friction which will be ultimately along the 
tangent at P and in the direction opposite to that in which 
the element is about to move. Let T denote the tension at 
P, T-i-BT that at Q, MBs the resistance, fxESs the friction; 
suppose the string about to move from A towards B. Sup- 
pose the element PQ to become rigid, and resolve the forces 
acting on it along the tangent and normal at P; then 

T+ /iSSs- (r+ ST) cos Sfl = (]),,. 

PSa - {T+ BT) sin Be = , 
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From (1) we have ultimately 

f=/^^ (^)' 

and from (2), - = R (4) ; 

^ ^ p dT 1 dT 

therefore T'di^^' ^"^TT^""^' 

therefore log T= fid + constant, 

therefore r= 0^ 

Let T^ be the force which acts on the string at the end -4, 
and therefore the value of T at this point ; and let T^ be the 
force at B\ let 0^ and 0^ be the corresponding values of 0) 

then 3;=:0% 2;=?C^«S 

therefore 5 = e^^«"^'>, 

and r= j;e^(*-«i) = 2;e^(<^-«.). 

Also [Rda :=j^d8 ^{Td0 = 2; Je^(«-«i) rf^, 

5=— lef*(«-«i + constant; 
/* 

tlierefore the whole pressure on the curve 

Tp-i^i T ^ T 

^=^ (ef^^z ^ ^i) ^ ±1 — ±1, 

Nest fiippose the weight of the string taken into account. 
Proceeding as in the second case of Art. 194, and supposing 
the fitziAg about to move from A to B, we have 

T-{T+^T)QO^he^mghs^me + ^It,Za=:^0 (5). 

J?8^-(r+Sr)3ia8^-w^S^coae=-0 (6). 
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From (5) we obtain ultimately 

T 

and from (6) JB = — hmg co^0\ 

r 

therefore ^ = — + w^ (a^ cos ^ — sin ^, 
therefore p~^ — /Ar= mg (/a cos ^ — sin d) p, 

jrp 

that is -7^ — iiT= mg (ji cos — sin 0) p. 

Thus we have a differential equation for finding T, and we 
may proceed In the ordinary way to obtain the solution. 
Multiply both sides of the last equation by 6"'*^ ; thus 

A (^Te-f^^) = mge-i^ {fi cos ^ - sin ^) p ; 

therefore Te~'^^ = I mge~'^ (jj, cos — sin 0) pd0. 

Hence when p is known in terms of we shall only have 
to Integrate a known function of in order to obtain the value 
of Tin terms of ^. 

196. To form the equations of equiUhritim of a string 
stretched over a smooth surface and acted on hy any forces. 

Let s be the 'length of the string measured from some fixed 

{joint B to the point P; x, y, z the co-ordinates of P; Ss the 
ength of the element of the string between P and an adjacent 
-point Q ; mSs the mass of the element; BBs the resistance of 
the surface on this element, the direction of which will be 
ultimately the normal to the surface at P; let a, /8, 7 be the 
angles which the normal at P makes with the axes ; ^mBsj 
YmSs, ZmBs the forces parallel to the axes acting on the 
element, exclusive of the resistance BBs. Hence, in the equa- 
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tiOBS of Art. 187, for Xm we most pnt Xm + B cos a, and 
make similar substitutions for Ym and Zm ; therefore 

d f mdx\ 






ds{^-£)'^^+^'^^'i=^ (3). 



Multiplj (1) by g, (2) by J, and (3) by J, and add; 

then, since 

dx dy Q , dz . 

-7- cos a + -^ cos p + -7- cos 7 = 0, 

l)ecause a tangent to the surface at any point is perpendicular 
to the normal at that point, we have, as in Art. 188, 



ds 



^»(^£+^S+4)-« «• 



Again, multiply (1) by cos a, (2) by cos /8, and (3) by cos 7, 
and add ; then 

^ (d^x d^y Q d^z \ 

r|_cosa + ^cos/3 + ^cos7} 

4-m {Xcos a + Fcos/S + Zcos 7} + iZ = ... (5). 

Let FmZa be the resultant of XmZa^ YmZs^ ZmBs, and '^ 
the angle its direction makes with the normal to the surface 
at the point (a?, y, z) ; then 

Xcosa + Fcos/S + Zcos7 = jPcos'^. 

Let /> be the radius of absolute curvature of the curve formed 
by the string at the point {Xy y, z) ; a\ /S', 7' the angles its 

T.S, 16 
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direction makes with the axes ; (f> the angle its direction makes 
with the normal to the surface; then 

d^x __ cos a' d^y _ cos ff d^z _ cos 7' 

'^■""^' w y d^ J^' 

Hence (5) becomes 

T 

— cos^ + Fmcosyfr + R^O (6). 

r 

Let t* = be the equation to the surface ; then 

cos a cos 5 cos 7 ,7. 
—7— = — =-i- = J ' = N suppose. 
du du au ^'^ 

dx dy dz 
Hence (1) may be written 

md^X , «- dT dx m^rClu 

as as as ax 

and (2) and (3) may be similarly expressed. 

dT 

Eliminate -7- and RN^ and we obtain 
as 



\ ds^ J \ds dz ds dy) 



+ 



\ ds* J \ds dx ds dz) 



If we put for T its value from (4), the resulting equation, 
together with wfc=0, will determine the curve formed by the 
string. 

It appears from Art 189 that the resultant of FmSs and 
RBs must lie in the osculating plane of the curve at the point 
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{Xj y, z). If the direction of FmSs be always normal to the 
surface w = 0, then, since that of RSs is also normal to the 
surface, it follows that the normal to the surface lies in the 
osculating plane to the curve. This we know to be a property 
of the lines of maximum Or minimum length that can be 
drawn on a surface between two given points. Hence, when 
a string is stretched over a smooth surface and acted on only 
by forces which are in the directions of normals to the surface 
at their points of application, it forms the line of maximum 
or minimum length that can be drawn on the surface between 
the extreme points of its contact with the surface. 

When FmSs is always normal to the surface, it follow^ 
from (4) that T is constant. 

197. We will now give some miscellaneous theorems con- 
nected with the subject of flexible strings. 

I. Required the abscissa of the centre of gravity of an 
assigned portion of any string at rest, supposing its ends fixed, 
and gravity the only force. 

This may be obtained by the ordinary process of integra- 
tion, or more simply in the following manner. Imagine any 
{)ortion of the string to become rigid : then it is kept in equi- 
ibrium by its weight and the tensions at the ends ; these 
tensions act in the directions of the tangents at the ends. 
Hence the centre of gravity of any portion must be vertically 
over the point of intersection of the tangents at the extre- 
mities of the portion. 

II. Suppose in Art. 192 that the string is uniform, and 
that the force is attractive, and varies as the n^^ power of the 
distance. Thus we may put F= — /xr** ; therefore 

G mfir""^^ . ^ ^ 

— = . ^ + constant. 
p n+1 

In the particular case in which the constant here introduced 
is zero we can easily complete the solution of the problem. 
We have 

p" X ' 

where \ is put for -^ . 

mfjL 
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Put - for r: then 
u 






therefore (^^j j;ji-pj- , 

therefore 5;^ = ^(j _ j,.^^) • 

Therefore, "by Integration, 

(n + 2) ^ + const. = sln"^ (Xw***) ; 

therefore ^^ = sin {(« + 2) 5 + constant}. 

If we fix the position of the Initial line so that r may have 
its least value wnere ^ = 0, we shall determine the constant, 
and obtain 

^•"" = Xsec(w4-2)d; 
or denoting by a the value of r when ^ = 0, 

r"^ = a"^ sec {n + 2) 0. 

m. Suppose a flexible string to be In equilibrium nndef 
the action of a central force. Imagine any portion of the 
string to become rigid : then It Is kept In equilibrium by the 
tensions at the ends and the resultant of the action of the 
central force on the elements of the string ; this resultant will 
be some single force acting through the centre of force. Thus 
the portion of the string may be considered to be in equi- 
librium under the action of three forces; and these forces 
will therefore meet at a point. Hence we obtain the follow- 
ing theorem: The resultant action of the central force on any 
portion of the string is directed along the straight line whidi 
joins the centre of force with the point of intersection of the 
tangents at the ends of the portion. 
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IV, Suppose that a flexible Btring is in equilibrium un3er 
the action of a central force which varies as the distance. 
Let r be the distance of any point from the centre of force ; 
X, y the co-ordinates of the point referred to axes having the 
centre of force as origin. Let the force on an element of the 
string of which the length is h« and mass mha situated at the 
point (a;, ?/) be /irmSs; then this force can be resolved into 
/i^mSd and /^yniSs parallel to the axes of x and y respectively. 

Hence the components, parallel to the axes of a; and y, of 
the action of the central force on any portion of the string 
are /A.fxmds and fi^ymds respectively, the integrations ex- 
tending over the portion considered. Now if x and y be the 
co-ordinates of the centre of gravity of the portion, we have 

_ fxmds _ _ fymda 



Hence we obtain the following theorem : The straight line 
which joins the centre of gravity of any portion of the string 
to the centre of force coincides with the direction of the resultant 
central force im the portion. 

Hence combining this theorem with that obtained in IIL 
vre obtain the following property of the flexible string which 
is in equilibrinm under the action of a central force varying 
•s the distance : The centre of gravity of any portion lies on 
the straight line which joiTis the centre of force with the point 
of intersection of the tangents at the extremities of tlic portion. 

Thus by II. we see that the property here enunciated will 
hold for a uniform string in the form of the curve 
r" = a' sec 3^. 

v. Two weights are connected by a string which passes 
over a rough horizontal cylinder in a plane perpendicular to 
the axis : it is required to determine the resultant of the 
normal actions between the string and the cylinder in the 
state bordering on motion. 

The normal action on any element S* of the string may be 
denoted by Rhs, and the friction on the element by fiR&s; thus 
the friction on the element hears a constant ratio to the normal 
action, and the directions of the two forces are at right a 
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Let P be the resultant normal action, and suppose its 
direction to make an angle with the vertical ; then the 
resultant friction will be yu-P, and its direction will make an 

IT 

angle — — ^ with the vertical on the other side of it. Hence, 

supposing the string to become rigid, and resolving horizon- 
tally, 

Psin^-yitPsin(|-^) = 0. 

Again, resolving vertically, and denoting by W the sum 
of the weights of the system which hangs over the cylinder, 
we have 

Pcos ^ + /aPcos (f - ^) - 1^= 0. 

Hence we obtain tan ^ = /*, 

W 

F=W cos 0=- ,,^ ,, . 

V(i+/^) 

VI. Suppose a heavy string which is not of uniform 
density and thickness to be suspended from two fixed points, 
and to be in equilibrium. Let t be the tension at any point, 
the angle which the tangent at that point makes with the 
horizon ; then t cos will be constant. For imagine any por- 
tion of the string to become rigid, then the only horizontal 
forces which act on it are the resolved parts of the tensions at 
each end; and these must therefore be equal in magnitude: 
therefore 

^ cos ^ = constant = T suppose (1). 

Let w be the weight of the portion of the string contained 
between any fixed point and the variable point considered. 
Then by resolving the forces vertically we obtain in a similar 
manner 

tsin0 — w = constant ; 

therefore w = t tan + constant (2), 

Again, proceeding as in Art. 193, that is resolvinff the 
forces which act on an element along the normal, we find 

;9'mcos^ = (3), 

r 
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'wliere gmBs is taken as the weight of the element Bs. Hence, 
from (1) and (3), 



EXAMPLES. 

1. In the common catenary shew that the weight of the 
string between the lowest point and any other point is the 
geometrical mean between the sum and diflference of the 
tensions at the two points. 

2. If a and ^ are the inclinations to the horizon of the 
tangents at the extremities of a portion of a common catenary, 
and i the length of the portion, shew that the height of one 
extremity above the other is 






I 



sm — — ^ 
2 

cos-^ 



4e portion is supposed to be all on the same side of the 
West point 

3. A uniform heavy chain 110 feet long is suspended from 
two points in the same horizontal plane 108 feet asunder; 
stew that the tension at the lowest point is 1.477 times the 
weight of the chain nearly. 



4. A uniform chain of length 2l is suspended frotn two 
feed points in the same horizontal plane ; 2a is the distance 
between the fixed points and c the length of chain whose 
weight is equal to the tension at the lowest point ; shew that 
when I is such that the tension at the points of suspension is the 

least possible that tension is equal to the weight of a length — 

of the cliain, and I and c are determined hj 
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5. If a uniform chain l>e fixed at two points, and mj 
'number of linka A, B, G, ... be at liberty to move along 
smooth horizontal lines in the same TCrtical plane, prove tbt ^ 
the loops AB, BC, CD, ... will form theinaelvea into cutks 
which will all be arcs of the game catenary. 

6. Three linka of a chain A, B, and O are moveslile 
freely along three rigid horizontal straight lines in the aanie 
TCrtical plane. If when A and C are pulled as far apart a 
poasible, their horizontal distances from B are equal, ahcw 
that this will always be the case when they are held in 
any other position. 

7. A chain hangs in equilibrium over two smooth points 
which are in a horizontal straight line and at a given distance 
apart ; find the least length of the chain that equilibrium mijr i 
be possible. I 

Result. The least length is he, where 7* is the given dis- 
tance. 

8. Prove that the exertion necessary to hold a Hte 
diminishes as the kite rises higher, the force of the win4 
being independent of the height, and the pressure of tbe 
wind on the string being neglected. 

9. A uniform heavy string rests on an arc of a smoolt* 
curve whose plane is vertical, shew that the tension at any 
point is proportional to its vertical height above the low»t 
point of the string. If the string rests on a parabola whose 
axis is vertical, determine the vertical distance of its enls 
below the highest point so that the pressure at this point 
may be equal to twice the weight of a unit of length of lb« 
string. 

Besult. The vertical distance is equal to half the iatw 
Tectum of the parabola. 

10. One end of a uniform heavy chain hanga freely oVH 
the edge of a smooth table, and the other end passing over l 
fixed pully reaches to the same distance below the table u 
the pully is above it. Supposing half the chain to l>e On the 
table in the position of equilibrium, compare its whole length 
with the height of the pully. 

Result. The length is to the height as 6 + 2 V3 is to 1. 



11. A uniform heavy chain is fastened at ita extremitiea 
\ to tiro rings of equal weights which slide on smooth rods 
J nrfereecting in a vertical plane and inclined at the same angle 
I » to the vertical ; find the condition that the tension at the 
I Jowest point may be equal to half the weiglit of the chain ; 

ijid in that case shew that tlie vertical distance of the tings 

^from the point of intersection of the rods is 

- cot a log (1+ V2), 

fkaie I is the length of the chain. 

The density at any point of a catenary of variable 
nsity varies as the radius of cuxvatore ; determine tho eqiia- 
pn to the catenary. 
fSemlt. The curve in Art. 190. 

|l3. A heavy cord with one end fixed to a point in the 
5 of a smooth horizontal cylinder is passed below the 
^nder and carried round over tho top, the other end being 
d to hang freely. Shew that unless the portion whicS 
Tertically be longer than the diameter of the cylinder, 
cord will slip off, so as to hnng down from the fixed point 
nthout passing below the cylinder. 

114, If a uniform string hang in the form of a paraboU 
f the action of normal forces only, tho force at any point P 
vies as (SP) > S being the focus. 

r 15. If a string without weight touch a given cylinder in 

I 1th part of its circumference and in a plane perpendicular to 
il8 axis, what tension at one extremity will support a weight 
of 100 lbs. suspended at the other, friction being supposed to 
V^th part of the pressure? To what will this tension be 
-^---d if the string is wound round IJth circumferences? 

If /* = J, and a string without weight passes twice 
I itimd a post, prove, by taking approximate values of e and w, 
I iMt any force will support another more than twenty times 



iea ^^1 



I 



, IT. If two scales, one containing a weight P and the 
I other a weight Q, be suspended by a string without weight 
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over a rough sphere, and if Q be on the point ofi 

tiien tho weight — — put into tlie opposite scale will makff 

that scale be on the point of descending. 

18. Two equal weights P, P' are conEected by a string 
without weigiit which passes over a rough fixed horizontal 
cyliutler ; compare the forces required to raise P according as 
P is puaiied up or P' pulled down. 

19. A, B, G are three rough pegs in a vertical plane:. 
P, Q, li are the greatest weights which csn be eeverally 
supported by a weight W, wlien connected with it by strings 
without weight passing over A, B, C, over A, B, and over 
B, C respectively ; shew that the coefficient of I'riction at B 
. 1 , Q.R 

20. A light thread, whose length is 7a, has its extremities 
fastened to those of a uniform heavy rod whose length is 
5a, and when the thread la passed over a thin round peg, it 
is found that the rod will liang at rest, provided the point 
of aupptirt be anywliere within a space a in the middle of 
the tliread; determine the coefficient of friction between til 
thread and the peg when the rod hangs in a position bordw* 
ing on motion, and find its inclination to the horizon Mii 
the tensions of the different parts of the string. 

Besults. The coefficient of friction is determined by the 
equation e"" = J. The inclination of the rod to the hoi:iB>B 
_, 24 

18 cos ^. 

21. From a fixed point a heavy uniform chain han^ 
down 80 that part of the chain rests on a rough borizonw 
plane ; find the least length of chain that may be in contad 
with the plane. 

22. A heavy chain of weight W rests entirely in contMt 
with the arc of a rough closed vertical curve in a state bcHV 
dering on motion. If tan a he the coefficient of frictioo, 
shew that the resultant normal pressure on tlie circle is eqoa 
to W cos a, and that its direction makes an angle a with the 
vertical. 
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23. A heavy chain of length I rests partly on a rough 

liorizontal table, and the remainder passing over the smooth 

edge of the table, (which is roundea oflF into the form of a 

semicylinder of radius a) hangs freely down; shew. that if « 

l>e the least length on the table consistent with equilibrium, 

z (ji+1) ^l — ^ira+a. 

24, A heavy uniform chain is hung round the circum- 
ference of a rough vertical circle of given radius. How much 
lower must one end of the chain hang than the other when it 
is on the point of motion ? 

Besult Let a be the length of the longer piece which 
langs down, b the length of the shorter piece, r the radius of 
the circle, tan j8 the coeflScient of friction ; then 



^irtan/3 -- 



a — r sin 2^8 
i + r sin 2)8 * 



25. A uniform beam of weight W is moveable about a 
kinge at one extremity, and has the other attached to a string 
without weight which, passing over a very small rough peg 
placed vertically above the hinge, and at a distance from it 
equal to the length of the beam, supports a weight P; shew 
tliat if ^ be the inclination of the beam to the vertical when 
it is just on the point of falling, then 

Find also the strain on the hinge. 

26. One end of a heavy chain is attached to a fixed point 
A, and the other end to a weight which is placed on a rough 
horizontal plane passing through A, and the chain hangs 
through a slit in the horizontal plane. Shew that if I be 
the length of the chain, a the greatest distance of the weight 
from A at which equilibrium is possible, /m the coeflScient of 
friction, and n twice the ratio of the given weight to the 
weight of the chain, 



A* (1 + n) e''*<^^"> = 1 + V{1 + /i' (1 + n)']. 
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27. A uniform Btring acted on by a central farca a.____. 
the form of an arc of a circle ; determine the law of the forW 
the centre of force being on the circumference of the circle. 

Result. The force varies, inverael/ aa the cube of rii 
distance. 

28. A smooth sphere rests upon a string without weigh 
fastened at its extremities to two fixed points ; shew that i 
the arc of contact of the string and sphere be not leas thai 
2 tan"' ^, the sphere may be divided into two equal portion 
by means of a vertical plane without disturbing the eqm 
libriuni. 

29. Shew that if a chain exactly surrounds a smooth ver 
tical circle, so as to be in contict at the lowest point withoa 
pressing, the whole pressure on the circle is double th 
weight of the chain, and the tension at the highest point a 
three times that at the lowest. 

.30. Two strings without weight of the same length hav 
each of their ends fixed at each of two points in the Bam 
horizontal plane. A smooth sphere of radius r and weigl 
W is supported upon them at the same distance from each * 
the given points. If the plane in which each string U4 
makes an angle a with the horizon, prove that the tension < 

each is -^ cosec a ; a being the distance between the point 

31. A uniform heavy chain hangs over two smooth pegs i 
a distance 2a apart in the same horizontal plane. When the) 
is equilibrium, 2s is the length of the chain between the peg 
which hangs in the form of a catenary, c is tlie length of 
portion of the chain whose weight is equal to the tension i 
the lowest point, and A the length of the end that hang 
down vertically. If Is and th be the small incrementa o 
a and h corresponding to a small uniform expansion of tb 
chain, shew that 6s ; hh = s.G — h.a : k.c~s.a. 

32. A uniform heavy chain is placed on a rough inctinet 
plane ; what length of chain must hang over the top of th< 
plane, in order that the chain may be on the point of slipping 
up the plane ? 
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33. A uniform rod of length h has its ends attached to 
the ends of a flexible string without weight of length a ; this 
string is passed over a very small cylindrical peg, and wheu 
the rod hangs in its limiting position of equilibrium, the 
parts of the string on opposite sides of the peg are inclined 
to each other at an angle a. Shew that the coefficient of 
fifiction between the string and peg is 



isf 



TT — a 



^^ a - VI*' - (a* - *') tan* ^a} * 



34 ABy AG are two equal and uniform rods moveable 
al)out a fixed hinge at A, CB sl uniform chain, equal in 



of its weight, connects the 

«ids Jff and G; shew that in the position of equilibrium, the 
angle which either rod makes with the horizon is given 
approximately by the equation 

ft leing large compared with unity. 

35. A heavy uniform beam has its extremities attached to 
a string which passes round the arc of a rough vertical circle ; 
if in the limiting position of equilibrium the beam be inclined 
at an angle of 60° to the vertical, and the portion of string in 
cwitact with the circle cover an arc of 270*, shew that the 

coefficient of friction is -- log 3. 

OTT 

36. A uniform string just circumscribes a given smooth 
<icle, and is attracted by a force varying as the distance to 
a point within the circle. Find the tension at any point, sup- 
p»mg it to vanish at the point nearest to the centre of force, 
t^Bd shew that the force at the greatest distance 

__ whole pressure on circle 
"" mass of the string 
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37. A heavy string whose length is - a rests on the cir- 

cumference of a rough vertical circle of radius a; if the string 
be in a position of limiting equilibrium, and if y8 be the 
angular aistance of its highest extremity from the vertex of 
the circle, shew that 

fur 

fiir 

and explain this result when (1 — /x*) e* — 2/^ is negative. 

Also if ^i be such that ^8 = 0, shew that the whoh pressure 
on the curve is to the weight of the string as 2 is to tt/a. 
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CHAPTER XII. 



FLEXIBLE EXTENSIBLE STRINGS. 

198. In the preceding Chapter we considered the equi- 
librium of flexible inextensible strings ; we now proceed to 
some propositions relative to flexible extensible strings. Such 
strings are also called elastic strings. 

When a uniform extensible string is stretched by a force, 
it is found by experiment that the extension varies as the 
product of the original length and the stretching force. Thus 
if T represent the force, V the original length, I the stretched 
length, 

VT 

where \ is some constant depending on the nature of the 
string. 

The fact expressed by this equation Is called Hooke's law, 
from the name of its discoverer. 

The quantity X is sometimes called the modulus of elasticity. 

VT . 
In the equation Z— Z' = -r- if we put r=\ we obtain 

Z = 2Z'; thus the modulus of elasticity for any uniform elastic 
string is equal to the tension required to stretch that string 
to double its natural length, 

199. An elastic string has a weight attached to one end, it 
%8 fastened at the other and hangs vertically ; determine the e^r.- 
tension ofthd string, talcing its own weight into account 
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STRING STRETCHED BY A WEIGHT, 



JQf 



Let A'B' represent the natural length of the string; AB 
the stretched length. Let A'P*^x', P'Q^hx. 
Suppose A'P* stretched into AP^ and P'Qf into 
PQ\ let AP^x, PQ=^Sx. Let A'B* = a% 
w = the weight of the string, and W be the 
attached weight. 

Let T be the tension at P, and T+ ST the 
tension at Q. Then the element PQ is acted on 
by the forces T and T+ST Bi its ends, and by 
its own weight; its weight is the same as that 

of P'Q\ that is -^wi 



HP 



a 



therefore 



Sx' 



or 



a 
^, = -;;7 ultimately (1); 



therefore 



a 



jt = r + constant. 

a 



The value of the constant must be found by observing that 
when X =a, T= W; therefore 

W=:—w + constant ; 



therefore 



T = W+w 



H) 



(2). 



Also the element PQ may be considered ultimately uniform 
and stretched by a tension T; hence, by the experimental 
law. 



Bx 



=&.'(i4) 



(3); 



therefore 



dx X' 



Integrate; thus 



=>--?-^(-s- 



X 



-< 



14- 



TT+t/; 



\ wx^ 



No constant is required because a? = when x' = 0. 
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lenote the stretched leagth of the atriug ; then put- 
: a', we have 

the extenaion is the same as would be produced if ai 
letic string of length a', the weight of which might be neg 
feed, were stretched by a weight W-\- ^w at its end. 

Iq the solution of the preceding problem we might 
i»e arrived at equation (2) by observing that the tension at I 
\mj point must be equal to the weight of the string below 
that point together with W; but the method we adopted 
more usei'ul as a guide to the solution of similar problei 
It 13 perhaps not superfluous to notice an error into which 
Btudents often fall; since tlie element Sa; is acted on by a 
tensiou T at one end, and 2"+ 82" or ultimately T at the 
other end, 2T is considered the stretching force, and instead 
of (3) 

used. This would be of no consequence if uniformJ'^ ' 
adopted, for it would only amount to using ^X instead of X in I 
~ (3) ; but mistakes arise from not adhering to one system or 
1 Other. It should be observed that if a string without | 
^ht be acted on by a force T at each end, it is in the sama 
fete of tension as if it viitxQ fastened at one end and acted on 
f a force T at the other. 

201. The equations of Art. 187, and Art. 196 may be ap- I 
plied to an elastic string in equilibrium. They may also bo : 
modilied as follows, if we wish to introduce the unstretched i 
length of the string instead of the stretclied length. 

Let s and Ss' represent the natural lengths which become 
8 and & by stretching ; let mts be the mass of an element 
before stretching, and mhs the mass of the same element after 
Blietohing; then 

mhs = m'Bs', A 
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therefore m 



(i+?)=-'- 



Hence the first equation of equilibrium of Art. 187 may be 

written 

d f rr,dx\ mX 

4- — ' 



d_frp^ 

ds \ ds) 



and the other two equations may be written similarly. 

Equation (2) 'of Art. 188, or equation (4) of Art. 196 becomes 

provided m be constant; that is, provided the string in its 
unstretched state be uniform. 

Since (l + T-j —\'T^)^ ^^ 1^^* equation may be used to 
connect 8 and s\ and thus find the extension of the string. 

202. We may apply the preceding Article to the case in 
which the weight of the string is the only force acting on it, 
the string being supposed originally uniform, and fixed at 
two points. 

In this case X= 0, Y——g, Z= 0, as in Art. 190 ; therefore 

1(4) =» (•)• 

(^-l)l(4)-v-» (^)- 

From (1) T -J- = a constant = vnlcg suppose ; 

therefore T = ?7i'cy sec -^ (3), 

where '^ is the angle which the tangent to the curve at the 
point (a?, y) makes with the axis of a?. 
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Hence (2) gives 

(l + _^8ectj-^=- (4). 

A . nicq ,\ cZtan'Jrda; 1 
iierefore ^i+ -^sec^j-^^ = -. 

thus cost(l4--^sec^j-^ = -, 

thatis 1 A'^ ^ m^cyrftan^ ^l, 

* cos -^ da? X cfcc c ' 

therefore, by integration, 

I r-r-^+ -^tan'Jr=-; 

J cos y oaj X ^ c 

J COS Y cuz; j cos -^ *^ cos -^ 

, 1+sinilr mW , , X ,^. 

log 7^ + -^^ tan'ilr = -... (5). 

° cos-^ X ^ c ^ ' 

: No constant is required in the integration if we suppose the 
axis of y to pass through the lowest point of the curve, for 
there '*/r=0. 



f 



Prom (4) we may deduce 



'"^t(l + -f sectj^!: = - (6); 



therefore, by integration, 

860-^ + — ^ tan' '^ = ^ (7). 



2\ 



No constant is required in the integration if we suppose the 
origin of co-ordinates to be at the distance c below tne lowest 
point of the curve. 

17—2 
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From equation (7) we may find sec -^ in terms of v, and 
then cos ^ and sin -^ can also be found ; thus by substituting 
in (5) we could obtain the equation between x and y; this 
equation however would be very complex. 

In a particular case we xnw easily obtain an approximate 
value of y in terms of x. Let \ = mgl; then (5) may be 
written 

l+sin-^Ir ?-ftan^ 

cos-^ 

^, « COS-^Ir -5+^tiui>^ 

therefore -— — r-*— 7- = e « • 

l + smy _ ' . 

therefore by addition and reduction 



cos-^ 

therefore tan''^ = J (e«~« ^— e~« ^ )'. 

Now suppose -J is a very small quantity, put t*ibr ^ (e* -« v 

and t; for ^ (e« + e ^); then the last equation gives 

tan'<p' = w-^tan'<p' + y-^ tan'-^- |-y3 tan'i/r + ...; 

from this we can find tan yjr approximately, and then sec^ 
will be known approximately, and by substituting in (7) we 
shall obtain approximately y in terms of a?. 

Equation (2) may also be written 

therefore, by integration, 

dx c ' 
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h&res' denotes the natural length of that portion of the string 
which is between the lowest point and the point (a?, y). 

Hence for tan-^ in (5) and (7) we may put - , and make 

c 

corresponding substitutions foif sin*^ and cos-^. Thus (7) 

becomes 

V(c'+0+^=y • («)• 

As an exam{)le of these formulae suppose that a hea^ uni- 
form elastic string hangs in equilibrium over two smooth pegs 
in a horizontal plane, and let it be required to find the depth 
of the ends of the string below the vertex of the curved 
portion* 

From (3) the tension at any point of the curve is 

Let r be the natural length of the portion which hangs over 
one of the pegs.; then the weight of this portion is rriffl\ Let 
s' denote the unstretched length of the portion between the 
vertex and one peg ; then by equating the two expressions for 
the tension, we nave 

therefore Z' = V(^ + 5'«) (9); 

thus from (8) and (9) 

,+=V^,^ po). 

Suppose I to be the length to which a string of natural 
lengtn I' hanging vertically would be stretched; then by 
Art. 199, 

. '-f('^^0 ("'• 

By (10) and (11) 
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from the two ends ; if each band when nnstretched would 
just pass round one rod, and a weight of 1 lb. would just 
stretch it to twice its natural length, shew that it would 
require a force of 9 lbs. to extract the middle rod, the co- 
efficient of friction being equal to ^tt. 

10. Two elastic strings are just long enough to fit on a 
sphere without stretching ; they are placed in two planes at 
nght angles to each other, and the sphere is suspended at 
their point of intersection. If 20 be the angle subtended at 
the centre by the arc which is unwrapped, shew that 

being supposed small. 

11. In the common catenary, if the string be slightly 
extensible, shew that its whole extension will be proportional 
to the product of its length and the height of its centre of 
gravity above the directrix. 

12. A uniform rough cylinder is supported with its axis 
horizontal by an elastic string without weight ; the string lies 
in the plane which is perpendicular to the axis of the cylinder, 
and passes through its centre of gravity ; the ends of the 
string are attached to points which are in the same horizontal 
plane above the cylinder and at a distance equal to the dia- 
meter of the cylinder. Find how much the string is stretched. 

Result. Let 2TF be the weight of the cylinder, a the 
radius of the cylinder, V the natural length of each vertical 
portion of the string ; then the extension is 

2S'Tr 2a. X+TTe' 

13. A heavy string very slightly elastic is suspended 
from two points in the same horizontal plane ; shew that if 
c, I be the lengths of unstretched string whose weights are 
respectively equal to the tension at the lowest point and the 
modulus of elasticity, the equation to the catenary will be 
very approximately 



V. weight jPjxtst sopporta another weight Q "by means 
, fine elastic string passing over a rough cylinder whose 
i is horizontal. If \ be the modolua of elasticity, /i the 
3&cient of friction, and a the radius of the cylinder, shew 

,t the extension of that part of the string which is in con- 

|t with the cylinder ia 

■5. A sphere placed on a horizontal plane 19 divided by a 
tical plane into two equal parts, which are just held toge- t 
r by an elastic string, which passes round the greatest ( 

|rlzontal section ; find the original length of the string. 
„ , 32>.7rffl 

'^^^"^'- lex+slT' 

16. Four equal heavy rods are fastened to one another by 
hinges so as to form a square ABCD ; A and C are connected 
by an elastic string whose natural length is equal to the dia- 
gonal A 0, and the system is suspended from the point A ; 
find the position of equilibrium. 

Result. Let W be the weight of a rod, the inclination 
of each rod to the vertical ; then 

17. An elastic band, whose unstretched length is Sa, ia 
placed round four rough pegs A, B, C, D, which constitute 
the angular points of a square whose aide is « ; if it be taken 
hold of at a point P, between A and B, and pulled in the 
direction AB, shew that it will begin to slip round A and B 
at the same time if 



18. An elastic string without weight of variable thickness 
19 extended by a given force ; find the whole extension. 

19. An elastic string whose density varies as the dis 
from one end, is suspended by that end and stretched 1 



!6^| 
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own weight. If IV be the weiiiiht of tlie string, I' its iffl- 
stiBtoheil length, I ita Bti'etclied length, shew tliat 

20. A circular elastic string ia placed on a smooth splien 
so that the whole string is in one horizontal plane ; the string 
subtends when unatietched an angle 2a at the centre, and an 
angle 29 when in a position of equilibrium ; shew that 

sin 5 = sin a ( 1 + -sin a tan S| , 

where a = radiua of sphere, and c depends on the nature of 
the string. 

21. A heavy uniform elastic atnng rests horizontally on a 
portion of a surface of revolution, of which the axis is vertical, 
in every position : prove that the generating cuitc is a parsr 
bola a diameter of which is the axis of revolution, 

22. A heavy elastic string surrounds a smooth horizontal 
cylinder, so that the surface of the cylinder is subject to no 
pressure at the lowest point ; find the pressvire at any point 
of the cylinder, and the tension of the string; ita modulus 
of elasticity being equal to the weight of a portion of string 
the natural length of which is | of the diameter of the cylinder. 

23. A uniform heavy elastic string, whose natural leng& 
is a, 13 sti-etched and placed in equilibrium on a rough in- 
clined plane ; find the tension at any point, and shew that 
the direction of the friction changes at a point of the string, 
the natural distance of which from the upper end is 



i(' 



where a is the inclination of the plane to the horizon. ^| 

24. A heavy elastic cord is passed through a nambtf 
of fixed smooth rings. Shew that in the position of eqw- 
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libriam its extremities will lie in the same horizontal plane. 
The same will also be the case if the cord rest upon any 
smooth surface. ' 

25. An elastic string is laid on a cycloidal arc, the plane 
of which is vertical and vertex upwards, and when stretched 
by its own weight is in contact with the whole of the cycloid ; 
the modulus of elasticity is the weight of a portion of the 
string whose natural length is twice the diameter of the gene- 
rating circle; find the natural length of the string. 

JSesuk. It is equal to the circumference of the generating 
circle. 



( 268 ) 



CHAPTER Xni. 



ATTRACTIONS. 



203. It appears from considerations which are detailed in 
works on Physical Astronomy, that two particles of matter 
placed at any sensible distance apart attract each other with 
a force directly proportional to the product of their masses, 
and inversely proportional to the square of their distance. 

Suppose then a particle to be attracted by all the particles 
of a body ; if we resolve the attraction of each particle of the 
body into components parallel to fixed rectangular axes, and 
take the sum of the components which act in a given direc- 
tion, we obtain the resolved attraction of the whole body on 
the particle in that direction, and can thus ascertain the re- 
sultant attraction of the body in magnitude and direction. 
We shall give some particular examples, and then proceed to 
general formulas. 

204. To find the attraction of a uniform straight line on 
an external point 

By a straight line we understand a cylinder such that the 
section perpendicular to its axis is a curve, every chord of 
which is indefinitely small. 

Let ABhQ the line, P the attracted particle ; take A for 
the origin, and AB for u 
the direction of the axis 
of X. Draw PL peg)en- 
dicular to Ax\ let AB=^ I, 
AL = a, PL = J. Let 
M and N be adjacent 
points in the line, AM=x, 
MN=^ Sx. If p be the 
density of the line, and k the area of a section perpendicular 
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to its length, the mass of the element is pxSx. Let m be the 

mass of P; then the attraction of the element MN on P is 

(Art. 203) 

fim pK Bx 



S 7 



{PM) 

where /i is some constant quantity. Hence, the resolved part 
of the attraction of the element parallel to the axis of a;, is 

fim pK Sx ML fimpK (a — x) Sx 
PM* -PM **' {5«+(a-a;)«}f 

Also the resolved part of the attraction of the element parallel 
to the axis of y, is 

fimptcBx PL fimpKbBx 



PM* 'PM |5» + (a - a^rjt • 

Let JTand Fbe the resolved parts of the attraction of the 
line, parallel to the axes of x and y respectively ; then 

^ f^ (a — x) dx 

[^ hdx 

Vow [_^^zA^ I . 

; {J« + (a - a5)>}* {V + (a - xf]^ ' 

, , [* (a — x)dx 1 1 ,,. 

therefore I — ^ -r = 1 1 •••(!); 



t dx ^ a — a; 



therefore 



f* hdx 1 r a a — I 1 ,. 
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Hence, putting/for /^p^c, we liare 

^=> {m^ii} (^^' 

^ "plXpa pb] ^*^' 

Let APL^a, SPL = ^, APB=y; then 

X= ^ (cos ^ — cos a), 

Y= '^ (sin a — sin ^) ; 
therefore ^/{X' + Y^=^ V{(cos /8 - cos a)^ + (sin a - sin /9)^} 

= ;^V(2-2coS7) = -^sini7...(5). 

This gives the magnitude of the resultant attraction. Also 

X cos /3 — cos a ^ a 4-^ ,.. 

x7-=-^ : — 5 = tan — - — (6). 

F sin a — sin p 2 ^ ^ 

This shews that the direction of the resultant attraction bisects 
the angle APB. 

If L fall between A and B, it will be seen from (1) and (2) 
that the expression for X in (3) remains unchanged, but that 
for Y in (4) is changed to 

Jm \AL BL\ 
Pl\pA'^ PB)' 

This will not affect the result in (5), and the direction of the 
resultant will still bisect the angle APB. 

From the investigation it appears that X is the resolved 
attraction parallel to the axis of x directed towards the axis of 
y , and Y tne resolved attraction parallel to the axis of y and 
towards the axis of a?. 
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205. In the atove investigation we have taken m to 
denote the mass of the attracted particle ; in future we shall 
al'ways suppose the mass of the attracted particle to be 
denoted by unity. In order to form a precise idea of the 
quantity p., we may suppose two particles each Iiaving its 
mass ec|ual to the unit of mass, then ft will be the whole 
force which one of these exerts on the other when the dis- 
tance between them is the unit of length. As, however, by 
properly choosing the unit of mass we may make /j. = l,yi 
ehall not in future consider it neccs '" --'— -^ — - 

20f!. To find the attraction of 
a circular arc on a particle situated 
at the centre of the circle. 

Let AB be any circular arc ; 
through the centre of the circle 
draw a line bisecting the angle 
A OB, and take this line for the 
axis of a:. Let FOx = 6, QOP=S0, 
A0B = 2a, OB = r. The attrac- 
tion of the element PQ resolved 
parallel to the axes of x and y 
respectively is, if p and « have the 
same meaning as in Art. 204, 

KprS6 . ^ KOrBB . n 

. cos tf and -^——sma 






sin ed0 = 0, 



By comparing these results with those in Art. 204, it ap- 
pears that the attraction of a circular arc on a particle at the 
centre is the same in magnitude and direction as that of any 
straight line A'B' which touches the arc AB and is terminated 
by the lines OA and OB produced, the arc and line being 
supposed to have the same density, and the areas of their 
trajiaverse sections equal 
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If OP and OQhe produced to meet. the line A'£' in points 
P' and Q respectively, it may be shewn that the attraction 
of the element P'^ on a particle at is eqnal to that of Pft 
and in this manner we might prove what we have just shewn, 
that the attractions of AB and A'B' on a particle at O are 
equal and coincident. This proposition is given in Eamshaw's 
Dynamics^ p. 326, 

It easily follows, that if a particle be attracted by the three 
sides of a triangle, it will be m equilibrium if it be placed at 
the centre of the circle inscribed in the triangle. 

207. To find the attraction of a uniform circular lamina 
on a particle situated in a straight line dravm through the 
centre of the lamina at right angles to its plane. 

Suppose G the centre of the circle DAB, the plane of the 
paper coinciding with one face of 
the lamina, and the attracted par- 
ticle being in a straight line drawn 
through C perpendicular to the 
lamina and at a distance c from 
(7, Describe from the centre C 
two adjacent concentric circles, one 
with radius CP=^r, and the other 
with radius CQ = r + Sr. Let k 
denote the thickness of the lamina, 
which is supposed to be an in- 
definitely small quantity, then the mass of the circular ring 
contained between the adjacent circles is 2'n'p/crhr. Every 
particle in this circular ring is at a distance V(c' + r*) from 
the attracted particle ; also the resultant attraction of the ring 
is in the straight line through C at right angles to the lamina, 
and is equal to 

2'rrp/crSr c 

the factor // « , ax being the multiplier necessary in order to' 

resolve the attraction of any element of the ring along the^ 
normal to the lamina through C. 



ATTRACTION, PLATE. 
pCence, the resultant attractioa of the wliole lamina is 
f " rdr 

ere J is the radius of the boundary of the lamina. 



2irpKc 






1 



f'' rdr _ 1 _ 1 _ 

tiierefore the resultant attraction 

fl 1 1 



If we suppose h to hecome infinite, ive obtain for the at- 
traction of an infinite lamina on an external particle, the 
expression 2-rrpK, which is independent of tlie distance of the 
attracted particle from the lamina. 

From the last result we can deduce the resultant attrac- 
tion of a uniform plate of finite thickness, but of infinite 
extent, on an external particle. For, suppose the plate 
^vided into an indefinitely large number ot laminfe, each 
of the thickness k; then the attraction of each lamina acta 
in a straight line through the attracted particle perpendicular 
to the siufaces of the plate, and is equal to "iiTpK. Hence, 
the resultant attraction will be found by adding the attrac- 
tions of the laminEe, and will be 'iirpk, if h be the thickness 
of the plate. 

If a particle be placed on the exterior surface of an infinite 
plate, the result just found will express the attraction of the 
plate on the particle. If it be placed in the interior of the 
plate at a distance k from one of the bounding planes and 
a' from the otiier, the resultant attraction will be 2irp {h! — h) 
tffwarda the latter plane. 

J means of the preceding Article we can find 
the resultant attraction of a uniform cylinder on a particle 
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situated on its axis. Suppose the cylinder divided into an 
indefinitely large number of laminae by planes perpendicular 
to its axis; let x be the distance of a lamina from the at- 
tracted particle, Bx the thickness of the lamina, b the radius 
of the cylinder ; then the attraction of the lamina is 

Suppose the attracted particle oittside the cylinder at a 
distance c from it ; let h be the height of the cylinder ; then 
the resultant attraction of the cylinder 

= 27rp [A - ^/{{c + hy + h'} + V(c" + J')]. 

If we suppose c = so that the particle is on the sur&ce of 
the cylinder the resultant attraction is 

27r/) {A- V(A' + &*)+*}• 

209. To find the attraction of a uniform cone on a particle 
at its vertex, we begin with the expression 



27r/o 



'-7i^}^' 



for the attraction of a lamina of the cone. Also, if a be tl^e 
semivertical angle of the cone, we have 



X 

rgr = cos a ; 



hence, the resultant attraction 

rk 
= 27rp (1 — cos a) I dx=: 27rp (1 — cos a) A ; r , 

where h is the height of the cone. 

It is easily seen that the same expression holds for the 
*fc " 4tam of a cone on a particle situated at L. 

late cone, h representing in this case ■ 
i« 
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e cone lae an ohltque cone the base of which ia any plane 
s it is still true that the attraction of a frustum on a par- 
. the vertex varies as the thickness of the frustum, 
er two indefinitely thiu parallel iaminse at different 
ea from the vertex of such a cone, then the attractions 
of these laminiB on the particle at the vertex will be the same. 
For take any indefinitely small element of area on the surface 
of one of the laminre, and let a conical surface be formed by 
strajglit lines which pass through the perimeter of this area and 
through the attracted particle ; this conical surface will inter- 
cept elements in the two laminse which are bounded by similar 
plane figures. Now, supposing the laniinte of the same thick- 
ness, the masses of the elements will vary as the squares of 
Mheir distances from the attracted particle, and thus they will 
ert eqiuil attractions on this pai'ticle. The same result holds 
r every correspondhig pair of elements in the two laminse, 
id thus the two lamina' exert on the particle at the vertex 
Attractions which are equal in amount and coincident in direo 
From this it follows that the attraction of a frustum 
varies as its thickness. 

210. "We have hitherto considered the attracting body 
be of uniform density, but considerable variety may be 
pitrodnced into the questions by various suppositions aa to 
Iha law of density. Suppose, tor instance, that in the case, 
I rf the circular lamina in Art. 207 the density at any point 
I tf ike lamina is if> (r), where r is the distance of that point 
t (rem the centre ; (ft (r) must then be put instead of p in Art. 
"7 and must be placed under tlie integral sign. Therefore 
W attraction of the lamina will be 



K {c' + r'j^ 



«*»- 



where tr is a constant, the result ia 



2ttckitj 






uf^J 



,{fl' + Oi' c{c' + b')i' 
To find the resultant attraction of an asaentblage of i 
» constituting a liomogeneous spherical shell of very 
OcJcness on a particle outside the shell. 
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Let G be the centre of the shell, M any particle of it, P the 




attracted particle. Let CM=^ry PM = y, CP = c, ^ = the 
angle PGM, ^ = the angle which the plane PC3f makes with 
the plane of the paper, Sr = the thickness of the shell, and 
let p denote the density of the shell. 

The volume of the elementary solid at M is r* sin 0SrB0S^ 
(see Art. 130). The attraction of the whole shell acts along 
PC; the attraction of the element at itf resolved along PG is 

pr' sin 6 Br B6 S^ c — r cos 



y 



y 



We shall eliminate 6 from this expression by means of the 
equation 

y = c' + r* — 2rc cos 6 ; 



therefore 



ay cr 



c- r cos = 



2c 



Therefore the attraction of Jf on P along PG 



-$('+^*«* 



■ttence t\ 
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the resultant attraction of tlie wliole shell 
TTprBr 



>¥y 



Ci^-'-Y^h 



- (2J- + 2r) = 



This result ahewa that the shell attracts the particle at P in 
tlie same manner aa if the mass of the shell were condensed 
at its centre. 

212. It follows from the preceding Article, that a sphere ■ 
■which is either homojieneous or consists of concentric spheri- 
cal sbelis of uniform density, attracts the particle at P in the 
same manner as if the whole mass were collected at its centre. 

213. To find the attraction of a homogeneous spherical shell 
of small thickness on a particle placed within it. 

We noust proceed as in Art. 211 ; but the limits of y are ia 
thia ease r — c and r + c; Iience tlie resultant attraction of tha 
shell 

Therefore a particle within the shell is equally attracted in 
ever}' direction. 
Suppose a particle inside a homogeneoua sphere at the dis- 
Jice r from its centre ; then by what has just been shewn all 
..iat portion of the spiiere which is at a greater distance from 
the centre than the particle produces no effect on the particle. 
Also by Art. 211, the remainder of the sphere attracts the 
particle in the same manner aa if the mass of the remainder 
were all collected at the centre of the sphere. Thus if /s be 
the denaity of the sphere the attraction on the particle is 



, that is 



ivpr 



Thus inside a homogeneous sphere the attraction varies as the 
distance from the centre. 

214. The propositions respecting the attraction of a 
— ifi^y w a|)hei'ifal shell on an external or internal particle we^ 
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given by Newton [Principta, Lib. I. Prop. 70, 71). The resi 
with respect to the internal particle was extended by Newt< 
to the case of a shell bounded by similar and similarly situat 
spheroidal surfaces {I^'incipia, Lib. I. Prop. 91, Cor. 3). T] 
proposition is also true wnen the shell is bounded by simil 
and similarly situated ellipsoidal surfaces, which we proce( 
to demonsti-ate in the method given by Newton for spheroid 
surfaces. 

215. If a shell of uniform density he hounded hy two elli^ 
soidal surfaces which are concentric, similar, and similar 
situated, the resultant attraction on an internal particle vanishe 

Let the attracted particle P be the vertex of an infinil 
series of right cones. Let NMPM'N' and nmPm'n' be t^' 
generating lines of one of these 
cones, and suppose the curves in 
the figure to represent the inter- 
section of the surfaces of the shell 
by a plane containing these gene- 
rating lines. The curves will be 
similar and similarly situated el- 
lipses, and by a property of such 
ellipses, 

MN—M'N' and mn — mri. 

By taking the angle of the cone small enough, each of tli 
two portions of the shell which it intercepts will be ultimatel; 
2^ frustum of a cone, and being of equal altitude and having 
common vertical angle, they will exercise equal attractions <y 
P. (See Art. 209.) Similar considerations hold with respec 
to each of the infinite series of cones of which P is the vertex 
and consequently the resultant attraction of the shell vanishes 

This result being true, whatever be the thickness of th 
shell, is true when the shell becomes indefinitely thin. 

216. In a somewhat similar way we may establish tl 
following proposition which is due to Poisson ; the resultai 
attraction of an indefinitely thin shell hounded hy two eUii 
soidal surfaces which are concentric, similar, and similan 
situated on an external particle is in the direction of the ax 
of the enveloping cone which has its vertex at the given pa 
ticle^ (Crelle s Journal^ VoL xii. p. 141.) Denote the eastern; 
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particle by Q ; and suppose P in the preceding figure to be 
the point where the axis of the enveloping cone intersects the 
plane of contact of the cone and the ellipsoidal shell. Draw 
any straight Imes NMM*N* and nmmn as in the preceding 
figure^ Let ii denote the mass of the element Mn and ijl 
the mass of the element M'n'. 

The attraction of /* is equal to ^^^ and it acts along QM] 
the attraction of /a' is equal to -t^tfh and it acts along QM\ 
Now JL.^JL.^ 

*nd it is known that QM and QM' make equal angles with 
V-P (see Conic Sectwns, Chap, xv., last example) ; therefore 

FM^PM' 

and therefore ■^ = -^£'.- 

Thus the elements fi and fi exert eqiuil attractions on Q ; and 
since the directions of these attractions make equal angles 
with QP, the resultant attraction of these two elements acts 
along QP. A similar result holds for every pair of elements 
into which the ellipsoidal shell may be decomposed ; and thus 
the proposition follows. It appears from the course of the 
demonstration that any plane tnrough P divides the shell into 
two parts which exercise equal attractions on Q. 

It follows firom this result, by proceeding to the limit, that 
the resultant attraction of the indefinitely thin shell on a 
particle in contact with the external surface is in the direction 
)f the normal to the surface at the point of contact. 

We shall now give in the next two Articles some proposi- 
ions which will serve as exercises ; the approximate results 
Rrhich we shall obtain may be subsequently verified by an 
^xact investigation. (See Art. 226.) 

217. To find the aUraction of a homogeneous oblate spheroid 
yf small excentrunty on a particle at its pole. 

Let 2c be the length of the minor axis and 2a that of the 
najor axis of the generating ellipse. The spheroid ma^ b^ 
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supposed made up of a concentric sphere, the radius of which 
is c, and an exterior shell ; we shall calculate the attractions 
of these portions separately. 

Let a section be made of the sphere and spheroid bj a 
plane perpendicular to the axis of revolution of the spheroid 
at a distance x from the attracted particle. This plane cuts 
the sphere and spheroid in concentric circles; the area of the 

2 3 

former being tt^ and of the latter — ^ , where y* = 2cx — a?; • 

c 

the diflference of these areas is tt f -^ — 1 J y'. If a section be 

made by a second plane, parallel to the former and at a 
distance Sx from it, the volume of the portion of the shell 

intercepted between the planes will be tt f -j — 1 J y^&r. The 

distance of every particle of the annulus thus formed from 
the attracted particle is approximately ts/{2cx), and, as the 
resultant attraction of the annulus will act along the axis of 
the spheroid, it will, approximately, 

"" '^/^ V? "" 7 V(2ca;) 2^ 

Therefore the resultant attraction of the shell 

2*c* h ^^^ 

K we suppose c = a (1 — 6), € being very small, we have 

a^-~c^=z 2(?e approximately ; 

therefore the resultant attraction of the shell 

_ 167rpec 

Also the attraction of the sphere on the particle, by Art. 212, 
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be attraction of the spEieroid on the particle 

18. To find, the attraction of a homogeneous oblate spheroid 

'. excentricity on a particle at tts equator. 
et 2c be the length of the minor axis, and So that of the 
lor axis of the generating ellipfie. Tlie spheroid may be 
Eposed to be the difference between a concentric sphere 
dius a and a shell, and the attractions of the sphere and 
. may he separately calculated. Let a section be made of ■ 
i sphere and spheroid by a plane perpendicular to the straight 
ne joining the attracted particle with the common centre of 
the sphere and spheroid, and at a distance x from the at- 
tracted particle ; this plane will cut the sphere in a circle the 
area of which is ttj/', where y' = 2ax — a;', and it will cut the 
spheroid in an ellipse of which the semi-axes are reapectiTely 

y and -- , and the area of which is therefore — i/*. The dif- 



ference of the two areas : 



'(-3^- 



If a section be 



made by a second plane parallel to the former, and at a 
distance Sic from it, the volume of the portion of tlie shell 

intercepted between the planes will be tt f 1 — 1 f/Sj;. The 

distance of every particle of the annulus thus formed from the 
attracted particle is approximately -i/liax); and as the result- 
ant attraction of the annulua will act along the straight line join- 
ing the attracted particle with the centre, it will approximately 
( c\ X y'hx 



= "-(>^l-;j- 



(2a)« 



- Zx. 



Therefore the resultant attraction of the shell 
_^, if „ = „(!-,). 
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Also the attraction of the sphere, by Art. 212, 

therefore the attraction of the spheroid on the particle 

= |7rpa - -^^ = |7rp (1 - |6)x» 

In the same manner it might be shewn that the attractions 
of a homogeneous prolate spheroid of small excentricity on 
particles at the pole and equator are respectively 

|7rp (1 - 16) c and ^irp (1 - f e) c, ' 

2c being the axis of revolution of the spheroid, and 

a = c(l — e). 

219. One more example may be given. It is sometimes 
useful to compare the attraction exerted by the Earth on a 
particle at the top of a mountain with the attraction exerted 
by the Earth on the same particle at the ordinary level of the 
Earth's surface. The investigation is given by Poisson, 
{MScanique^ Tom. I. pp. 492 — 496). Let r denote the Earth's 
radius, x the height of the mountain, g the attraction of the 
Earth on a particle of a unit of mass at the ordinary level of 
the Earth's surface. If there were no mountain the attraction 
of the Earth on the particle at a distance x from its surface 

would be g-. r^: we have then to add to this expression 

\T + X) 

the attraction exerted by the mountain itself. Suppose the 
mountain to be of uniform density p, and consider it to be 
cylindrical in shape, and the particle to be at the centre of its 
upper surface ; then by Art. 208 the resultant attraction is 

2^^p[x'-^/{a?^\'V)^-l]y 
where h is the radius of the cylinder. If b is so large in com- 
parison with x that the square of 7- can be neglected, this 
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expression reduces to 27rpx. Thus if g' denote the attraction 
at the top of the mountain 

Let a denote the mean density of the Earth, so that the 

mass of the Earth is — - — ; then 

3 

_ 47r<jr' 4:7rar 

Now the mean density of the Earth is known to be about 
five and a half times that of water, and from what may be 
conjectured of the density of matter at the Earth's surface, we 

may suppose - = ^ • -^^d 

VTW " (^ " 9 " ^ " ^ approximately ; 

*" .■=.(.-M)=,(.-g: 

How far the approximations made in this Article are allow- 
able might be aiflScult to estimate ; from Article 207, it ap- 
pears that in taking 27rpx to represent the attraction of the 
mountain, we do in fact make the mountain to consist of a 
uniform plate of finite thickness x, but of infinite extent. 

For investigations relating to the attractions of mountains 
the student may consult Pratt's treatise on Attractions., .and 
the figure of the Earth. 

We have hitherto confined ourselves to simple examples 
of the ordinary law of attraction ; we now proceed to consider 
some other laws of Attraction, and also some more complex 
cases of the ordinary law. 

220. If the j>article3 of a hody attract with a force varying 
aa the jprodtict of the mass into the distance, the resultant at- 
traction of the body is the same as if the whole mass of the body 
were collected at its centre of gravity. 
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Take the centre of gravity of the attracting body as the 
origin of co-ordinates, and let a, h, c he the co-ordinates of 
the attracted particle. Divide the attracting body into inde- 
finitely small elements ; let x, y, z be the co-ordinates of an 
element, m its mass, and r its distance from the attracted 
particla Then the attraction of this element Is mr, and by 
resolving it parallel to the co-ordinate axes, we obtain 

a—x b—y c—z 

mr . , mr . , mr • , 

r r r 

respectively. Hence, if X, F, Z denote the resolved parts of 
the whole attraction, we have 

X=Sm(a — ic), F=Sw(J — y), ^ = 2m(c — a). 

But, since the origin is the centre of gravity of the attracting 
body, we have 

^mx = 0, Swiy = 0, ^mz = ; 
therefore X=aSw, F=6Sw, Z=^cXm. 

But these expressions are the resolved attractions of a mass 
2m placed at the origin, which establishes the proposition. 

221. To find the attraction of a homogeneovs spherical shell 
on a particle without it; the law of attraction heing represented 
hy ^(y), where y is the distance. 

If we proceed as in Art. 211, we find the resultant attrac- 
tion of the shell on P along PC 



Suppose j^ (y) dy = ^, (y), 

and \y^x{y)dy^'>^{yy 

Then, integrating by parts, we have 
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therefore ^/^(i^ + (?-^'f>{y)dy 

= 2w/>rSr 1^ 0, (c+r) -^0, (c-r)-^^ (c+r) +i ^ (c-r) !• 

= 2^prSr |.jf (<' + >•) -t(^-^)j . 

This last form is introduced merely as an analytical artifice to 
simplify the expression. 

222. To find the attraction of the shell on an internal par^ 
ticle. 

The calculation is the same as in the last Article, except 
that the limits of y are r — c and r+c. Hence, the attrac- 
tion of the shell 

^27rprir}^-^<l>,{r+c)+'^ 



^2^^,8,||^(^+^)-t(>'-c)|, 



223. The formulas of the preceding two Articles will give 
the attraction when the law of attraction is known. 

Ex. 1. Let (f> (r) = -3 ; therefore 0j (r) = hJ, 

y{t{r)--r + ^Ar^ + B; 
A and JB being constants. 

Therefore the attraction on an external particle 

d! f- 4r + ^ (c + r)'-^ (c - rY 
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The attraction on an internal particle 

= 27rprBr x 1~ ^ + 2Ar} = 0, (Art. 213), 

Ex. 2. Let ^(r) =r; 

therefore 0^ (r) = ^r' + ^, -^ (r) = Jr* + J-4r* + B. 
The attraction on an external particle 

= 27rprSr - p + ^r^ (c^r)* + 4^ (c + r)'-4^ (c-r)« ] 

= 27r/>r8r ^ {cV + r* + 2^r} 

= ^Trpr'cSr = mass x c. 

The attraction therefore is the same as if the shell were 
collected at its centre. This property we discovered for tiie 
law of the inverse square. We shall now ascertain whether 
there are any other laws which give the same property. 

224. To find what laws of attraction allow us to suppose 
a spherical shell condensed into its centre when attracting an 
external particle. 

Let ^ (r) be the law of force ; then, if c be the distance of 
the centre of the shell from the attracted particle, r the ra- 
dius of the shell, and -^ (r) -j{rj(f> (r) dr] dr^ the attraction of 
the shell 

But if the shell be condensed into its centre, the attraction 

= 4 TTpr^Brif) (c) ; 

therefore |-|ti£±rLz±i£z!:)l = 2r^ (c). 
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Expand ylr{c + r) and -^ (c — r) in powers of r ; then using 
•^' (c) for -^— , &c., we have 

whatever r may be ; therefore 

But f'{c)^cf^{c)doi 

therefore -f " (c) = /^ (c) do + c0 (c) ; 

" therefore ^'" (c) = 2(^ (c) + cf (^)- 

Therefore, by the first of the above equations of condition 
forV^(c), 

-^^ + 0' W = a constant. 

Put 3A for this constant ; multiply both sides of the equa- 
tion by €* and integrate ; thus 

therefore 0(c) = ^c + -7. 

This value satisfies all the other equations of condition for 
-^ (c) ; therefore the required laws of attraction are those of 
the direct distance, the mverse square, and a law compounded 
of these. 

225. To find for what laws the shell attracts an internal 
particle egwmy in every direction. 
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When this is the case, 

dc\ c J-^' 

therefore -^/r' (r) + r- -i^'" (r) + ...=: ^, 

L2 i 

whatever c is, -4 being a constant independent of c ; therefore i 

^'(r)=:^, ^'"(r)=0, &c. 

From the second condition, we have 

where 5, B\ and 5" are constants. 

Hence -i^' (r) or r/^ (r) da- = JB' + 25" r; 

J?' 

therefore /^ (r) dr = h 25" ; 

5' 

therefore W = a^ • 

with this value of j> (r) all the other equations of condition 
are satisfied ; hence the only law which satisfies the condition 
is that of the inverse square, i 

I 

226. To find the attraction of a JiomogeneouB oblate spheroid \ 
on a particle within its masSy the law of attraction being that ' 
of the inverse square of the distance. 

Let a and c be the semi-axes, a being greater than c ; and 
let the equation to the spheroid referred to its centre as origin 

^+<-i (.). 

or c ^ ' 

Let fg^h be the co-ordinates of the attracted particle ; r 
the distance fi:om the attracted particle of any point of the 
attracting mass ; Q the angle which r makes with a straight 
line parallel to the axis oi z\ ^ the angle which the plane 



ATTRACTION. OBLATE SPHEROID. 



■% 



289^ 



taining r and a straight line through the point {f^ g^ h) parallel 
to the axis of « makes with the plane of (a?, z). The volume' 
of an element of the attracting mass 

= r^sin^S^S^Sr, ' 

as in Art. 130. Let p be the density of the spheroid ; then 
the attraction of this element on the attracted particle is 
p sin 0S08if>Br; and the resolved parts of this parallel to the 
axes of X, y, «, are 

pabD?0coa^B0B<l>Sr, p Qm* sin <f>B0B<l) Br ^ 

and p Bin cos 0B0B(f) Br, 

respectively. Hence the attractions of the whole spheroid will 
be found by integrating these expressions between proper- 
fimits. We proceed to find these hmits. ^ 

In equation (1) put > 

/+ r sin cos ^ for a?, 

ff + r sin sin if> for y, 

h + r cos for z; 

then the equation to the spheroid becomes 

(f^ r sin cos 0)* +(g + ram0 sin <^)^ , (A 4- r cos 0y 



a 



or r^ 



{ 



9n\ 



sin*^ C08*d 



Put 



fysin^cos^+^sindsin^ hcoaO) 

_l Ah/ ^ 
sin' 5 . cos* 5 



a' 



+ 



= ^, 



dien 



/sin g cos ^ -f ,y sing sin <^ ^ ^cosg_ „ 
. XV + 2^i?V+i?" = S" 



T.S. 



.. (2). 
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Equation (2) will give two values for r, one positive and the 
other negative ; these values we may denote by r^ and — r,, 
where 

n- ^ ' ^«"" JT • 

Hence to find the whole attraction of the spheroid parallel to 
the axis of a?, we first integrate the expression 

p sin*^ cos <f>S0B^Sr 

with respect to r between the limits r = and r = r^ , and also 
between the limits r = and r = r^y and take the difference; 
we thus obtain 

psln'^cos0 (^g — rj B0S(f>; 

this must be integrated between and tt for <f>, and and ir 
for 0. If A denote the whole attraction parallel to the axis 
of X, acting towards the origin, we have then 

a'F 
•^sin*5 cos ^ d0 d<f>. 

We may simplify this expression by omitting those terms 
which vanish by the principles of the Integral Ualculus ; thus 

•''^ J.Jo c'sin'^ + a'cos'^' 

J. , f' {l-coa*0)amed0 
-"^po j^ c'+(a^-c»)cos'^ 

w/pc? [' ( a" sin • J ,„ 

or— c [c\'{a —c) c J 

Let c^ = a* (1 — e^) ; then the result may be written 
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In the same manner, if B denote the whole attraction parallel 
to the axis of y, 

5 = 27ryp |-^,-^ sm ^6 - -^1 . 

Let C denote the whole attraction parallel to the axis of «, 
then 



C = '^PJ]-^ sin ^ cos e de d^ 



C 



= 2Tipd? n 



sin cos* d0 dip 
...TsS^^+Vcos^ 



^Trhpa^ f ' f . /I c* sin 5 ) ,^ 

"^^^J. n^- C+(a'-c-)co8'g r^ 

_ 47r&pg' ( c , V(o'-c^ l 

= 4tAp |p p-^ sin c| . 

If the spheroid bejjroZafe a is less than c. It may be shewn 
then that 

^-c*-a'\ cV(c'-«') ^ a J' 

<r — a IV (c"*} a j 

It may be noticed that in both cases 

227. From the expressions in the preceding Article we see 
that the attraction is independent of the magnitude of the 
spheroid and depends solely upon the excentricity. 
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Hence the attraction of the spheroid aimilai- to the g^ven 
one and passing through the attracted particle, ia the aame 
as that ot any other similar and similarly situated coueentric 
spheroid comprising the attracted particle in its mass. HenM 
a spheroidal ahell the surfaces of which are similar, similaily 
situated, and concentric, attracts a particle within it equally 
in all directions. This Iiaa been already established; Bee 
Art. 215. 

If we put the ellipticlty of the spheroid = e, and suppose 
e veiy small so that we may neglect its square, we liave I'oi 
the i^late spheroid, since c = a (1 — e), 

c* I 

e* = 1 5 = I ~ (1 - €)' = 2e approximately, | 

After expansion and redaction we shall obtain approximately 

C=i-rrp[l + it)h; I 

For the prolate spheroid, since a = c (1 — e), ^ 

e'-l-2"-l-(l-.)-.2e. fl 

After expansion and reduction we shall obtain approximately 

B = iwp{\+l,)g, 
C-|7rp(l-}.)i. 

228. If instead of the spheroid we take an ellipsoid whtffl 
semi-axes are a, b, c, it may he shewn that 

„ . , , fi" cos," earn Ode 

C = iTThpabj^ VK oo«' ^ + c- sin' 6) V(i' cos' + c' siiij 
and the values of A and B may be found by symi 
changes in the letters a, b, c andj^ g, h. 

If we change a, b, c into a{l+n), J(l+7t}, 
respectively, the expression for C remains unchanged ; anj^ 
also the e.xpreflsiona t*oi A ani B T^fttCLain unchanged. This 
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WB tliat a sliell of any thickness, the internal and external 
boundaries of which are similar and similarly situated con- 
centric ellipsoids, exerts no attraction on a particle within 
the irnier boundary. Tliia haa been already established; see 
Art. 215. 

229. Suppose we require the attraction, of a spheroid on \ 
an external particle. 

In the equation (2) of Art. 226, we shall now have F* — S\ 
^positive quantity, and the two roots of that quadratic eqaa» I 
~* will have the same sign. Hence we shall find 



If 



-'// 



—^r Sin (3 cos * 



Tlie limits of the integration with respect to & will involve A, 
for these limits will be found by putting H= 0, and this leads 
to the following quadratic equation for determining tan 8, 



a| (^~*;'"""» )Vi,(i 



-tlAiL. 



. M'tane /co3^_+j_smJ 1 / _f±l 



(i-to^^o. 



Then the limits of are to be determined from the condition 
that the values of tan Q furnished by tliis quadratic equation 
most be equal; this leads after some reduction to the following 
equation for determining the limits of tf>, 

(/cos ^ + .9 sin <}>y =/■ + 5' - a'. 

It is however unnecessary to proceed with these complicated 
integratious, for we can obtain the result indirectly by means 
of Ivory's theorem, which furnishes a relation between the 
attractions of elUpsoidg on external and internal particles ; thi» 
theorem will be true for spheroids as they are included among 
ellipsoids, and since the attraction of a spheroid on an inteirnal 
particle has been already found, the theorem will enable us to 
determine the attraction of a spheroid on an external particle. 

230. "We shall require a preliminary definition and pro- 
jpaition before we give Ivory's theorem. 
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Corresponding points on two ellipsoids are points whose 
co-ordinates are proportional to the axes to which thejraie 
Tespectively parallel. 

In confocal ellipsoids the distance between ttoo points^ one on 
each ellipsoid, is equal to the distance between their corre^ 
spending points. 

Let (a:, y, z) and (f , 97, f) denote two points P and Q on an 
ellipsoid whose semi-axes are a, b, c; then the correspondinff 
points jF and Q^ on an ellipsoid whose semi-axes are a', ft', c , 
will be denoted by 



Thus 



fa'x Vy cz\ /a'f ft'17 c?\ 

U ' T' 7; ^""^ U ' T' T/* 

^e.(f-«^)%(,-*^)V(f-$)-. 

Therefore PQ** - FQ* = 
because the ellipsoids are confocal. 



/*.» /..S /.2 /v.'2 -/« -'2 

Qj y z ^ a? y 2? 

a ft c a ft c 



therefore PQ^ ''FQ' = 0; 

thus PQ'=^P'Q. 

Ivort/^s Theorem. The attraction of an ellipsoid on a par" 

tide on the surface of a confocal ellipsoid resolved parallel to 

an axis is to the attraction of the second ellipsoid on the 

corresponding point on the surface of the first ellipsoid, so 
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regolvedy as the product of the other two axes of the first 
ellipsoid is to the corresponding product in the second ellipsoid: 
the tufo ellipsoids being homogeneous and of the same density. 

Let a, &, c be the semi-axes of the first ellipsoid ; a, &', c 
those of the second. Let (/, g, h) denote a point on the sur- 
face of the first ellipsoid; (/', g\ h') the corresponding point 
on the surface of the second ellipsoid. 

The attraction of the first ellipsoid on a particle at [f\g\ h') 
lesolved parallel to the axis of x is 



/// 



fi —<f> (r) dx dy dz^ 



where r* = (a; -/')* + {y -/)' + (<! - %'f, 

and the law of attraction is represented by (r) ; /a is a con- 
stant : the intention is to extend throughout the volume of 
the first ellipsoid. 

Let f(f>(r)dr^y{t(r). Integrate with respect to x; and 
let r^ and r, denote the values of r at the extremities of a 
chord of the ellipsoid parallel to the axis of x. Thus the 
resolved attraction is 

Jn the same way* the resolved attraction of the second 
ellipsoid on the corresponding point on the surface of the 
first ellipsoid may be expressed by 

Now suppose that we always make 

^ = 2^and---- 

then we have by the preliminary proposition 

r^^r\ and r^ — r\; 

and we have also 

dydz _ be 

Hence the first resolved attraction is to the second as ^ is 
fo Ve' i and this establishes the theorem. 



r 
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It will "be Been that tbe demonstration establisT 
tiling more than Ivory's theorem ennnciates, namely the fol- 
lowing : take any elementary prism of the first ellipsoid the 
edges of which are chorda parallel to an axis, and take the 
corresponding elementary pnsm of the second ellipsoid ; then 
the attractions of these prisms resolved parallel to the axis oa 
the corresponding points are as the products of the othieij 
axes : and Ivory a theorem follows from the fact that the 
ellipsoids may be supposed to be formed of corresponding 
elementary prisma. 

"We observe that one of these ellipsoids lies entirely within 
the other. For if not the points at which they intersect wonld 
lie on the curve of which the equations are 

% + n+-, = h and ^ + |-,+ ?^ = i; 
a b c a* b' c' ' 

tbe co-ordinates of the points of intersectioa must therefore 
satisfy the equation 

Since the ellipsoids are confoeal this becomes 

^* 

and this equation ' can only be satiafied by supposing a;, y, 
and z to vanish; and these values do not satisfy the equa- 
tions to the ellipsoids. Thus the ellipsoids do not intersect 
at any poiut. 

Hence to fijid the attraction of an ellipsoid of which the 
semi-axes are a, b, c on an external particle of which the co- 
ordinates are /', g', k', we must first calculate the attraction, 
resolved parallel to tbe axes, of an ellipsoid of which the 
semi-axes arc a, b', o on an internal particle of wliich the 
co-ordinafes are/, ff, h ; these six quantities being determined 
by the equations 

a" — 6'' = a* — i*j a' — c'' = a' — c', 
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a" ' V 



/(zf hq , ch 

vcA then the resolved parts of the required attraction will be 
these three calculated results, multiplied respectively by 

he ca ah 



f > 'I.' • 



be ca ab 

It may be shewn that there is only one ellipsoid which can 
baye its semi-axes a\ h\ d satisfying the conditions required 
in Ivory's theorem. 

Suppose that a, i, e are in descending order of magnitude. 
Put t for c" ; let a* — c* = «, and V—c^^ j, so that p and q 
are positive quantities. We have then 

thus we obtain the following equation for determining t^ 

f* a^ A" 

By examining the changes of sigh of the expression which 
forms the left-nand member of this equation, we see that 
there is a root between — y and — y, a root between — y and 0, 
and a root between and oo . Corresponding to the first root 
we should obtain an hyperboloid of two sheets ; correspond- 
ing to the second root an hyperboloid of one sheet ; and cor- 
responding to the third root an ellipsoid. 

231. To prove that the resultant attraction of the particles 
of a hody of any figure on a particle of which the distance 
is very great in comparison with the greatest diameter of the 
aUractin^ hody, is very nearly the same^ as if the particles 
were condensed at their centre of gravity and attracted ac^ 
carding to the same law, whatever that law he. 

Let the origin of co-ordinates be taken at the centre of 
gravity of the attracting body, the axis of x through the 
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attracted particle ; let c be its abscissa, and a?, y, z tb 
ordinates of any particle of the body, p the density ol 
particle. 

Then the distance between these two particles, or r, 

^ Let r0 if) be the law of attraction ; then the whole a 
tion parallel to the axis of x 

= ///P (c - a;) (c» - 2cx + a:^ + 2/» + «•) db dTy cfe, 

the limits bein^ obtained from the equation to the si 
of the body. This attraction therefore 

M being the mass of the body, and jjjpxdxdydz = 0, sir 
is measured from the centre of gravity of the body. 

Now suppose a?, y, z to be exceedingly small in compai 
with c; then all the terms of {A) after the first are extrei 
small in comparison with that term, it being observed 
c'0' (c*) is of the same order as c0 (c^) in terms of c, H( 
the resultant attraction is very nearly Mc ^ (c*) ; that is, 
very nearly the same as if the particles were condense( 
their centre of gravity and attracted according to the 
determined by the function rj> (r*). 

232. From Art. 224, it appears that when the laiK 
attraction is that of the inverse square of the distanc< 
sphere composed of shells, each of which is homogend 
attracts an external particle with a resultant force, whicl 
the same as if the sphere were condensed at its centre, 
may be shewn also that two siLch spheres attract each ol 
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in the same manneT aa if each were condensed at its centre. 
For consider any element of mass forming part of the first 
sphere ; the attraction of this on the second sphere will be 
equal and opposite to the resultant attraction of tlie second 
sphere on it, and will therefore be the same as if the 
second sphere were collected at its centre. Similarly, the 
attraction of any other element of the first flphere on the 
second will be toe same as if the second were collected at 
its centre. Proceeding thus, we find that the whole action of 
" le first sphere on the second is the same as if the second 
collected at its centre, and therefore the mutual attrac- 
)f the spheres is the same as if each were collected at its 

" the law of attraction be that of the direct distance, then 
9 bodies of any shape attract each other with a resultant 
E wliich is the same as if each were collected at its centre 

ceed to general forraulai for the attraction of bodies 
isij form. 

Let there be a body of any form ; let p represent the 

Mity of an element, the volume of which is dxdydz, x, y, e 

J'Ving the co-ordinates of the element. Suppose the attraction 

■wween the particles of masses m and m respectively, at a 

' tance r, to be mm F{r) ; then the components X, Y, Z 

allel to the axes, and-Trom the origin, of the attraction of 

le body on a particle whose mass is iinity, and CO-ordinatea 

i^'i, c are found by the equations 



1 



-]]>- 

-///' 
-///. 




^F{r)dxdydz, 



r being = {{x-aY + {y - b)' + {s - cy]\ 
t mtegrations are to be taken so as to include all the ele- 
if the attracting body. 
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Let if> (r) be Buch a function of r that F{r) Is its differential 
coefficient with respect to r, and let 

the integrations being extended so as to include all the ele- 
ments of the attracting body ; then will 

da ^ db ^ dc ' 

^ d6 (r) d6(r) dr -cf/ s dr -cf, xX-^a 

therefore X^^-^jljp ^^ dxdydz 



"■"efo///^'^^^^^^^^^ 



^_dU^ 

" da * 

Similarly, the equations ^ = — ^ and Z^ — -i— may be 
established. 

It may be observed that if in any case, for example that 
of an infinite solid, the integral TJ becomes infinite, out the 

differential coefficients -^ , -w- , --7— are finite, the preced<^ 

ing values of X, F, Z will still be correct. 

For suppose we take a finite portion of the solid ; the com- 
ponents of its attraction will have for values the differential 
coefficients of TJ. Suppose now that we extend without limit 
the portion of the mass considered, the components of the 
attraction will always be 

_^dU _dU _dU 
d'x' db ' dc' 

whether TJ increase without limit or not. Hence, if these 
three expressions tend to limits, those limits will be the conwi 
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ixments of the attraction of the infinite solid. And if they 
increase indefinitely, we may conclude that the attraction 
increaaes without limit as the portion of the body considered 
increases ; this we express hy saying that the attraction of .] 
the solid ia infinite. 

234. If the law of attraction be that of the inverse sqaare,.^ 
I'Ve have 



and tf> (r) = 



-W; 



rXet V = -U, that J3. let 



then, as in the preceding Article, we have for the attractionff 1 
parallel to the axes of x,y,ii respectively, ami frotn the origin, 

dii db do 

The equation which givea V is equivalent to the following 
operation: — decompose tlie attracting mass into indefinitely 
small elements, and divide the mass of each element by ike 
distance of that element from the attracted particle; the sum of 
these quotients is V. Hence, the value of V will be quite 
independent of the axea, rectangular or polar, which we may 
find it convenient to employ. Suppose we use the ordinary 
polar formulse, and take the position of the attracted particle 
tor the origin; then the element of volume ia (Art. 130) , 
r' sin 8 £<!> W Br ; therefore ■ 

V=fjfpriim9d<},dedr (2). I 

Suppose the attracted particle forms part of the attracting 
mass ; iheu, since r vanishes for those particles of the attract- 
ing mass which are in contact with the attracted particle, 
from equation (l) it would be doubtful if V is finite in this 
case ; but from (2) we sec that it really is finite. 

235. To express hy means of V (he attraction resolved 
aloi'3 any line. 

Let s be the length of the arc of any curve meaatired from ' 
" sed point up to P the attracted particle ; l,m,n the d' 
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lion cosines of the tangent to this line at P; S the attraction 
resolved along tliia tangent ; then 

Ji = lX+mY+nZ 

dV dv 



= 1-. 



Now, if we restrict ouraelvea to points lying on the B 
r"will become a function of s alone ; for F ia a funcdli 
a, b, and c, and each of these may be regarded as a fun 
of «; thus we shall have by tlie differential calculus, 

dV dVda dV dh , dV dc 









ds 


-da 


ds'- 


A d.' 


dc d. 


and 


aioce 


da 
dt' 


-I, 


dg 


dc 
"• d. 


= n, we 

dV 
A' 


ge' 



236. To examine the meaning of the Junction V, 

This function is of bo much importance that it will he i 
to dwell a little on its meaning. 

In the first place it may be observed that the equation (I) 
contains a physical definition of V, which lias nothing to do 
with the system of co-ordinates, rectangular, polar, or any 
other, whicli may be used to define algebraically the positioas 
of P and of the attracting particles. Thus 7' is to be con- 
templated as a function of the position of P in apace, if such 
an expi-easion may be allowed, rather than as a function of 
the co-ordinates of P; although, in consequence of its de- 
pending upon the position of P, Fwilt be a function of the 
co-ordinates of P, of whatever kind they may be. 

Secondly, it may be remarked that altliougli an attracted 
particle has hitherto been conceived as situated at P, yet V 
has a definite meaning depending upon the position of the 
point P, whether any attracted matter exist there or not. 
Thus V is to be contemplated as having a definite value at 
each point of apace, irrespective of the attracted matter which 
mar exist at some places. 

The function y is called the potential of the attracting 
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237. To calculate the value of Vin the case of a spherical 
shelly the density being a function of the distance from the 
centre. 

Take for the axis of a; the straight line ioining the centre of 
the sphere with the attracted particle P, wnich is obviously the 
direction of the resultant attraction; let a be the distance 
of P from the centre ; u the distance of any point in the 
attracting shell from the centre; and j> the other polar 
co-ordinates of this point ; then the mass of the element at 
this point is pu^ sin diu B0 S<f>f and 



utCw r^ 



-m 



pu^&in0dud0d<l> 
r 



where u^ and u, are the internal and external radii of the 
shell; hence, 

y_ r^ f' pu^ sin 0dud0 

J UiJ a 



UiJ 



Now 
therefore 



r* = w* — 2au COQ0 + a^; 
. ^d0 r 

sm ^ ^- =: — , 

ar au 



F= — II pudu dr. 

We must now distinguish three cases. 

I. When P is beyond the external surface, the limits of r 
^ a-w and a + u; therefore 

F= — / I pududr 



47r [^ 



(1). 



But if Jf denote the mass of the spherical shell, 



■/, 



M*=iirl pu^du; 
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■ ^ M 

therefore F= — . 

a 

dV M 
Hence, X=-t- = — a , or the attraction is the same as 

da a 

if the mass of the shell were collected at its centre ; this was 
proved in Art. 212. 

II. When P is within the internal surface, the limits of r 
are u — a and w + a ; therefore 



._2w; p ^«^ 
= 47r 

J n 



+a 

pu du dr 

a 



pudu (2). 



# 

Since this is independent of a, we have 

da 
This is equivalent to the result found in Art. 213. 

III. By <5ombining the results contained in equations (1) 
and (2), we see that if P be between the bounding surfaces 
of the shell, 



47r /** « [^ 

= — / pudu + 47r I pu du. 
a J m J a 



From this we may deduce a result involved in Arts. 212 and 
213, namely, that the resultant attraction is the same as if all 
the matter which is nearer to the centre than P were collected at 
the centre, and the rest of the matter neglected. 

238. At any point (a, b, c) where there is no particle of the 
attracting mass, the function V satisfies the partial differential 
equation 

d'V d'V d^^f. 
da'^ db''^ dc' ■""* 



EQUATION WHICH V SATISFIES. 

For nnce r = {(a? - a)' + (y - 5)» + (» - c)*}*, 

/1\ _ x-a d^ fV\ _ y-h rf /1\ _ z — c 
\r)~ r" ' db\r)~ r» ' de\r)~ r» ' 

<r m 3(aj-a)"' 1 
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rfrf'Vn 



»^' 






<P /l\_3(3r-5)» 1 



.8 ' 



eP (\\ _ 3 (g - c)* j^ 



dc* 



theiefore ^Q + J. © + £© = <>• 

y^ U hdxdydx _ 

and aimflar expressions hold for -^ and -fTf therefore 

d'V d^V . d^V 



Now 



theiefore 



dcf 



+ -o- = o. 



dd^ db^ dc 

This result holds so long as the attracted particle is not in 

contact with the attracting mass. K, however, the attracted 

particle is in contact with the attracting mass, r can vanish, 

1 . . . 

and therefore ~ and its differential coefficients become infinite; 

the preceding demonstration does not hold in this case. 

239. At an internal point (a, 5, c) about which the density 
IB Pj the function V aatisfies the equation 

d'V d'V , d'V 



da*'^ db' 



dc' 



= — 47r/). 



d^V d^V d^V 
To determine the value of -jr-, + -^ + -— - in this case, 



T.8. 



TA 



t' 
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suppose a sphere described in the body so that it shall include 
the attracted particle, and let F= F^ + Fl, where V^ refers to 
the sphere and V^ to the remainder of the attracting body; 
then 

da' "^ db' "^ rfc" - da» "^ dV" "^ dc* 

t?»K d'V. d'V, :5 

^ da' ^ db' ^ dc^ ^ ^, 

^ da'^ dh^'^ d(?' 
by what has been already proved. 

Now the centre of the sphere may be chosen as near the 
attracted particle as we please, and the radius of the sphere 
may be taken so small that its density may be considered 
ultimately uniform, and equal to that at the point (a, &, o). L 

Let a, )8, 7 be the co-ordinates of .the centre of the sphere ; 
then the attractions of the sphere on the particle parallel to 
the axes are, by Art. 212, 

\.p{a-o), ^(5-y8), '-^^(c-y); 
^~ 3 ^^ *^' "^-""T' 

db~ 3 ^^ '*^' db" 3 ' 

de~ i ^ ^'' d<?~ 3 ' 

d^V d'V d^V 
therefore -^+ ^ + -^« = -4,rp; 

therefore _ + -^ + _ = _ 4^p. 

240. Application to the Sphere. In Art. 237 we have 
calculated V by direct integration in the case of a body com- 



therefore 
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posed of homogeneous Bpherical shells. We may also dedace 
its value hy means of the equations in Art. 238 and 239. 
This Tire shall now do. If a sphere be composed of homo- 
geneous shells, V will be a function of the aistance r of the 
centre of the sphere from the attracted particle ; the resultant 
attraction will act along the straight line which joins these two 

dV 
points, and will be denoted by -j- . 

The equation 

r^^a^ + b' + (^ 



vnil give 



hence 



therefore 



dr a dr b dr c 
da r' db r'dc r ' 

dV^dVdr^^dVa^ 
da dr da dr r* 

d'V a*d'V IdV a'dV 



da'~r' dr' 



r dr 1* dr ' 



. „ - <fF V'd'V , IdV h'dV 

fflmilarly W '? d?'^r~df ~?dP' 



and 



d^V^e'd'V IdV c'dV 
d(? T^ dr^ r dr r^ dr ' 



By adding these ecjuations we have, by Art. 238, at a point 
where there is no particle of the attracting mass, 



^ + ?^ = 
df^ r dr 



This may be written 



dr] 



therefore 



dr I dr 

dV_G 
dr ~r" 



0; 



where O is some constant. 

Suppose the sphere to be hollow, and that the attracted 
partide is within the inner surface, the radius of which we 

10— <i 
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shall denote hj r^. Since the attraction ought evidently 

dV 
to vanish when r = 0, we must have (7=0; therefore -i— = 0» 

ar 

Hence the attraction always vanishes, and the particle is in 

equilibrium whatever be its position within the unoccupied ^ 

part of the sphere. 

Suppose next that the particle forms part of the mass of 
the sphere ; we have, by Art, 239, 

d'V 2dV ^ ^^ 
dr^ r dr r> 

p being a given function of r. \ 

Multiply by r^, and integrate from the value r, of r ; since 

dV 

-7- = for all points in the interior, it is so at the limit r^ ; 

dV /**■ 

thus ^ X ~ — ^''^ I f^dr. 

But I Am^pdr is the mass comprised within that surface of 

J n 
the sphere which passes through the attracted particle. If we 
call it M\ we have 

dr "^ r* ' 

The absolute value of the attraction will therefore be -5-; 

it is the same as if the mass Jf ' acted alone and were collected 
at its centre. 

If the attracted particle is on the exterior surface having 
its radius = r,, we have, if ilf be the whole mass of the hollow 
sphere, 

dV M 



dr r. 



29 



and the attraction exercised upon this particle will hs^ve for j 
its value * j 

M ' 



2 • 
r 
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Lastly, consider a particle outside the sphere ; that is, for 
which r is greater than r^ ; we have, as in the first case, 

dV^G 
dr 7^ * 

But in consequence of the discontinuity arising from the 
particles of uie mass, the constant G .is not restricted to 
nare the same value as for the interior points. To deter- 
mine it we put r=^r^] then, from the preceding case, we 
ought to have 

dV___M 
dr "" r^' 

therefore (7 = — M] 

and we shall have for external points, 

dV^^M 
dr "? * 

The attraction will therefore have for its value 

M 

This agrees with Art, 212. 

The preceding application to the sphere serves very well to 
illustrate the formulae, but it does not give an independent 
demonstration of the results which it involves ; because the 
process in Art. 239 assumes that the attraction of a sphere on 
an internal particle is known. But we may easily obtain the 
fieu^ connected with the attraction of a spherical shell with-* 
out using Art 239. 

Consider a spherical shell where the density is any fiinction 
of the radius ; then we have, as shewn at the commencement 
of the present Article, the result 

d^_G 
dr^r"' 

where C is constant when we pass from point to point without 
entering the attracting mass. 
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For any point within the inner surface of the shell 6^=0, 
because the attraction must vanish when r = 0. 

For any point without the outer surface of the shell 
C = — Jlf, because for points at an indefinitely great distance 
the resultant attraction of the shell must be the same as if the 
shell were condensed at its centre of gravity; see Art. 231. 

Thus the required results are obtained. 

241. Application to an indefinite cylinder. Consider next 
a hollow indefinite cylinder composed of homogeneous shells, 
the density being a fimction of the distance firom the axis of 
the cylinder which we take for the axis of z. Its action upon 
any particle will be directed towards the point where the axis 
is cut by aperpendicular plane passing through the attracted 
particle. Take this point of the axis for origin ; let r be its 
distance from the attracted particle ; the attraction will depend 
only on r, and its value will be 

dV 
dr 

But for the points which are not part of the mass of the 
cylinder, we have, by Art. 238, observing that V is inde- 
pendent of c, 

dW d'V 

da' "^ db' ""^^ 

whence -t3- H -j- = 0. 

flfr r dr 



Multiplying by r, we have 



d ( dV 
dr \ dr 

therefore -j- = — , 

dr r 

C being some constant. 



We observe, as in the case of a hollow sphere, that the 
points exterior to the cylindrical shell and those in the interior 
fceing separated by those of the shell, for which the dream- 
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stances are different, there is a discontinuitj in passing from 
yalues of r greater than the radius of the external surface, to 
those of r less than the radius of the internal surface. 

For points of the interior of the shell G is invariable ; but it 
is obviously = when r = ; therefore for all points in the 
interior 

— = 
dr 

Hence we conclude, that an indefinite hollow cylinder composed 
cf homogeneous shells exercises no attraction on a point situ- 
ated within the interior of its internal surface. 

dV 
Let us now find the value of -j- for points belonging to the 

mass of the cylinder; for these points weiave, by Art. 239, 

— i — =-47r 
dr* r dr ^' 

and we find by integration, calling r^ the radius of the internal 
surface, 

r --T- = — 47r I fyrar. 

dV 
No constant is necessary, because -^ = when r = r^, since it 

is so for all the points of the interior of the surface of which 
the radios is r^. Put r = r^, then 

dV Air f^^ , 
dr r^Jri 

For external points we ought to have 

dV ^0 
dr r 

Make r == r„ then, by reason of the preceding equation, 

0= — 47r/ prdr. 

Jri 
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The constant being thus determined^ we have for all vab 
T greater than r , 

dr r ' ^ 

and the attraction of the cylinder will be 

G 

V 

We shall now give some propositions extracted froi 
article by Professor Stokes, in the fourth volume of the ( 
bridge and Dublin Mathematical Journal^ to which we 
been already indebted in Art. 236. 

242. A surface of equilibrium is one on which a pai 
would rest in equilibrium if acted on by the forces oi 
system, the surfa^ie being supposed fixed. 

If F be the potential of an attracting body on a par 

then F= constant, is the equation to a surface of equilib 

with respect to the attraction of the body. For we 

dV . 
shewn in Art 235, that -r- is equal to the attraction resc 

along the tangent to a curve drawn through the attr^ 

particle, but if this- curve be on the surface F=cons 

dV 
then -T- = ; that is, there is no force acting on P in 

direction of any tangent to the surface F= constant, H( 
if P be placed on the surface, it will remain in equilibr 
(Art. 33.) 

Lines of force are curves traced so that the tanger 
any point is the direction of the resultant force at that p 
Hence the lines of force are perpendicular to the surfaa 
equilibrium. 

243. If 8 be any closed surface to which all the attrcu 
mass is external, d8 an element of S, and dn an element oj 
normal drawn outwards at d8, then 

[^V JO A 

the integral being taken throughout the whole surface 8. 
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be the mass of any attracting particle which is 
ated at the point P", P being bj hypothesis external to S. 
BUgh P' draw any right line Jj cutting S, and produce it 
efinitely in one direction from P". The line i will in 
cral cut iS in two points ; but if the surface 8 be re-entrant 
litis, a closed surface which may be cut by a tangent plane), 
bay cat it in four, six, or any even number of points, 
note the points of section, taken in order, by P^, P,, P^, &c., 
P, being that which lies nearest to P. With P' for vertex, 
describe about the line L a conical surface containing an in- ■ 
finitely small solid angle measured by the area o which tlie 
conical surface cuts out from a sphere of radius unity, with the 
vertex of the cone aa its centre; and denote by A^, A^, ... the 
areas which the conical surface cuts out from S about the 
pointfl P,, Pj, ...... Let 5,, 6^, be the angles which the nor- 
mals drawn outwards at P^, P^, make with the line i, 

taken in the direction from P^ to P'; N^, N^, the attrac- 

fona of m' at P,, P^, resolved along the normals; r,, 

r., the distances of P,, P,, from P'. It is evident 

tnitthe angles d,,B^ will be alternately acute and obtuse. 

Then we have 

^ = —,008^,, iV„ = ;COS (tt-^J, &c. 

1 j,^J 1' a ,,^" V 1" 

We iiave also in the limit, 

^, = aj',''3ec^,, A^ = ar^ sec (tt— d^, &c. ; 

^^^ therefore 

^B N^A^=am', N^A^ = -a.m', N^A^ = am\ &c.; 

^|B therefore, since the number of points P^, P^,... is even, 

^t^A^^ N^A^-'r N^A^ + N,A^... = am' —am ■\-am' ~ airit .,.=Q. 

Now the whole solid angle contained within a conical 
Stuface described with P' for vertex, so as to circumscribe 8, 
■Day be divided into an infinite number of elementary solid 
Mglea, to each of which the preceding reasoning will apply ; 
and it is evident that the whole surface ,S will thus be ex- 
We have, therefore, 

limit of %NA = ; 
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or, by the definition of an integral, 

The same will be true of each attracting particle ml ; and there- 
fore, if -Prefer to the attraction of the whole attracting mass, 

we shall still have JNdS=0. But, by Art. 235, JV=~, 

an 

which proves the proposition. 

244. J^ Vie ilie potential of any mass J^, and ifM^ he the 
portion ofM^ contained within a closed surface 8j then 



f- 



*^t?;S=-47rJli:, 
an " 



dn and dS having the same meaning as in Art 243, and the 
integration being extended to the whole surfisice 8, 

Let m be the mass of an attracting particle situated at the 

Joint P' inside 8. Through P draw a right line L, and pro- 
,uce it indefinitely in one direction. This line will in general 
cut 8 in one point; but if >Sf be a re-entrant surface, it maybe 
cut by i in three, five, or any odd number of points. About 
L describe a conical surface containing an infimtely small solid 
angle a, and having its vertex at P', and let the rest of the 
notation be as in Art. 243. In this case, the angles 0^^ ^j,...* 
will be alternately obtuse and acute, and we shall have 

iv;= --5C0S (tt- ej = —i cos e,, 

"1 "1 

Aj^ = ar^ sec (tt — 5J =;: — ar^ sec O^j 

and therefore ^x^i = " ^^'• 

Should there be more than one point of section, the terms 
N^A^y Nj^A^ &c. will destroy each other two and two, as in 
Art. 243. J^ow all angular space round P' may be divided 
into an infinite number of solid angles such as a, and it is 
evident that the whole surface 8 will thus be exhausted. 
We get, therefore, 

limit of %NA = — 2am' = — m'Sa ; 

or^ since 2a = 47r, JNdS = — 47rm'. 
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The same fonnula -wiil apply to any other internal par- 
ticle, and it has hccn shewn in Art. 243, that for an external 
particle fNdS = Q. Hence, adding together all the results, 
and taking N now to refer to the attraction of all the par- 
ticles, both internal and external, ive get JNdS = — iirM^. 

dV . 
But N=—j-, which proves the proposition. 

245. For the researches of M. Chasles on the attraction 
of ellipsoids, we refer to Buhamers Cours de M^canigue, or to 
the original memoirs in the Journal de TEcoh I'ol^Uchnt/iue, 
torn, sv,, and the M^moires...des Savans Mrangers, torn. ix. 
In the original memoirs will be fotmd copious references to 
preceding writers on the subject. 

On the general theory of attractions, the student may con- 
sult a memoir by Gauss, translated in Taylor's Scientific 
Memoirs, vol. III., and in Liouville's Journal de MatMmatiqfies, 
torn. VII.; and also a memoir by M. Chasles in the Con- 
naissance des T&mps pour Vannie 1845. 

Valuable notes by Plana on some of Newton's propoaitiona 
respecting attractions will be found in the Memarie della Iteale 
Accademia...di Torino, second series, vol, si., 1851. 

Some further references will be seen in the article by Pro- 
fessor Stokes already cited. 

For the application to the theory of electricity, we refer to 
a series of articles by Professor Thomson in different volumes 
of the Camhridge and Suhlin Mathematical Journal. See 
voL I. p. 94, and vol. iti. p. 140. 

246. The following propositions will illustrate the sub- 
ject of the present Chapter. 

I. To find the attraction of a uniform lamina in the form 
of a regular polygon on a particle situated in a straight line 
drawn through the centre of the lamina at right anglea to its 



Let w be the number of sides in ^e polygon, a the length of 
the perpendicular from the centre of the polygon on a side, 
liftt axes of a; and f/ be drawn through the centre of the 
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polygon, the axis of a? being perpendicular to a side. Let c be 
the distance of the particle nrom the lamina. The Tesultant 
attraction acts along the straight line which joins the particle 
with the centre of the lamina ; and its value is 



// cdxdy 



The integration must extend over the area of the polygon. 
To eflfect the integration it is convenient to transform to 
polar co-ordinates ; thus we obtain 

[frdrde 

We must integrate with respect to r from r = to r = a sec 0^ 

and then with respect to 6 from = to ^ = — ; and multiply 

the result by 2n. 

rdr 1 



Now 



h 



taking this between the limits we obtain 

1 cos^ 



c Vc'cos'^^+a* 
Hence the required result is 



2.;^p(l^^ ^^^; \d0, 



that is 



r»» co90d0 



that is 



. TT 

csm - 
n 



2u7r — 2wu sin"^ ,, o . — sr • 
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H. To find the attraction of a uniform lamina in the form 
of a rectangle on a particle situated in a straight line drawn 
through the centre of the lamina at right angles to its plane. 

Let 2a and 2h he the length and breadth of the rectangle, 
c the distance of the particle from the lamina. Proceeding as 
before we obtain the expression 



rdrdO 



//; 



We have to divide the integral into two parts. For one 
part we integrate with respect to r from r = to r = a sec ^, 

and then with respect to from 5 = to ^ = tan"^ - , For 

^ a 

the other part we integrate, with respect to r from r = 
to r= Jcosec^, and then with respect to from ^sstan"* - 



a 



IT 

to ^ = 5" . We multiply the result by 4. 

aseca rdr 1 costf 



/, 



(c» + 7^)t c VCc" cos' + a*)' 
Integrate with respect to 0; thus we get 



1 . _, csin^ 
am ^ 



/ 



c c s/{d^ + c*) * 



Integrate with respect to ; thus we get 

tf . 1 . - ccos^ 
- + - sm ^ 



Hence the required result is 

A f '1 ^ • -1 Ca \ 

or 4/i^cos ^(a« + J»)V(a« + c»)"'''' V(a^ + J') V(&' + c*)i' 

- . -1 ah 
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in. Required the form of a homogeneous solid of revolu- 
tion of given volume, which shall exercise the greatest at- 
traction m a given direction on a given particle, the attrac- 
tion varying as any inverse power of the mstance. 

Take the given particle as the origin, and the given direc- 
tion as the straight line from which to measure angular 
distance ; let r, be the polar co-ordinates of any point in 
a fixed plane passing through the given direction. Then if 
the attraction vary inversely as the ri^ power of the distance, 
the attraction of an element whose co-ordinates are r and 

may be denoted by ^ ; and the resolved part of this attrac- 
tion in the given direction will be ~ cos 0. Hence the 
equation 

•^ cos tf s= constant 

represents a curve such that a given element placed at any 
point of it "^^ill exert the same attraction on the given particle 
along the given direction. Hence this equation will represent 
the curve which by revolvinff round the given direction will 
generate the required solid of greatest attraction, the constant 
being determined so as to give to the solid the prescribed 
volume. It is obvious that such is the case, because the 
surfax^e we thus obtain separates space into two parts, and 
any element outside the surface exercises a less attraction 
along the given direction than it would if placed within 
the surfaxse. 

Some references connected with this problem will be foimd 
in the History ofthe...Calcultis of Variations ...^ page 485. 

IV. Every element of the arc of a polar curve attracts 
with a force which varies inversely as tne n^ power of the 
distance : determine the form of the curve when the resultant 
attraction of any arc on a particle at the pole bisects the angle 
between the raoii vectores of the extremities of the arc* 

Take the pole as origin, and any straight line through it as 
the initial Ime. Let r and be the polar co-ordinates of 
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an element da of the arTc. Resolve the attraction of the arc 
on a particle at the pole along the initial line, and at right 
angles to it ; we obtain for these two components 

where the arc considered extends from ^ = to ^ = a. Hence, 
by hypothesis, 






= tan-. 



Put ^{0) for -li ^ ; thus we have 

r^ (ff) sin 0d0=^ tan | ^^ {0) cos d0. 

Now this relation is to hold for all values of a, and there- 
fore we may differentiate both sides with respect to a. Thus, 
by Integral Calculus^ Chapter ix., we have 

la/'* OL 

^ (a) sina = -sec*- I ^(^cosde?^ + tan -^(a) cosa; 

therefore 

2^ (a) Tsina - tan - cos aj cos' | = / ^ (^ cos ^ d0j 

that is ^ (a) sin a « I j>{0) cos0d0. 

Differentiate again with respect to a ; thus 

<f> (a) cos a + sin a ^ ^ (a) = ^ (a) cos a ; 

therefore ;/" ^ («) = ^* 
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Thus ^ (a) is constant for all values of a, that is 

~ -721 = a constant = h say. 

This result might have been anticipated : it expresses that 
elements of the curve which subtend equal infinitesimal angles 
at the pole exert equal actions on the particle there. 

Therefore t" + (J)' = Fr^ ; 

this leads to either -^^ = 0, or else 



/t?g\' 1 



The former supposition makes r constant, and so gives a 
circle. Taking the latter, and putting - for r we have 



de^ 



u 
'it'^du 



an-«\ > 



V(A:*-tt'""*) 



. -, w*-^ 



so that (w-l)^+(7=sin"^-^, 

where (7 is a constant. 

Therefore ^ = & sin {(w - 1) ^ + G\. 

If n = 2 we obtain 

l=^rsin(^+(7), 
which is the equation to a straight line : see Art. 204. 

If n = 3 we obtain 

l=Z;r»sin (2^+C7), 

which is the equation to a rectangular hyperbola, the pole 
being at the centre. 



1 the following Examples the ordinary law of attraction is 
[ to be assumed, unleas the contrary be stated. 

1, A 3olid is generated hy the revolution of a sector of 
circle about one of its bounding radii ; find the attraction on a 
particle at the centre. Result, -jrap sin' ^. 

The rim of a hemispherical bowl consists of matter 
repelling with a force varying directly as the distance ; shew 
that a particle will rest when placed anywhere on the concave | 
Buxface. I 

3. A tube in the form of a parabola is placed with its axis 
vertical and vertex downwards ; a heavy particle ia placed in 
the tnbe, and a repulsive force acts along the ordinate upon 
the particle: find the law of force that it may sustain the par- 
ticle in any position, 

4. A portion of a cylinder of uniform density is bounded 
"by a- spherical surface, the radius of which is greater than that 
of the cylinder, and the centre coincides with the middle point 
of the base ; find the attraction on a particle at this point. 

HesuU. 2-n-pa ^ ; where a ts the radius of the cylinder 

and b the radius of the sphere. 

5. Find the resultant attraction of a spherical segment on 

a particle at its vertex. I 

Rm.U. 2rfp{l-iy/g)}, 

where a is the radius of the sphere and K the height of the \ 
segment. | 

6. Find the resultant attraction of a spherical segment on , 
a particle at the centre of its base. 

Be^uU. -^.y,{3«"-3a + A'-(2a-A)'A*]. 

6\a~ 11} 1 



1 
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7. Find the locus of a point such that Its resultant attrac- 
tion on a fixed straight line may always pass through a fixed 
point in the straight line. Result. A sphere. 

8. Find the attraction of a segment of a paraboloid of re- 
volution, bounded by a plane perpendicular to its axis, on a 
particle at the focus. 

Result. Airpalog , where x is the distance of- the 

bounding plane from the vertex. 

9. Bound the circumference of a circle n equal centres of 
force are ranged symmetrically; each force is repulsive and 
varies inversely as the m*^ power of the distance. A particle 
is placed in the plane of the circle very near its centre; 
shew that approximately the resultant force on it tends to the 
centre of the circle and varies as the distance of the particle 
from the centre, except when «i = 1. 

10. Eight centres of force, resident in the corners of a 
cube, attract, according to the same law and with the same 
absolute intensity, a particle placed very near the centre of 
the cube ; shew that their resultant attraction passes through 
the centre of the cube, unless the law of force be that of the 
inverse square of the distance, 

11. If the law of force in the preceding example be that 
of the inverse square of the distance find the approximate 
value of the attraction on a particle placed very near the 
centre. 

Result Take the centre of the cube as origin and the axes 
parallel to the edges of the cube ; then if x, y, z be the co- 
ordinates of the particle the attraction parallel to the axis of x 
is approximately 

^^^'^^'^'-'^^ 

towards the origin ; 2a being the length of an edge, 

12. The attraction of a uniform rod of indefinite length on 
an external particle varies as (distance)"^ of the point from the 
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rod. Prove this, and supposing the asymptotes of an hyper- 
bola to consist of such material, shew that a particle will be ia 
equilibrium at any point of the hyperbola, and that the pressure 
on the curve at any point is proportional to the length of the 
tangent intercepted by the asymptotes. 

13. An elliptic lamina attracts an internal particle (x, y) 
with a force varying inversely as the distance ; shew that if 
X, y be the whole attractions parallel to the axes, 

X Y 

• — I — = constant. 
X y 

14. Tf A, B, C be the attractions of an ellipsoid in direc- 
tions parallel to its axes on an internal particle situated at the 
point (/, ff, h), shew that 

ABC, 

(See Arts. 228 and 239.) 

15. The resultant attraction of a particle wliich attracts 
according to the inverse cube of the distance on a plane 
lamina is the same aa on that part of the spherical shell 
described about the particle as centre and touching the plane 
of the lamina, which is cut off by straight lines from the 
centre to the edge of the lamina. 

16. A particle attracted by two centres of force at A and 
S is placed in a fixed groove. Shew that the particle re- 
mains at rest at whatever point it is placed, provided that 
the form of the groove be such that 

{AP-c){BF-c') = cc\ 
where c, c' are constants dependent upon the absolute forces. 

17. If a portion of a thin spherical shell, whose projections 

rn the three co-ordinate planes through the centre are 
, B, 0, attract a particle at the centre with a force varying 
M any function of the distance, shew that the particle will 
Iwgin to move in the direction of the straight line whose equa- 
bons are 



\ 
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18. The particles of a thin hemispherical shell attract with 
a force = fi (distance), and those of a right conical shell repel 
with a force = fi (distance). The rims of their bases coincide, 
and their vertices are turned in opposite directions, shew that 
a particle will rest in the common axis produced at a distance 
from the vertex of the sphere = length of the axis of the cone, 
the vertical angle of the cone being 2 tan"* |, 

19. Shew that if the attraction vary inversely as the dis- 
tance an indefinitely thin plane ring exerts no force on a 
particle in the plane of the ring within its inner circum- 
ference. 

[This and the following example depend on the integral 

{a^c cos 0) d0 



/ 



Q d?-\-(? — 2ac cos ' 
for which see Integral Calculus, Chapter IV.] 

20. Shew that if the attraction vary inversely as the dis- 
tance an indefinitely thin plane ring attracts a particle in the 
plane of the ring beyond its outer circumference in tlie 
same manner as if the mass of the ring were collected at 
its centre. 

21. If a straight line be the attracting body, shew that 
the lines of force are hyperbolas and the surfaces of equi- 
librium spheroids. {Gamhridge and Dublin Math&natical 
Journal, Vol. III. p. 94.) 

22. From the proposition established in Art. 244, deduce 
that established in Art. 239. {Gamhridge and Dublin Mathe- 
matical Journal, Vol. v. p. 215.) 



( 325 ) 



CHAPTER XW. 



TIETCAL VELOCITIES. 



We proceed to establish a general theorem respect- 
Bie equilibriam of a "body or sjeteni of bodies, called the 
'fl of Virtual Vdodtiea. 

1 a system of particles is in equilibrium, and we 

3 each of them placed in a position indefinitely near 

( which it really occupies, without disturbing t!ic con- 

sion of the parts of the system with each other, the straight 

line which joins the first position of a particle with the second 

IB called the virtual velocity of that particle. 

The term vdocity is used because we may conceive all the 
diaplacements to be made in the same indefiiiteiy small time, 
and then the spaces described are proportional to the velocities, 
Xhe word virtual is used to intimate that the displacements 
are not really made, but only supposed. We retain the 
established phraseology, but it is evadent from these explana- 
tions that the words virtual velocity might be conveniently 
replaced by hypothetical displacement. 

By the words, without disturbing the connexion of the parts 
of the system with each other, we mean, that any rigid Dody 
IfMch exists in the system is supposed to remain of invariable 
ftirm, and that any roda or strings which connect different 
parts of the system are to remain unbroken. This, at least, 
will serve for a preliminary statement to assist the reader, 
I wd we shall recur to the subject again ; see Art. 257. 
Hence, by reason of this limitation the virtual velocities of 
lie different parts of a system are frequently so connected 
4at when those of a definite number of points are assumed, 
*hoae of all the rest necessarily follow. 

248. The virtual velocity of a particle estimated in a 
given direction is the projection of the virtual velocity on 
^liis direction; it is considered positive when the direction 
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of the motion of the particle, in passing from ita first ponboo 
to its second, raakefl an acute angle with that along which 
we are estimating the velocity. Thus the yirtnal velociff 
of a particle estimated along any given straight line is fonna 
both in raagnitade and sign, by multiplying the absolnte 
virtual velocity by the cosine of the angle which its direction 
makes with the given straight line. 

The virtual moment of a force is the product of its intenaQr 
by the vu'tual velocity of ita point of application estimated a 
the direction of the force. 

We can now enunciate the principle of virtual velocitie^ 
If any system of particles is in equilibrium, and we con- 
ceive a displacement of all the particles which is consiatent 
with the conditions to which they are subject, fke sum <f (i« 
virtual moments of all the forces is sero, whatever he the (Uf 
placement. And conversely, if this relation hold for all Hn 
virtual displacements, the system is in equilibrium. 

249. The student will derive from the demonstrations 
which follow a better notion of the meaning of the principle 
than from the mere enunciation of it; it is, in tact, necessary 
to obtain a general view of the whole subject before at- 
tempting fully to comprehend the preliminary definitions txA 
statements. One remark may be made for the purpose of 
anticipating a difficulty ; each virtual moment is by dennition i 
an indefinitely small quantity, that is, ultimately vanishes. | 
so that the principle seems to amount only to this, take wmA ■ 
force of the system and multiply it by a quantity which uUt' 
mately vanishes, then the sum of these products vanishes. The | 
principle, however, implies more than thia statement, as we 
shall see. 

The convenient term virtual moment is given by Dnhamel; 
it may, however, be usefnl to enunciate the principle of virtual 
velocities without introducing this term, and we therefore give 
the following. 

Suppose a material system held in equilibrium by any 
forces, and suppose the points of application of t!ie forces 
moved through very small spaces in a manner consistent 
with the connexion of the parts of the system with each 
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other. Let pei-pendiculara be drawn from the new positions 
of the points on the directions of the forcca acting at the 
points in their positions of enu-ilibrium. The distance be- 
tween the foot of any perpendicular and the original point 
of application of the corresponding force, is called the vir- 
luil Telocity of the point with respect to that force, and is 
estimated positive or negative, according as the perpendicular 
&llfl on the side of the point towards which tne force acts 
or on the opposite side. Then the principle is this, the 
olgehraical sum of (he product of each force of Ike system 
and the corresponding virtual velocity vanishes. And eon- 
veraely, if the sum vanishes for every displacement the sj/stem 
** in equilibrium. 

Before we proceed to a general demonstration, we will 
consider two simple cases, that of a particle, aud that of 
^ rigid rod acted on by forces at its ends, 

250. Suppose tliat forces act on a single particle and 

maintain it m equilibrium. Let P, , P, , . . . denote the forces ; 

ct„ Oj, ... the angles which their directions respectively make 

*ith any fixed straight line arbitrarily chosen ; then, by Art, 29, 

SP cos a = 0. 

If every term of this equation be multiplied by the arbi- 
trary quantity r, we have SPr cos a = 0. But r cos a, ia the 
projection of the length r, measarcd along the fixed line, < 
te direction of the force P^; a similar meaning may be 
'fisigned to r cos a, , r cos a^, ... Also r may be considered as 
lie distance of the first position of the particle from a second 
Position arbitrarily chosen, and therefore, when r is indefi- 
•^itely diminished, r coa a ,»■ cos a^, ...become the virtual ve- 
locities of the particle with respect to P,, P,, ... Hence, the 
I*»inciple holds m this case. 

Conversely, if %Pr cos a= for all directions of displace- 
**aent ; then, SP cos a = for all directions, and the particle is 
*-»! equilibrium under the action of tlie given forces. 

In this case, we observe that the hypothetical displacement 
of the particle may be of any magnitude we please, and that 
tie sum of the products of each force into the projection of 
tie displacement on its direction is not only ultimately, but 
<tlways zero. 
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251. since wlien a systein of forces acting on a particle 
is in equilibrium, each force is equal and opposite to the re- 
sultant of all the other forces, and, as we have just seen, the 
sum of the products of each force into its virtual velocity ie 
zero, it follows, that the product of any force into its virtoal 
velocity is numerically equal to the sum of such products &r 
any system of forces which it balances, but is of the opposite 
sign. Hence if a single force is the resultant of a system of 
forces acting at a point the product of the single force into 
its virtual velocity is equal to the aum of such products for the 
system of forces, 

252. Next, suppose a rigid rod acted on by a force at ewli 
end. Let x, y, s be the co-ordinates of one end, and a', y', i 
those of the other ; I the length of the rod ; then 

(».-»r+(y-jT + (=-^T = !' (I). 

Suppose the rod displaced ; let hx, Zy, hz be the changes 
made in the co-ordinates of one end ; Sa;', ty\ fiz' those made 
in the co-ordinates of the other end ; then 

{^Zx-X-lx)% [y^ly^'-lyj^ (3 + 83-3- lzj= l\ ... (2). 

From (1} and (2), 
2{x-x') (Bx-Bx') +2 (y-y) (By-Sy') + 2{^~z-) (8^-&0 

-i- {Sx-Sxy+ (By-Byy + {Sz~Sz'y=o (3). 

Let a, /3, 7 be the angles which the original direction of tliB 
rod makes with the ases ; then 

!e' — a; = Z cos a, y' ~y = lcas^, z' — ^^lcoay... (4). 

If then, in (3), we neglect the terms {Bx — Bz')\ {By — ^f, 
[Ss — Bz")* in comparison with those we retain, we have 

(x-!^){Sx-hx')+(y-y')iBy-B^) + {z-z'){Bz-S,-)=(i, 

or, by means of (4), 

Sa;co3a+%co3^+S3Cos7=&r'cosa-}'Sycos^-!-&;'c037...{5). 

Suppose P the resultant of the forces acting at one end of 
the rod, and P' the resultant of those acting at the other end; 
then, in order that there may be equilibrium, these forcca 
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most be equal in magnitude and must act along the rod in 
opposite directions. This is obvious, or may be easily shewn 
by Art. 73. Since then F =^'-' P^ we have by (5) 

P (Sa? cos a + Sy cos ^ + S;3 cos 7) 

+ F {Sx cos a+Sy coBfi + Sz cos 7) = (6). 

Since P acts alonff the rod, the first term is the product of 
P into the resolved virtual velocity of its point of application, 
and the second term is a similar product for F; nence, the 
principle of virtual velocities holds in this case. 

The converse of this theorem is true in this case, but we 
shall not give a separate demonstration of it; the general 
demonstration of Art. 253 wiU sufficiently illustrate this 
point. 

If (5) were absolutely true, then in the case of a rod, as in 
that of a single particle, the sum of the products of each force 
into the projection of the displacement of its point of applica- 
tion on the direction of the force would be zero, whether the 
displacement were finite or infinitesimal. But (5) instead of 
being absolutely true is obtained from (3) by neglecting 
squares and products of the resolved displacements hx, Sx', By,.,, 

253. We proceed to establish the truth of the principle in 
the case of a rigid body. We shall assume that any possible 
displacement of a rigid body may be produced, by first making 
the body rotate about some axis, and then moving all the 
particles of the body through equal spaces in parallel direc- 
tions. See Spherical Trigonometry, Chapter xiii. Suppose, 
for simplicity, that the axis of z is made to coincide with the 
axis about which the body is turned; let 6 be the angle 
through which the body is turned, then the co-ordinates of a 
particle which were originally x and y will become, if we 
neglect the square and higher powers of 0, x — yO and y +x6 
respectively; •the co-ordinate z of the particle remains un- 
changed. ' 

Let the body be now further displaced, so that each particle 
moves through a space of which a, b, c are the projections on 
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the co-ordinate axes ; then, if Sx, Sy, Sz denote the whole 
changes made in the co-ordinates a?, y, « of a particle, we have 

Since the forces which act on the rigid tody are supposed 
to keep it in equilibrium, we have by Art 73, 

Sx=:o, sr=o, Sz=o, 

S(%-Kf)=0, t{Xz-Zx)==0, S(Fa;-Xy) = 0. 

Multiply the first of these equations by a, the second by ft, 
the third by c, and the sixth by 0, and add; we then find 

or % {XSx + YBy + ZSz) = 0. 

Let Pj denote the force of which X^, ^> -^j are the com- 
ponents, and Pg, Pg, have similar meamngs; and let 

op^y Spg, be the resolved virtual velocities correspond- 
ing to these forces; then, by Art. 250, the above equation 
may be written 

tPSp = 0. 

This proves the principle in the case of a rigid body. 

Conversely, if the sum of the products of the forces and the 
resolved virtual velocities vanishes for every possible displace- 
ment of a rigid body, the forces keep the body in equilibrium. 

For suppose, in the first place, the body is so displaced 
that every point of it moves parallel to the axis of x over a 
space a ; then we have, by hypothesis, 

tXa = 0; 
therefore SX = 0. 

Similarly, by suitable displacements, we may prove that 

tY=0, and S^= 0. 

Next, suppose the body turned round the axis of z througl:::-^! 
a small angle ; then, by hypothesis, 

t{XBx+YSy)=-0, 
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and Sx = — y0y Sy^xd; 

therefore 0t (Xy - Fa;) = ; 

tterefore ^{Yx — Xy) = 0. 

Simnarly, by suitable displacements, we may prove 

S(%-F«) = 0, %{Xz-Zx)^0. 

Hence, the six equations of equilibrium hold. 

If there be a system of two or more rigid bodies, then, since 
the principle of virtual velocities holds for any possible dis- 

Slacement of any one of the bodies, it holds for any possible 
isplacement of the system. 

254. In Art. 252 we have simplified the proof of the first 
part of the principle of virtual velocities, by supposing the 
axis of z to coincide with that about which the body was 
made to undergo an angular displacement. The following 
will be the process, if we suppose the displacement made 
about a straight line passing through the origin, and inclined 
to the axis at angles whose direction cosines are Z, w, n. 

Let r be the distance of any point (a?, y, z) from the origin; 
^ the angle this distance makes with the given straight line; 
P the perpendicular from (a?, y, z) on the given straight line ; 
then 

r" = aj* + y+«', 



cos 



, Ix my nz 



therefore p* or r" sin^ ^ = a?* + y'^ + «* — (Za; + my + nzy. 

Suppose the body turned through a small angle round 
the given line ; let a? + Sa:, y -{-By, z + Bz, be the co-ordinates 
^f that point of the body which was originally at (a?, y, z). 

Since r and p are unchanged by the displacement, we have, 
"y neglecting (Sa?)', (ByY, (^zy in comparison with Bx, By, Bz, 

= xBx -I- yBy + zBz, 

= IBx + mBy 4- nBz ; 

therefore — = -^ — = —, = \ suppose (1). 

yn — zm zl^xn xm—yl ^^ ^ 
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And since {{Sxf + {SyY + {Bzy]^ = 2p sin ^0, 

\ {(yn — zmY + {zl — xnY + (arm — yZ)'}* = 2p sin ^5, 
or \{a? + t/^ + s^— (Zaj + 7ny+ Wj2?)"}*=2psin J^; 

therefore \= ^ (2), 

neglecting 0^ and higher powers of 0.^ 

Suppose the body to be farther displaced, so that each 
particle moves over spaces a, b, c parallel to the co-ordinate 
axes ; if Sxy Sy, Sz denote now the wJiole displacement of the 
particle whose original co-ordinates were a?, y, z^ we have 

Bx = {yn — zm) + a, 

Sy = {zl — xn) + b, 

Sz = {xm — 1/1)0 + 6. 

Multiply the six equations in Art. 73 by a, J, c, — 10, — m0, 
- n0, respectively, and add, then 

X{XSx+ YSy-tZBz)==0. 

255. We shall illustrate the principle of virtual velocities 
in the solution of the following problem. 

A beam in a vertical plane rests on a post B and against a 
wall at A ; required the circumstances of equilibrium. 

Let the distance ofB from the wall = J ; let G^ be the centre 
of gravity of the beam; AG==a; and the inclination of the 
beam to the wall = 0. The reaction (P) of the post at B is 




perpendicular to the surfaces in contact, and therefore to the 
beam ; the reaction (B) of the wall is perpendicular to the 
wall for the same reason ; let W be the weight of the beam. 
We may consider the beam in equilibrium under the action 
of F, B, Wf and suppose the post and wall removed. 
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Now the object of the problem might be, solely to deter- 
mme the position of equilibrium, or also to determine P and 
not R, or R and not P, or to determine both P and R and also 
the position of equilibrium. We shall solve the problem by 
the principle of virtual velocities under these four suppositions, 
in order to explain the method of proceeding so as to avoid 
as much trouble as possible according to the nature of the 
question. 

(1) Suppose the position of equilibrium only required. 
We must taen give the beam a small arbitrary geometric 
motion such that the unknown pre,s3ure8 P and M shall not 
occur in the equation of virtual velocities; the beam must 
therefore remain in contact with the wall and the post, as 
in the figure. 

Let Zd be the increase of B owing to the displacement. 
Then the height of Q above the horizontal straight line 
through B, (or £), before displacement 

= GScobB= (a — icoaecfl) coaO = a cosfl — Scotfl; 

the height after displacement is found by changing 6 into 
0+B8 in this expression ; therefore, the vertical space described 
by G or B3 

= acos{e + Se)-hcoi{d+Sff)-(acose-bcot8) 

Vsin'fJ J ' 

and, by the principle of virtual velocities, WBs = ; therefore 

J — a sin' ^ = 0, ain 6=./- , 
and this determines the posititm of equtlihrtum, 

(2) But suppose we wish to find the pressure P aa well 
as the position of equilibrium. 

We must in this case move the beam ofi' the post, in order 
that the virtual velocity of B with respect to P may not 
vanish, and consequently P not disappear as in the first c 

Let AA' =^ c, and let, as before, S^ be the change of 0. 
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We have to find the displacement of 5 estimated along 




the line of action of P. Now conceive the beam brought 
into its second position hj two steps ; first let it be moved 
parallel to itself till the lower end comes to A\ and next let 
it revolve round A' through a small angle S9. By the first 
step B moves through a space parallel and equal to AA'; by 
the second step B describes a small arc of a circle the lengm 
of which is AB.B6, that is bcoaecOBO. Thus the displace- 
ment of B estimated along the line of action of P is ultimately 
csind — b cosec 80. 

Similarly by the first step G moves through a space equal 
and parallel to AA', and by the second step G describes a 
small arc of a circle the length of which is aS0, Thus the 
displacement of G resolved vertically downwards is ultimately 
aB0 sin ^ — c. 

Therefore, by the principle of virtual velocities, 

W (a sin 0B0 - c) + P (c sin - 5 cosec 0B0) = 0; 

therefore, B0 ( Wa sin 0-Pb cosec ^ - c ( F - Psin ^) = ; 

and, since c and B0 may be any independent small quantities, 

Fasm ^-PJ cosec ^ = 0, F-Psin^ = 0,- 

therefore sin = a / - , and -™ = . / 7- . 

(3) Suppose we wish to know B and the position of 
equilibrium, and not P, 

Then we should displace the beam so as to give to ^ a 
virtual velocity with respect to -B, but not one to B witL 
respect to P. 

The beam must therefore still remain in contact with th^ 
peg. Let AA'=^ c, and let a be the angle which AA' makei» 
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with the vertical. Now conceive the beam brought into its 
second position by two steps ; first let it be moved parallel 




to itself till the lower end comes to A', and next let it revolve 
round A! through an angle hO so as to bring the beam again 
into contact with the peg. The displacement of A estimated 
along the line of action of iZ is c sin a. The displacement of 
Q estimated vertically downwards is ahO sin ^ — c cos a. 

Moreover there is a relation between 80, c, and a, arising 
from the fact that the whole displacement of the beam is such 
as to keep the beam still in contact with the peg. From the 
triangle ABA\ we have 

sin he _ A A' 
sin(e-a)"ul'j5^ 

hence, 86 = ^^ — j—^ ultimately. 

Therefore by the principle of virtual velocities 

Tr|y sin'^sin (^-a) -c cos al + 5c sin a = ; 



that is, 

asin*^ 



TF(^^-l)cco3«+(i?- 



Wa . 2/1 /1^ . 

sm^^ cos ^ 1 c sm a = ; 



b J • V i 

and c cos a and c sin a are independent ; therefore 

asin'^ -. n 7> ^« • 2/1 /I ^ 
— 7 1 = 0, B J— sm^ ^ cos ^ = ; 



therefi 



ore 



8in^ = ^^, 
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(4) Lastly, suppose we wish to determine P and 5 and 
the position of eqimibrium. 

Then we must give the beam the most general displace- 
ment possible in tiie plane of the forces ; let A^ = c, and 




let a be the angle which AA makes with the vertical. Now 
conceive the beam brought into its second position by two 
steps ; first let it be moved parallel to itself till the lower end 
comes to -4', and next let it revolve round A' through an 
angle W. The displacement of A estimated along the line 
of action of iZ is c sm a. The displacement of Q estimated 
vertically downwards is 

aS^sin^ — ccosa. 

The displacement of B along the line of action of P is 

c cos (a + — — ^ J — J cosec 6hQ^ 

that is, c sin (^ — a) — J cosec QW. 

Therefore by the principle of virtual velocities 

TT (aS^ sin ^ — c cos a) + jBcsina 

+ P{csm (^-a)-icosec^S^} = 0; 
that is, 

(Fa sin ^ -PJ cosec 6) 80 + (Psin 0-W)ccoaa 
+ (jB - P cos ^) c sin a = 0, 

and SO, c cos a, and c sin a are independent ; therefore 

Fa sin ^ - PJ cosec d = 0, Psind-F=0, P-Pcos(? = 0. 
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These three eqaations are tlie equations which we should- 
have obtained by the priuciplea of Art 57; they givo byi 
elimination 

--^/^^=©^#=^• 

We hare thus illustrated the method of application of this 
principle ; and we observe, in general, that when the object 
of the problem does not require certain unknown forces, we 
must give the body the most arbitrary geometrical motion 
possible without giving the points of application of these 
forces any motion in tiieir directions. 

250. In applying the principle of virtual velocities to de- 
duce the conditions of equilibrinm of any system, it is often 
convenient to give the body such a displacement as to make 
the virtual moments of some of ike forces separately vanish. 
This has been exemplified in the preceding Article, and we 
irill now enumerate some cases in which the virtual moment 
of a force vanishes. 

(1) In the hypothetical displacement, if any particles of 
the system have remained in their original places, the virtual 
moment of forces acting at such points is obviously zero. If 
a body, for example, have one point fixed, then the virtual 
velocity of this poinit is zero for any hypothetical displacement 
of the body, which does not break the condition of this point 
being fixed. 

(2) Suppose a body compelled to remain with one point i 
in contact with a smooth fixed plane, so that the plane exerts 
s force on the body at tlie point of contact in a directioa , 
perpendicular to the plane. Let the body be displaced so aa 
to nave the same point still in contact with the fixed plane, 
then the perpendicular drawn from the new position of the 
point of contact on the old dhection of the action of the fixed 
plane meets that direction at the old position of the point of 
contact ; that is, the virtual velocity of the point of contact 
relative to the force exerted by the plane is zero. 

Similarly, if the body have more than one point in con- 
tact with the plane, and be so displaced that the same pointa 
of the body remain in contact with the fixed plane, the 
T.8. 22 
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virtual moment of each force which the plane exerts on tke 
body vanishes. 

(3) Let two smooth bodies be in contact; then each exerts 
a force on the other along their common normal Suppose 
one of them so displaced, that the point in it which was 
originally in contact with the other body still remains in con- 
tact with it ; the case is similar to that of a body in contact 
with a fixed plane; the virtual velocity of the point of contact 
relative to the normal force is not zero, but is indefinitely 
small compared with the absolute virtual velocity. 

Let BAG he a section of one body made by a plane which 



contains the common normal to the surfaces, and DAE the 
section of the other made by the same plane ; A the point of 
contact. Suppose the body BA C displaced into the position 
B'A'C, so that the point A is moved to A\ Draw -4' Jf per- 
pendicular to the common normal to the surfaces. Then AM 
represents the virtual velocity of the point of contact with 
respect to the normal force, while the straight line joining A 
ana A' is the absolute virtual velocity. Since MA A' is ulti- 
mately a right angle, J.ilf vanishes compared with AA\ 

(4) Suppose two bodies in contact at a single point, and 
let them be both displaced so that they still remain with the 
same point of each body in contact. Let P denote the force 
in the normal on one body, and therefore — P that on the 
other; then^ if PSp denote the virtual moment of the normal 
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with respect to the first body, - PBp will be the virtual 
moment with respect to the second body. Hence, by taking 
the 3D1I1 of the virtual moments for the two bodies, the mutual 
tttioa P disappears. 

A similar result holds if the bodies be in contact at more 
{loiitta thau one. 

(5) Suppose a body in contact with a smooth fixed plana 
Ma single point, and let the body be displaced by Tolling it 
on the faxed plane. 

Let BA C be a section of ibe boi3y made by a plane through 




f the point of contact A containing the common normal to the 
I Burfaces, and suppose this section a circle. Let DAE be the 
I intersection of this plane witli the fixed smooth plane. Sup- 
Ipose B'A'C the position of the body after displacement. A' 
■ wing the new point of contact, and let a be the point in the 
llwdy which was originally in contact with the fixed smooth 
r plane. Draw an perpendicular to the normal ^iV; then, An 
represents the resolved virtual velocity of the point of contact 
I with respect to the normal force. Now An is equal to the 
product of the chord A'a and the sine of the an^e between 
this chord and AA ; and as this angle is ultimately indefi- 
nitely small, An is indefinitely small compared with the chord 
A'a, and therefore also compared with the are A'a or AA'. 
Hence if we neglect powers of AA' higher than the first, the 
virtual moment of the force along the normal acting at the 
point of contact is zero. 

A similar result holds ii BAG, DAEha any curves instead 
of a circle and straight line respectively. 

If a displacement is made up of two, one like that in the 
Bccond case, and one like that in the present case, the fixed 
plane being smooth, the virtual moment of the force exerted 
By the plane will vanish. 



[ 
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(6) Let us anppoee the bodies in contact to tie r 
a diBplacement to be made by rolling one o^ion the othef 
the preceding case. Tlie action of each body on the oth< 
not be directed along the normal AN, but may be ree 
into two, one along AN and the other at riglit angles to 
The virtual moment of the former force vanishes, as we liflTe 
shewn in the preceding case ; and since the direction of the 
straight line joining A and a ultimately coincides with iff 
and is therefore perpendicular to the second force, the virtual 
moment of the second force vanishes in the same manner u 
in the third case. 

The result depends on the hypothesis tliat the bodies roK 
on each other ; if there ia sliding the virtual moment of the 
force at right angles to jlA''will not vanish. 

(7) Suppose an inextensible string to have one end at- 
tached to a fixed point, and the other end to a particle either 
isolated or forming part of a rigid body ; one of the forces of 
the system is then tne tension of this string which acts along 
its length. Let the particle be so displaced as to keep the 
string stretched, then it may pass from its first to its scooni 
position by moving over an arc of a circle, and in the sain8 
manner as in the third case, we see that the virtual velocity 
of the particle with respect to the tension which the string 
exerts, is indefinitely small compared with the absolute yirtafll 
velocity of the particle. Hence, the tension of the string dis- 
appears from the equation of virtual velocities. 

(8) Suppose an inextensible string connecting two perti- 
eles of the system, and let the particles be displaced alon^ the 
direction of the string, the string being kept stretched. Then, 
if one particle be displaced through a space Sp, and P denote 
the tension of the string, and therefore the force exerted by 
the string on this particle, Php is the virtual moment of tlw 
force which the string exerts on this particle ; also — PSp will 
be the virtual moment of the force which the string exerts on 
the second particle. Hence, by taking the sum of the virtofll 
moments for the two particles, the tension of the string dis- 
appears from the equation of virtual velocities. 

(9) If we suppose a further displacement of the system i" 
the preceding case, by keeping one particle fixed and mftking 
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the other descnbe an arc of a dicle, theiiy bj the seTenth case, 
tlie tension of the string disappears firom uie equation of yir- 
toal yelocities* 

By a combination of the displacements considered in the 
Beventh and eighth cases, we can produce any displacement 
that the two particles can undergo, so long as the string is 
kept stretched. Hence, the tension of a string connecting two 
particles disappears from the equation of virtual yelocities. 

We have supposed the string to pass in a straight line from 
one particle to the other, but the same result would hold if 
the string were deflected by passing through one or more 
smooth fixed rings, supposing it always kept stretched. The 
demonstration would not hold for an extensible string, 

257. We can now understand more distinctly the meaning 
of the words, without disturbing the connexion of the jmrts of 
the system with each other y which are introduced into the enun- 
ciation of the theorem. The theorem is shewn in Art. 250 to 
be true for a particle ; if then we consider a rigid body to be 
a collection of particles held together by molecrJar forces, the 
theorem will hold for every displacement of the particles of 
the rigid body, provided we include the molecular forces and 
estimate their several virtual moments. But from the demon- 
stration in Art. 253 it appears that we need not consider tlio 
molecular forces, provided we give to the different particles 
such displacements only as are consistent with the unbroken 
rigidity of the body. So with respect to such forces as are 
enunciated in the preceding Article, we may, if we take them 
into consideration, give to the system any displacements we 
please; but if we do not take them into consideration, we 
must give such displacements only as we can prove will not 
introduce the virtual moments of these forces. Hence, the 
words which we are explaining amount to a direction to be 
careful to include every force of the system, except such as 
we know have their virtual moments zero for the particular 
displacement we are considering. 

258. The following example will shew how the principle 
of virtual velocities may assist in the solution of problems. 
Six equal rods are fastened together by hinges at each end, 
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and one of the rods being supported in a horizontal position 
the opposite one is fastened to it by an elastic string joining 
their middle points ; determine the tension of this stnng. 

Let W denote the weight of each rod, T the tension of the 
string. Suppose the system displaced slightly so that the 
lowest rod descends vertically through a space x. Then it 
will be easily seen that the centre of gravity of each of the 
two rods which are adjacent to the highest rod descends 

through a space j ; and the centre of gravity of each of the 

two rods which are adjacent to the lowest rod descends 

Bx 
through a space — ; the point of application of the tension 

on the lowest rod descends through a space x. Therefore by 
the principle of virtual velocities 

4 4 

therefore T^SW. 

The mutual actions at the hinges disappear from the equation 
furnished by the principle of virtual velocities, and thus the 
required result is readily obtained, 

259. The following is the process by which we may de- 
duce the equations of equilibrium of any system from the 
principle of virtual velocities. 

Let Pj, Pj, Pg, ... denote the forces which act on a system ; 
PSpj, PjSpj,... their respective virtual moments for any dis- 
placement ; then, by the principle, 

PM+^M+PM+"-=o (1). 

This equation we proceed to develope. 

Let ttj, )8i, 7i be the angles which the direction of P^ makes 
with the co-ordinate axes; x^^ y^^ z^ the co-ordinates of the 
point of application of P^ ; then 

Sp^ = cos a^Sajj + cos ^S^Sy^H- cos 7^^^ (2) ; 

this is rigorously true, and similar equations hold for Sp,, 
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of the connexion of tke system, for 

pie, the rigidity of some parts of it, or the jaDctJon of 

by roda or strings, relations will hold between the 

r,, J/,, Sj, X , y,, Zj, ... in virtue of which all o 

be expressed in ternas of a certain number of them _ 

of them may be expressed in terms of certain other 

indent co-ordinatea and angles, 

inppose f,, f,, ^3,...0,, ^,, 03,... to denote these inde- 
' ' co-ordinates and angles. Then, if ice neglect the 
iroducls, and higher powers of Bx^, S^„,,. £f[, 
!>,, ..., we shall obtain equations of the form 



Bx, = 5,Sf , + 5,5?, + , . , + t.S0, - 



wTiere A , A^, ... B , B^, .., a„ a,. ,.. 6„ J„ ... are functions of 
the variables, bat do not contain the increments S?„ Sf,, ... 



Let the values of Sa:„ Sy, .., be substituted in the equations 
of which (2) is the type, and then let the values of S;>„ Bj)^,.,. 
be substituted in (1) ; this equation will take tJie form 

Q,^^, + QM,+ - + 9,H, + lM, + ■■• = *> (3)- 

The, conditions for the equilibrium of the system are 

ft = 0, Q, = 0,... ?, = 0, y. = (4). 

For since 8f,, Sfj,.., S0,, 50,,.., are by supposition inde- 
pendent, we might have given the body such a dlaplacenaent 

as to leave f,, f^ 0,, (f>„---. unchanged; and then (3) 

would reduce to 

Q^B^, = ; therefore Q, = 0. 
Similarly, we may shew that the other equations of (4) hold.' 

260. We will give a simple example in illastration of the 
method of the preceding Article. A string of given length lias 
one end fixed at a point in the line of intersection of two ver- 
tical planes at right angles to each other, and at the other end 
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carries a heavy particle which is repelled from these planes by 
forces of which one is constant and the other varies as the 
distance from the plane ; find the positions of equilibrium. 

Take the vertical plane from which the particle is repelled 
by a constant force as the plane of (a?, z), and the other ver- 
tical plane as the plane of (y, z) ; take the point to which the 
end of the string is fixed as the origin, and let the axis of 2? 
be vertically downwards. Let x, y, z denote the co-ordinates 
of the particle in a position of equilibrium, and I the length 
of the string. Let W be the weight of the particle, F the 
constant repulsive force, /xa? the force which varies as th6 dis- 
tance of the particle from the plane of (y, z). Conceive the 
particle displaced into an adjacent position, the co-ordinates 
of which are a? + Sa, y + Sy, z + hz. Then by the principle 
of virtual velocities 

lixlx^Fly^-Wlz^^ (1); 

the tension of the string has no virtual moment by Art. 256. 

Also ic'^ + y' + «' = ?' (2); 

therefore ajSic + ySy + 280 = (3). 

By (3) we can express hz in terms of hx and hy ; thus (1) 
becomes 

Therefore ulx = 0, and F ^ = 0. 

z z 

W 
From the first of these equations we obtain either z^ — , or 

F 

else a? = 0. If we take the former solution we obtain y = - , 

and then x is known from (2) ; thus one position of equili- 
brium is determined. If we take the solution a; = 0, then y 
and z must be found from the equations 

Fz-Wy^^ y'+ «* = ?'; 
thns another position of equilibrium is determined. 
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161. The principle of virtual velocities 13 useful in Statics . 
Ithe solution of such problems as that in Art. 253, where 
pea occur which have their virtual moments zero for certain 
blacements. The following is an important general pro- 
Etion to which the principle leads. 
[ system of rigid todies under the action of no forces iiit 
r weights, mutual pressures, and pressures upon smooth 
lOWable surfaces, will ie in equilibrium, if placed so that 
e of gravity is in the lowest or highest position it can 
jpiblff attain by moving the system consistently with the con- 
ion of its parts with one another. 

iet «i, Zg, ... denote the distances below a fixed horizontal 
le of the different particles of the system; w^, w^, ... the 
ights of these particles. That the system may be in equi- 
kinm, we must have 



w.Ss, 



■•(1); 



___■ by Art. 256 the virtual moments of all the other forces 
which act on the system vanish. Let i denote the depth of 
t3ie centre of gravity of the system below the fixed horizontal 
plane; then 

_-_ «>,a, + w) ,g ^ + w,^, + ■■■ _ 



therefore (ro^+ w^ + w^+ ...)S3 = w^z^ + m,Sz, + m^Sz, 
N^ow when s has a maximum or minimum value. 



-...(2). 
..(3), 



a Diff. Calc. Arts. 232, 238). 

Hence, when the centre of gravity is at a maximum or 

ttimum distance from the fixed horizontal plane, (I) is 

i and the system is in eq^uilibrium. 
^e eq^uation (3) is a necessary but not a sufficient con- 
Stion for 3 having a maximum or minimum value; hence, 
We cannot assert conversely, that wlien the system is in 
equilibrium, the centre of gravity must be at a maximum or 
nunimum depth. 

If the system of rigid bodies be such that the centre ( 
gravity is always in the same horizontal plane, every position . 
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is a position of equilibrium. For in this case 2 13 a constau'i 
and therefore Ss always = 0. 

If aome of the bodies are rough the result will still hold if 
the friction be such as to prevent any sliding ; see case (6} 
of Art. 256. 

262. Suppose a system in equilibriiim, and that an in- 
definitely small displacement is given to it; if it then tend 
to return to its original position, that position is said to be 
one of at<^le equilibrium; if the system tend to move further 
from its original position, that position is said to be one of 
unstable equilibrium. 

To determine in any case whether the equilibrium of a 
system is stabU or unstable, is a question of dynamics on 
which we do not enter. The reader may refer to Poiason, 
Art. 670, or Duhamel, Tom. ir. Art. 69; the best investi- 
gation of the question, however, will be found in the Coura 
Comply mentaiTe d' Analyse et de Mecanique Mationelle, par 
J. Vieilte, Paris, 1851. 

The following general theorem is demonstrated. Suppose 
the forces. which act upon a ayatem such that 

S {Xdx + Ydy + Zdz) 

ia the immediate differential of some function of the co-ordi- 
nates, 1^; then, for every position of equilibrium, ^ is, in 
general, a maximum or minimum; in the former case tie 
equilibrium is stable and in the latter unstable. 

An important particular case ia that of the system in 
Art. 2G1, in which the equilibrium is stable when the centre 
of gravity has its lowest position, and unstable wlien it has 
its high eat position. 

263. We will now illuatrate the principle contained in 
the preceding Article by application to two examples. 

I. A uniform heavy beam ia placed with its ends in con- 
tact with a fixed amooth vertical curve in the form of an 
ellipse with its directrices horizontal : determine the position 
of stable equilibrium, the length of the beam being supposed 
not less than the latus rectum. 
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Let J* and Q denote the extremities of the beam; let PAT I 
I (Hid QN^ be perpendiculars on the lower directrix, and 8 the j 

f focus corresponding to this directrix. Then the height of I 
tba centre of gravity of the team above this directrix i 

5 (iW + QN) ; for stable equilibrium this height should be a | 

minimum. If e be the escentricity of the ellipse we have 

ftnd therefore 8P+ SQ must be a minimum. But SP + ^ , 
is always greater than PQ, except when 8 is in the straight 
line PQ. Therefore the position of stable equilibrium is that 
in which PQ passes through the focus. 

Since the beam is in equilibrium under the action of its own 
weight and the normal resistances of the curve, it follows that 
the straight line which joins the point of intersection of nor- 
mals at the ends of a focal chord of an ellipse with the middle 
point of the chord is parallel to the major axis : this result 
may be verified geometrically. 

II. The principle of Art. 262 may be applied to a liquid 
■wliich may be regarded as a collection of indefinitely small 
amooth heavy particles. 

Suppose a set of rectangles, all of the same length, but with 
any breadths. Let them be connected along their lengths by 
smooth hinges, so as to form a hollow prism without ends; 
and place the system vertically on a smooth horizontal plane. 
Ijet some liquid be poured into the vessel thus formed. In 
the position of stable equilibrium the centre of gravity of the 
liquid will be at a minimum height above the horizontal 
plane ; and therefore the area of a horizontal section of the 
prism will then have a maximum value. 

But by the principles of Hydrostatics the rectangles which 
form the vertical sides of the vessel are acted on by pressures 
from the fluid which form a system of forces like that in 
Prop. II. at the end of Chap. iv. : and therefore when there ii 
equilibrium the horizontal section of the prism must forn 
polygon which can be inscribed in a circle. 
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Hence we obtain the following result : if an area is to be 
bounded by given straight lines the area is greatest when the 
straight lines are all chords of a circle. See also Differential 
Calculus, Art. 240. 

264. The following is a simple example of distinguishing 
the nature of equilibrium. 

A heavy body rests on a fixed hody, to determine the nature 
of the equilibrium; the surfaces being supposed rough. 

Let BAG be a vertical section of the upper bodj made 




c 



by a plane through its centre of gravity (?, and DAE the 
section of the lower body made by the same plane. We 
suppose these sections both circular ; let r be the radius of 
the upper section and jB that of the lower. Let the upper 
body be displaced into the position B'A'G\ and suppose a 
that point in the upper body which was originally at A\ 
at A the new point of contact draw the common normal 
OA'If, meeting at the radius -4 of the lower surface, and 
at N the radius aN of the upper surface. Draw a vertical 
line through A' meeting aN at M; let g be the new position 
of the centre of gravity of the upper body. If we suppose 
the surfaces rough enough to prevent all sliding, the uppet 
body will turn round A\ and the equilibrium will be unsUAle 
if g falls further from a than M, and stctble if g be between 
Mand a. 
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Since we suppose the upper body displaced by rolling on the 
lower, we have 

arc A A* = arc a A ; 

therefore R6 = rj>. 

MN sin sin 



Also 



NA- su.i0 + 4>) «ln(l+:^)^ 



1+^ 
r 



ultimately ; 



therefore MN = 



and ailf = r — 



r + R' 
r' Rr 



r + R R + r* 



Hence, the equilibrium is stable or unstable according as 
a^y or A G, is less or greater than -jr-^ — . 

If the lower surface be concave instead of convex, it may 

be shewn in the same way that the equilibrium is stable or 

Rr 

unstable according eisAG is less or greater than -^ . 

ji* "■■ r 

The results of this Article will hold when the sections BAG 
and DAE are not circles ; r and R will then stand for the 
radii of curvature of the upper and lower sections at the 
point A. If the lower surface is plane, R is infinite, and for 
stable equilibrium A G must be less than r. 

Rr . Rr 

265. If AG= 75- — in the first case, or = ^,^ — in the 

R+r R—r 

second case, the equilibrium has been called neutral. In this 
case, a further investigation will have to be made to deter- 
mine whether the equilibrium is stable or unstable. Suppose, 
for example, that a portion of a paraboloid rests in neutral 
equilibrium with its vertex in contact with a horizontal plane, 
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it is required to determine whether the equilibrium is staBle 
or unstable. 

Since the equilibrium is neutral, the centre of gravity G 
must coincide with the centre 
of curvature of the generating 
parabola at the vertex; now, if 
different points be taken in a 
parabola, the further the assumed 

J)oint is fnom the vertex, the 
urther is the point of intersec- 
tion of the normal and the axis 
from the vertex. Hence, the 
normal A'N in the figure meets 
the axis of the parabola further from a than G is, and the 
equilibrium is stable. 

It is easy to shew generally, that if a portion of a solid 
of revolution rest in neutral equilibrium with its vertex on 
a horizontal plane, the equilibrium is really stable or unstable^ 
according as the radius of curvature of the generating curve 
has a minimum or maodmum value at the vertex. 

266. The results of Art. 264, when the sections 5-4(7 and 
DAE are circles, may also be obtained by using the theorem 
which we have quoted in Art. 262. 

Let z denote the height of the centre of gravity g above 
the horizontal line through 0, and let ^ = c ; then 

2J = (J? + »•) cos ^ — c cos {6 + ^) 
= (iZ + r) cos ^-ccos (l + --] ^. 
Expand the cosines in powers of the angles ; thus 



z 



-|c(l + f)^-(i2 + r.)}g+... 




neuteaL equilibrium. 
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Suppose tlie coefficient of 0' not to lae zero ; tlieo when 8 
is indefinitely small z is greatei- or less than R-\-r — c, ac- 
cording aa tlie coefficient of ff is positive or negative ; in the 
former case R-\-r — c is a minimum value of z, and in the 
latter case it is a maximum value. Therefore the equilibrium 

13 stable if c be greater than „ , and unstable if e be less 
fiian -jj- — . 



Suppose however that c = 



, then the coefficient of $* 



is zero; in this case the equilibrium is said to be neutral. 
We must now examine the coefficient of ff* in the value of z; 
this coefficient is 



-BK' + f)'-(«+'-)}. 



"lit r' 
B jB + r ) {M+2r 
r' [4 



(« + >■) 



.e this is a negative quantity it follows that B + r — e is a 
ximwm value of z and the equilibrium is really unstable. 

267. The following problem will furnish an instructive 
stample. A frame formed of four uniform rods of the length 
a connected by smooth hinges, ia hung over two smooth pegs 

in the same horizontal line at a distance -tt , tlie two pegs 

being in contact with different rods ; shew that the frame is 
in equilibrium when each angle is 90°, and detcfmine whether i 
the equilibrium is stable or unstable. ' 

Denote the pegs by A and B; suppose the beam in con- 
tact with A to make an angle 8 with the horizon, and the 
baam in contact with S to make an angle <p with the horizon; 
let M denote the depfli of the centre of gravity of the system 
below AB. Then it may be shewn that 



(sin ff + sin <f>) - 



i.(e+« ■ 
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where c = -7- . 

V2 

Thus w is a function of the two independent yariables 6 
and ^, and in order that u msLj have a maximum or minimum 

value and ^ must be taken so as to satisfy Tg = and 

-rr = 0. It will be found on trial that ^= — and A= — are 
dcj} 4-^4 

suitable values. But it will be found that with these values 

for and ^ we get 
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d0' 


c 
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maximum nor a minimum when 5 = r- and ^ = -- . All the 

4 4 

foregoing is a simple example of the Differential Calculus; 
we proceed to apply it to the Mechanical Problem in question. 

Let hu denote the change in u consequent upon changing 

the value of from -7 to -7 + Sd, and the value of 6 from 

4 4 

— to J + S^ ; then it follows from the preceding investiga- 
tions that 

Sm = - 1 {[W)' + AZ0h4> + {hif>)'] + &c., 

where under the &c. are included terms in i0 and hj> of a 
higher order than the second. Now although u is neither 

a maximum nor a minimum when and j> are each — , yet 

there is equilibrium then because Sm is then zero so far as 
terms of the first order in h0 and i^. (See Art 261.) But 
as u is neither sl maximum nor a mmimum the equilibrium 
cannot be stated to be either stable or unstable universally; 
it is in fact stable with respect to some displacements and 
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unstable with respect to other diaplacementa. If, for example, 
we consider only audi displacements as make S6 = Sif), tiien 
Su is certainly negative when &0 and Stf> are taken small 
enougli ; thus the centre of gravity is raised by the displace- 
ment and so the cquilihrium is stable. If, again, we consider 
only such displacements as make B$ = — 80, then Sm is cer- 
tainly ^osi'(/i;e when B0 and B<f> are taken small enough ; thus 
the centre of gravity is deprMaed by the displacement and bo , 
the cquilibriuin is unstable. 

268. Of all curves of a given length drawn between two ' 
fixed points in a horizontal line, the common catenary is that 
which has its centre of gravitt/ furthest from the straight Una 
Joining the points. 

This proposition belongs to the Calculus of Variations, but 
an imperfect proof of it may be obtained from some of the 
Iweceding principles. Since the string which hangs in a com- 
iBpn catenary is in equilibrium we conclude that the depth of 
^H centre ot gravity from the horizontal line is a maximum 
^B minimum. (See however Art. 261.) And we may infer 
^Hat the depth is a maximum and not a minimum from the 
^Kperimental fact that if the string be slightly displaced it 
^P^1 return to its position of equilibrium so that its eqaili- 
Hvium is stable, (oec Art. 2G3.) Hence in any other position 
Wof tlie string than that of equilibrium the centre of gravity 
I will be nearer to the given horizontal line. And as the string 
1 irliich hanga in the common catenary is of uniform density 
Agnd thickness its centre of gravity coincides with tliat of the 
^■rre. Thus the proposition is established. 

^P- 269. Lagrange has p^iven a demonstration of the principle 
■ of virtual velocities, which does not assume a knowledge of 
I the conditions of equilibrium of any system of forces; this 
L demonstration is difficult and has not been universally re- 
BMived. We shall place it here and refer the reader to 
Hnsson, Art 337, and to the article ' Virtual Velocities' in 
^mb Penni/ Cyclop<sdia, for further information. 
^^We have first to shew how any system of forces may be 
^■placed by a string in a state of tension passing round a 
^Knbination of pullies. 



354 laorange's proof of 

Let forces P, Q^ B, acting at the points -4, 5, C,. 

maintain a system in equilibrium ; let pullies be fixed to 
system at the points A, B, (7,... and let the pullies a, 6, i 
DQ attached to fixed blocks, so that A a may be the direc 




of the force P, Bb that of Q, and so on. Let a string ha 
weight W attached to one end, and be passed round the p 
-Wand then round the pullies a and A a sufficient numbc 
times to render the sum of the tensions equal to P. Let 
same string then pass on to the puUy b, and be passed rou 
and B a sufficient number of times, until the sum of the 
sions is equal to Q. The string is then passed on to c, 
round cC, and so on; the end of the string is fastened 
fixed point if. Thus the system of forces P, Q, iZ, . . . i 
be replaced by a single string, the tension of which is W. 
here assume that the forces P, Q, B, ... are commensurabl 

We proceed now to the proof, in which we follow 
grange's words very closely. 

It is evident, in order that the system may remain in e< 
librium, that the weight W must be incapable of descenc 
when any indefinitely small displacement whatever is give 
the "points of the system ; for since the weight always tend 
descend; if there were any displacement pf the system wi 
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would allow it to descend, it would necessarily descend and 
[>roduce this displacement in the system, 

Let a, 0, 7, ... denote the indefinitely small spaces, which 
any displacement would cause the points of the system to 
describe in the direction of the forces, which respectively act 
at them, and let p, q, r ... denote the number of parallel 
strings which are attached to the puUies A, B, C, ... It is 
obvious that the spaces a, ^, 7, ...are those by which the 
pullies^, B, C, ... will approach o, h, c, ...and that the string 
joining these puUies will thus be diminished by pj, q0, ry, ... 
riiUB, in consequence of the inextensibility of tue string, the 
weight JV would descend through the space pa + $0+ry+ . .. 
Hence, in order that the system of forces P, Q,R, ... may be in 
eqailibrjum, we must have 

^n+fi^ + ry-i- •.. = 0; ' 

and therefore, since P=pW, Q =qW, ... 

Pa-i-Q/3 + By+... = 0. 

This equation is the analytical expression of the principle of 
virtual velocities. 

If the quantity Pa + ^/9+fl7 + ..,, instead of being zero, 
were negative, it mig!it appear that this condition would be 
sufficient to ensure equilibrium, since it is impossible that the 
weight could of itself ascend. But we must remember, that 
whatever may be the connexion of the parts of the system, 
the relations which consequently hold between the indefinitely 
small quantities a, 0, y, ... can only be expressed by differen- 
tia! equations, and which are therefore linear as to these 
Quantities ; so that there will be necessarily one or more of 
lem which remain indeterminate and may be taken with a 
positive or negative sign ; thus the values of these quantities 
*ill be always such that they can simultaneously change their 
sign. Hence, it follows that if for a certain displacement 
of the system, the quantity f a + Q^-\- Ry+ ...m negative, it 

I fluid become positive by changing the signs of a, jS, y, ... ; 
^ the opposite displacement is equally possible, and this 
Oald make the weignt descend and destroy the equilibriui 
2a^_ 
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Conversely, if the equation 

holds for every possible indefinitely small displacement of 
the system, it will remain in equilibrium. For, the weight 
remaming unmoved during these displacements, the forces 
which act on the system remain in the same condition, and 
there is no reason why they should produce one, rather than 
the other, of the two displacements, for which a, /8, 7, ... have 
different signs. This is the case of a balance which remains 
in equilibrium, because there is no reason why it should in- 
cline to one side rather than the other. 

The principle of virtual velocities being thus proved for 
commensurable forces, will also hold when the forces are in*- 
commensurable ; for we know that any proposition which can 
be proved for commensurable quantities may be extended by a 
reductio ad ahsurdum to incommensurable quantities. 
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1 . A coae whose serai-vertical angle la tan~' -,- is encloaed 

■^ . . 
ID the circumscTibing spherical sui^face ; shew that it will rest 
in any position. 

2. A heavy uniform rod of length a moves in a vertical 
plane about a hinge at one extremity. A string fastened 
to the other, passes over a pully in a vertical line above the 
hinge, and is attached to a weight equal to half that of the 
rod, which rests on a curve. The length of the string and 
the height of the pully above the hinge are eacli equal to the 
length of the rod, and the system is in equilibrium in all 
positions. Shew that the equation to the curve is 

r- = ia3in'i^, 

tlie pully being the origin and the piime radius being vertical. 

3. Two rods each of length 2a have their ends united at 
an angle a, and are placed in a vertical plane on a sphere of 
radius r. Prove that the equilibrium is stable or unstable 
according aa 

2r 



4. A prolate spheroid rests with its anaaller end on a hori- 
zontal table. Is tbo equilibrium stable or unstable? 

5. A cylinder rests with the centre of its base In contact 
with the highest point of a fixed sphere, and four tunes the 
altitude of the cylinder is equal to a great circle of the 
sphere ; supposing the surfaces in contact to be rough enough 
to prevent sliding, shew that the cylinder may be made to 
rocK through an angle of 90°, but not more, without falling 
off the sphere. 

6. A very small bar of matter is moveable about one 
extremity which is fixed halfway between two centres of 
force attracting inversely as the square of the distance; if 
I be tlie length of the bar, and 2a the distance between the 
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centres of force, prove that there will be two positions of 
equilibrium for the bar, or four, according as the ratio of the 
absolute intensity of the more powerful force to that of the less 

powerful, is, or is not, greater than --•. ; and distinguish 

between the stable and unstable positions. 

7. Two particles connected by a string support each other 
on the arc of a'vertical circle ; shew that the centre of gravity 
is in the vertical through the centre of the circle. What is 
the nature of the equilibrium ? 

8. A sphere of radius a, loaded so that the centre of 

fravity may be at a given distance h from the centre of 
gure, is placed on a rough plane inclined at an angle a to 
the horizon. Shew that there will be two positions of equi- 
librium, one stable and the other unstable, in which the 
distances of the point of contact from the centi'e of gravity 
are respectively, 

a cos a — VC^' — «' sin* a), 
and acosa + V(5* — «*sin^a). 

Hence, find the greatest inclination of the plane which will 
allow the sphere to rest. Is the equilibrium stable or un- 
stable in this limiting case ? 

9. A sphere of radius r rests on a concave sphere of 
radius jB] if the sphere be loaded so that the heignt of its 
centre of gravity from the point of contact be f r, find R so 
that the equilibrium may be neutral. BesulL jB = 3r. 

10. A heavy cone rests with the centre of its base on 
the vertex of a fixed paraboloid of revolution ; shew, that the 
equilibrium will be neutral if the height of the cone be equal 
to twice the latus rectum of the generating parabola. Shew 
that the equilibrium is really stable. 

11. A heavy particle attached to one extremity of an elastic 
striiKy k placed upon a smooth curve, the string lying upon the 



Curve and its other extremity "being fixed to a point in thtf 

curve ; find the curve when the particle rests in all positions. 

Result. A cycloid. 

12. A uniform square board is capable of motion in a 
vertical plane about a hinge at one of its angular points; 
a string attached to one of the nearest angular points, and 
passing over a puUy vertically above the hinge at a distance 
from it equal to the side of the square, supports a weight 
whose ratio to the weight of the board is 1 to ^2- Find the 
positions of equilibrium and determine whether they are r 
Hpectively stable or unstahle, 

13. Two small smooth rings of equal weight slide on a 
fixed elliptical wire of which the major axis is vertical, and 
are connected by a string passing over a smooth peg at the 
upper focus ; prove that the rings will rest in whatever posi- 
tion they may be placed. 

14. A small heavy ring slides on a smooth wire in the 
form of a curve whose plane ia vertical, and is connected by 
a string passing over a fixed pmlly in the plane of the curve 
with another weight which hangs freely ; find the form of the 
curve that the ring may be in equilibrium in any position. 



Jlesult. 



c section having its focus at the pully, 



15. If an elliptic board be placed, so that its plane is 
Tertical, on two pegs which are in the same horizontal plane, 
there will be equilibrium if these pegs be at the extremities 
of a pair of conjugate diameters. What are the limits which 
the distance between the pegs must not exceed or fall short 
of, in order that this position of equilibrium may be possible ? 
Shew that the equilibrium is unstable. 

16. A solid of revolution, whose centre of gravity coincides 
with the centre of carvature at the vertex, rests on a rough 
horizontal plane. Shew that the equilibrium is stable or un- 
stable according as the value of 3 [ t^) — -Tti when x and if 
yaniah, is positive or negative, x and y being co-ordinates of 
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the generating curve, measured along the tangent and 
at the vertex. 

17. If a plane pass through one extremity A of tlie 1«B6 
of a cylinder and be inclined at an angle of 45° to the axis, 
the piece so cut off will rest in neutral e<iuilibrium, if placed 
with its circular end on the vertex of a paraboloid whose Intiis 
rectum is five-eighths of the diameter of the hase, the pointof 
contact being also at this same distance from A, 

18. A piece of string ia fastened at its extremities to ffffl 
fixed points ; determine from mechanical considerations tliB 
form which must be assumed by the string in order tliat t&fl 
surface generated by its revolution about the straight line join- 
ing the fixed points may be the greatest possible. 
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1. A uniform wire is bent into the form of three sidw 
AB, BC, CD of an equilateral polygon ; and its centre rf 
gravity is at the intersection oi AG and BD. Shew that the 
polygon must be a regular hexagon. 

2. Three forces act along three straight lines which in»y 
be considered as generating lines in the same system of a I 
hyperboloid of one sheet; shew that if the forces admit 
of a single resultant, it must act along another generating 
line of the same system. 

3. A gate moves freely about a vertical axis, along which 
it also slides ; while a point in the plane of the gate, aad 
rigidly connected with it, rests on a given rough inclined 
plane ; find the limiting position of equilibrium. 

4. Suppose straight lines to be drawn from one ot thft 
centres ot the four circles that touch the sides or the side* 

Sirodaced of a given triangle to the other three centres, and 
et tiiese straight lines represent three forces in magnitude and 
direction ; then the straight line joining the first centre widi 
the centre of the circle circumscribing the triangle will re- 
present in magnitude and dkectwu one-fourth of the resnltanL 
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A particle reata in equilibrium in a fine groove in the 
of a helix, the axis of which is inclined to the horizon 
■il a given angle a. Find the distance of the particle from 
Wk vertical plane passing through ttie axis. Also find the 
f greatest value of a for a given helix in order that there may 
[ be a position of equilibrium of the particle, 

6. A quadrilateral figure possesses the following property; 
I toy point being taken and four triangles formed by joining 
J this point with the angular points of the figure, tlie centres of 
I gi'avity of these triangles lie in the circnmfcrence of a circle ; 
I prove that tlie diagonals of the quadrilateral are at right 
I Wgles to each other, 

7. A square board is supported in a horizontal position 
r three vertical strings ; if one of them be attached to a 
mer, where must the others be attached in order tliat the 

jeight which can be placed on any part of the board without 

'ertuming it may be tlie greatest possible? 

A triangular plate hangs by three parallel threads 
BLched at the comers, and supports a heavy particle. Prove 
at if the threads are of equal strength, a heavier particle 

may be supported at the centre of gravity than at any other 

point of the disc. 

9. ABC is a triangle ; D, E, F are the middle pointa of 
the aides opposite to A, B, G respectively ; P is any point; 
-PO, FE, PF a.re divided in a given ratio at A', B', C respec- 
tively : shew by the theory of the centre of gravity that AA', 
SB\ and CC meet at a point. 

10. A right cone ia cut obliquely and then placed with its 
section on a horizontal plane ; prove that when the angle of 
the cone is less than siu^'J, there will be two sections for 
which the equilibrium ia neutral, and for intermediate sections 
the cone will fall over. 

11. A right cylinder on an elliptic base (the aemiaxes of 
which are a and 6) rests with its axis horizontal between two 
Bmooth inclined planes inclined at riglit angles to each other; 
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determine the positions of equilibrium, (1) when the inclina- 
tion of one of the planes is greater than tan"^ j- , (2) when the 



-!« 



inclination of both planes is less than tan"^ t • 

12. A pack of cards is laid on a table ; each projects in 
the direction of the length of the pack beyond the one below 
it; if each projects as far as possible, prove that the distances 
between the extremities of the successive cards will form an 
harmonic progression. 

13. Find the least excentricity of an ellipse in order that 
it may be capable of resting in equilibrium on a perfectly 
rough inclined plane. 

Eesult. e* = : — . 

1 + sm a 

14. Two mutually repelling particles are placed in a para- 
bolic groove, and connected by a thread whicn passes through 
a small ring at the focus ; shew that if the particles be at rest, 
either their abscissae are equal, or the two parts of the thtead 
form one straight line. 

15. Each element of a parabolic arc bounded by the vertex 
and the latus rectum is acted on by a force in the normal 
proportional to the distance of the dement from the axis of 
the parabola. Shew that the equation to the straight line 
in which the resultant acts is 

15y + 10a? = 26a. 

16. Each element of the arc of an elliptic quadrant is 
acted on by a force in the normal proportional to the ordinate 
of that point. Shew that the equation to the straight line 
in which the resultant acts is 

6Jy- Sttoo? + 4a'- 4&' = 0. 

17. A smooth body in the form of a sphere is divided into 
hemispheres and placed with the plane of division vertical 
t^on a smooth horizontal plane; a string loaded at its ex- 
tremities with two equal weights hangs upon the sphere, 
passing over its highest point and cutting the plane of division 
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■rinlit angles ; find the least weight -which ■will preserve the 1 
eqnilibriiim. 

18. The locos of the centre of gravity of segments of I 
equal area A in an ellipse is a similar concentric ellipse who 
minor axis is 

19. The foci of a rough prolate spheroid attract directly 
as the distance; if a particle without weight be placed on 
the spheroid, find within what limits it must he placed so as . 
to be in equilibrium. Shew that if the coefficient of friction 

l)e greater than ■ ^ , where e is the excentricity, the 

particle will rest anywhere on the surface, 

20. A circular disc of mass ra and radius c resfci in con* 
tact with two equal uniform straight rods AB, AG, which are 
joined at j1 by a smooth hinge, and which attract each other 
and the disc with a force varying as the distance; also the 
disc attracts the rods similarly. Shew that there is equili- 
brium if 

m'c (2c cos a — a sin a) = ma* sin* a cos o, 

where m is the mass of each rod, a the length of each rod, 
and 2a their inclination to each other. 

21. A square picture hangs in a yertical plane hy a string, 
■which passing over a smooth nail has its ends fastened to two 
points symmetrically situated in one side of the frame. Deter- 
naine the positions of equilihiium, and whether they are stable 
or unstahle. 

Senulls. Let I be the length of the string, c the distance of 
the two points to which the ends of the string are fastened, 
h the length of a side of the square ; then if !h be greater 
than c %/(? + A') there is only one position of equilibrium, 
namely, the ordinary position, and the equilibrium is stable f 
if Ih be leas than c^lc' + h") there are two oblique positions 
of stable equilibrium, besides the ordinary position of equi- 
librium, which is stable with respect to some diaplacementa 
and uTistable with respect to other displacements. 



I 



364 MISGELLAKBOUS EXAMPLES. 

22. A flexible thread is blaced in a tabe of any form and 
is acted on by any forces. The diameter of the tube is equal 
to that of the thread and is infinitesimaL Petermine the 
position of equilibrium. 

23. Two equal particles are connected by two given 
strings without weight, which are placed like a necklace on 
a smooth cone with its axis vertical and vertex upwards ; find 
the tensions of the strings. 

24 A triangle of area A revolves through an angle ^ about 
an axis in its own plane taken parallel to one side ; shew that 
the least amount of surface generated is 

^'''- 2{b + c)a ' 
where a is the greatest side. 
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